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Chuong 1. Thir nguyén, woc lwgng va sai s0 — Chapter 1.

Dimensions, estimation and uncertainty

Muc tiéu chwong — Chapter objectives

* Dung thtr nguyén dé kiém tra mot cong thue va dé tim dang cia mdt dinh luat, ké ca
khi chua biét co ché.
Use dimensions to test a formula and to find the form of a law before the mechanism is
known.

« Ué6c luong bac do 16n ciia mot dai luong tir vai s6 lidu quen thudc, biét sai ¢ dau thi
két qua 1éch nhiéu nhat.
Estimate the order of magnitude of a quantity from a few familiar numbers, and know which
input moves the result most.

« Viét két qua do voi ding chir s6 co nghia, tinh sai s6 cta dai luong gian tiép qua tong,
tich, Iy thura.
Write a measured result with the right significant figures and find the uncertainty of an
indirect quantity through sums, products and powers.

* Pua quan h¢ liy thura vé duong théng, xac dinh hé sb goc, h¢ s6 chin va sai sb cua
chung.
Turn a power relation into a straight line and find the slope, the intercept and their
uncertainties.

* Viét phuong an thi nghi¢m theo cAu trac cua dé thi hoc sinh gidi: co s0, dung cu, cac
budc, xu ly sb liéu, sai sb.
Write an experimental plan in the structure used in olympiad papers: principle, apparatus,
steps, data treatment, uncertainty.

1.1. Pai lwgng, don vi va thir nguyén — Quantities, units and dimensions

Quy udc ky hiéu dung sudt sach: Ax 1a sai sd tuyét d6i cta x, &x = Ax/|x| 14 sai s6 tuong
d6i, X 1 gia tri trung binh. Chi sb clia cac lyc va nang luong viét theo tiéng cua timg ngon
ngit: Fus (tiéng Viét) va Fg (tiéng Anh) cho luc ma sat, Wa va K cho dong nang, W, va U
cho thé nang. Gia tdc roi tu do 1ay g = 9,8 m/s? néu dé khong cho khac.

Notation used throughout the book: Ax is the absolute uncertainty of x, &x = Ax/|x| is the relative
uncertainty, X is the mean value. Subscripts on forces and energies follow each language: Fus in
Viethamese and Fy in English for friction, W and K for kinetic energy, W; and U for potential
energy. The free-fall acceleration is taken as g = 9.8 m/s’ unless the problem says otherwise.

PINH NGHIA 1.1 (Pai lwgng va don vi SI) / DEFINITION 1.1 (Quantity and SI unit) —
DPai lugng vat li 1a tinh chit ctia mot hién tuong hay mdt vat ma ta do duoc, két qua do viét
béng mot s6 nhan véi mot don vi. Pon vi SI co ban dung trong co hoc 1a mét (m), kilogam
(kg), giay (s). Moi don vi co hoc khéc 1a tich hay thuong cua ba don vi nay: newton N =
kg'm/s?, joule J = N-m, watt W = J/s, pascal Pa = N/m?.

A physical quantity is a property of a phenomenon or a body that can be measured, a result is written

as a number times a unit. The SI base units used in mechanics are the metre (m), the kilogram (kg)
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and the second (s). Every other mechanical unit is a product or quotient of these three: newton N =
kg'm/s’, joule J = N-m, watt W = J/s, pascal Pa = N/m".

PINH NGHIA 1.2 (Thir nguyén) / DEFINITION 1.2 (Dimension) — Thir nguyén ctia mot
dai luong x, ky hi¢u [x], 1a tich cac lliy thira cua khéi lugng M, chiéu dai L, thoi gian T cho
biét x dwoc tao tir ba dai lwong co ban ndo. Chang han [v] =LT", [a] = LT, [F] = MLT?, [E]
= ML2T-2. Pai luong c6 [x] = 1 (moi lity thira bang 0) goi 1a khong thir nguyén: goc, ti sb hai
do dai, hé s6 ma sat L.

The dimension of a quantity x, written [x], is the product of powers of mass M, length L and time T
that shows how x is built from the three base quantities. For example [v] = LT", [a] = LT? [F] =
MLT?, [E] = ML*T?. A quantity with [x] = 1 (all powers zero) is dimensionless: an angle, a ratio of
two lengths, the friction coefficient .

TINH CHAT 1.3/ PROPERTY 1.3 — Nguyén tic dong nhét thir nguyén. Hai vé ctia mot
dang thirc vat 1i c6 cing thir nguyén. Chi cong, trir, so sanh cac dai luong ciing thir nguyén.
Dbi s6 cua sin, cos, tan, Ig, In, e* 13 sb khong thir nguyén.

Principle of dimensional homogeneity. Both sides of a physical equation have the same dimension.
Only quantities of the same dimension are added, subtracted or compared. The argument of sin, cos,
tan, lg, In or €' is a dimensionless number.

Nguyén tic nay ding vi don vi do c6 thé chon tiy ¥: néu d6i mét thanh centimét ma mot
dang thiic bi sai thi dang thirc ay khong mo ta quy luat cua tu nhién. Thir nguyén chi ra
cong thuc sai, khong chiing nhén cong thuc dung: hé s6 sd hoc (2, 1/2, m) va su khac
nhau giira sin va cos khong nam trong thir nguyén.
The principle holds because the choice of unit is arbitrary: if an equation fails when metres are
replaced by centimetres, it cannot describe a law of nature. Dimensions expose a wrong formula
but do not certify a right one: numerical factors (2, 1/2, ) and the difference between sin and
cos are invisible to them.

Dai lugng Thir nguyén Pon vi SI
Quantity Dimension ST unit

Van toc, toc do

-1

Velocity, speed LT ms
Gia toc . LT m/s?
Acceleration
Luc, trong lugng MLT> N = kg'm/s?
Force, weight
Cong, nang lugng, moment lyc PR _

ML-T J=N'm
Work, energy, torque
Cong suat ML2T3 W=1J/s
Power
Ap suat, trng suat ML'T2 Pa = N/m>
Pressure, stress
Khoi lugng riéng ML kg/m’

Density
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Dai lugng Thir nguyén Pon vi SI
Quantity Dimension SI unit

Dong lugng, xung luong

. MLT! kg-m/s

Momentum, impulse
T/\ A t/( A r

an so, toc do goc T Hz=s", rad/s
Frequency, angular speed
H & hép di

ang so. ap dan G ML3T? N-m%kg?
Gravitational constant G
Hé sb ca & mat

é sp cang be mit o MT-2 N/m
Surface tension o
Do nhé

¢ nhotn ML T Pa-s

Dynamic viscosity n

Tién t6 hay dung khi d6i don vi: nano (n) 10, micro () 107, milli (m) 107, kilo (k) 10?,
mega (M) 10°, giga (G) 10°. Khi d6i don vi ctia dai lugng co lity thira, liiy thira ap cho ca
hé s6 d6i: 1 cm?= (102 m)>= 10 m2.

Prefixes met most often: nano (n) 107, micro (1) 1075, milli (m) 1073, kilo (k) 10°, mega (M) 10°,
giga (G) 10°. When a quantity carries a power, the power applies to the conversion factor too: 1
cm? = (107 m)’ = 107 m?.

PHAN TICH / ANALYSIS — Céng thirc cho san dang chif: viét th nguyén cia timg s6
hang, thay ngay vao bang trén, rdi so hai vé. S6 hang nao 1éch liiy thira ciia L hay T 1a s6 hang
sai hodc thiéu mot dai lugng.

A formula given in letters: write the dimension of each term from the table above and compare both
sides. A term whose power of L or T differs is wrong or is missing a quantity.

Vi DU 1.1 (Loai cong thirc sai bing thir nguyén) / EXAMPLE 1.1 (Rejecting a wrong
formula by dimensions) — Thoi gian t @& mot vat bit dau tir nghi trugt hét doan dbc dai s,
nghiéng goc o, hé sb ma sat truot p, dwoc mot hoc sinh nhé theo ba cach: (a) t = V(2s/(g(sin o
— pcos a))); (b) t=2s/(g(sin a — p cos a)); () t = V(2sg(sin 0. — p cos a)). Cach nao c6 thé
dung vé thir nguyén? C6 thé két luan cach d6 dang khong?

The time t for a body starting from rest to slide down a slope of length s, inclined at angle a, with
sliding friction coefficient p, is remembered by a student in three ways: (a) t = N(2s/(g(sin a — u cos
a); (b) t = 2s/(g(sin o — i cos a)); (c) t = N(2sg(sin o — pi cos ). Which can be right dimensionally?
Does that make it right?

Loi giai. / Solution.
sin a, cos a, i khong thir nguyén, nén thira sé g(sin a — p cos o) ¢6 thir nguyén cia g, tic
LT2 Can [t] =T.
sin a, cos o and u are dimensionless, so g(sin a. — p cos &) has the dimension of g, LT. We need
[]=T
1. Cach (a): [s/g] = LALT?) = T2, 13y can dugc T. Pung thir nguyén.
Form (a): [s/g] = L/(LT?) = T?, its root is T. Dimensionally correct.
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2. Cach (b): [s/g] = T?, khong c6 cdn nén cho T2 Sai.
Form (b): [s/g] = T? with no root, giving T°. Wrong.
3. Cach (c): [sg] =L-LT2=L2T?, can 1a LT"' (mot van tdc). Sai.
Form (c): [sg] = L-LT? = L’T", its root is LT (a speed). Wrong.
Vay chi (a) qua duoc phép kiém. Thtr nguyén khong phén biét (a) v6i t = V(s/(g(sin o — pt
cos 0))) hay véi t = V(2s/(g(cos a — p sin a))), nén (a) con phai kiém bang cach khac: véi
n=0, o =90° nd cho t = V(2s/g), dung cong thirc roi tu do.
Hence only (a) passes. Dimensions cannot tell (a) from t = \/(S/(g(sin o — W cos a))) or fromt =
\/(ZS/(g(cos o — wsin a))), so (a) needs another test: for u = 0, o = 90° it gives t = \/(2s/g), the
free-fall formula. &

LOI HAY GAP / COMMON MISTAKE — Thay hai vé ciing thir nguyén rdi két luan céng
thirc dung. Thtr nguyén chi loai duoc cong thirc sai: thiéu hé s6 2 hay nham sin véi cos van
qua.

Seeing equal dimensions on both sides and declaring the formula right. Dimensions can only reject a
wrong formula: a missing factor 2 or sin mistaken for cos still passes.

LOI HAY GAP / COMMON MISTAKE — Ddi don vi ma quén binh phwong: 1 cm? bang
10 m2 khong phai 102 m2. 36 km/h bang 10 m/s, khong phai 36 m/s hay 3,6 m/s.
Converting units without squaring: 1 cm’ is 107 m?, not 10° m*. 36 km/h is 10 m/s, not 36 m/s or 3.6
mys.

1.2. Phan tich thir nguyén: tim dang cia dinh luat — Dimensional analysis:
finding the form of a law

Khi biét dai luong can tim phu thudc vao nhitng dai lugng nao, thir nguyén thudng di dé
suy ra dang cong thirc. Phuong phap gdm bén budc: liét ké cac dai luong anh hudng, viét
y = C-x1P-x29-x3" voi C khong tht nguyén, can bang lity thira cuia M, L, T hai vé, giai hé.

When the quantities that a result depends on are known, dimensions are often enough to fix the

form of the formula. The method has four steps: list the relevant quantities, write y = C-x/P-x27-x3"
with C dimensionless, equate the powers of M, L, T on both sides, solve the system.

TINH CHAT 1.4 (Phén tich thir nguyén) / PROPERTY 1.4 (Dimensional analysis) —
Néu dai lugng y chi phu thudc vao xi, x2, X3 va quan h¢ c6 dang tich liy thira y = C-x1Px29x3",
thi cac liiy thira p, q, r duge xac dinh béi ba phwong trinh (mdt cho méi M, L, T), con C 1a
hang s khong thir nguyén ma thir nguyén khong cho biét. Khi c6 nhiéu hon ba dai lugng doc
1ap, hé thiéu phuong trinh: phai ghép cac dai lugng thanh t6 hop khong thir nguyén, va y phu
thudc vao cac t6 hop d6 qua mot ham chua biét.

If a quantity y depends only on x,, X2, x3 and the relation is a product of powers y = C-x/’x2'x3", then
the powers p, q, r are fixed by three equations (one each for M, L, T), while C is a dimensionless
constant that dimensions cannot supply. With more than three independent quantities the system is
short of equations: the quantities must be grouped into dimensionless combinations, and y depends on
them through an unknown function.
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Vi¢c chon dung danh sach dai lugng la phén vat li cia bai toan. Thiéu mot dai lugng thi
cong thure sai; thira mdt dai lugng thi Ity thira cua né tu ra béng 0 hoac h¢ v nghi¢m, do
cling la cach phat hién dai lugng thura.

Choosing the list of quantities is the physics of the problem. Omit one and the formula is wrong;

include an extra one and its power comes out zero or the system has no solution, which is also
how a superfluous quantity is detected.

PHAN TICH / ANALYSIS — Con lic don: chu ky c6 thé phy thudc chiéu dai day €, khoi
lwong qua ning m, gia tdc roi ty do g, bién d6 goc Oo. Bién d6 goc khong thir nguyén, nén né
chi vao hé s6 C, khong vao lily thira. Chi m c6 chira M: néu m c¢6 mit thi phwong trinh ctia M
budc lity thira ctia m bang 0.

Simple pendulum: the period may depend on the string length €, the bob mass m, the free-fall
acceleration g and the angular amplitude 6y. The amplitude is dimensionless, so it enters the constant
C, not a power. Only m contains M: if m is present, the M equation forces its power to be zero.

Vi DU 1.2 (Phén tich thir nguyén co ban) / EXAMPLE 1.2 (Basic dimensional analysis)
— Tim dang cong thirc chu ky T cta con l4c don ¢6 day dai £, qua nang khdi luong m, tai noi
co gia tde roi tu do g, dao dong véi bién do nho.

Find the form of the period T of a simple pendulum with string length € and bob mass m, where the
free-fall acceleration is g, oscillating with small amplitude.

Loi giai. / Solution.
bat T = C-P-m%-g". Thir nguyén: T = LP-M9-(LT?)".
Set T = C-tP-mi-g". Dimensions: T = LP-M4-(LT?)".

1. Lity thira ctia M: 0 = g, nén q = 0. Khdi lugng khong c6 mit.
Power of M: 0 = q, so q = 0. The mass drops out.

2. Lty thvacta T: 1 = —2r,nénr=—-1/2.
Power of T: 1 = —2r, sor =—1/2.

3.LaythraciaL: 0=p+r,nénp=1/2.
Powerof L: 0 =p +r,sop =1/2.

T=CV(£/g) (1.1)

Vay chu ky ti 18 v6i can bac hai ciia chidu dai, khong phu thudc khéi lwong; hang s6 C
khong thtr nguyén va thtr nguyén khong xac dinh dugce no6 (¢ bién do nho C = 2z, chuong
Thuc nghiém va bai toan tong hop chi phat biéu).
Hence the period is proportional to the square root of the length and independent of the mass, C
is dimensionless and dimensions cannot fix it (for small amplitude C = 2, which the chapter on
experiments and synthesis problems only quotes). R

NHAN XET / REMARK — Héng 6 C co thé tim béng mot lando: do T tai mot {, tinh C =
TV(g/0), rdi dung cho moi € khac. Pay 1a cach dung phan tich thi nguyén dé chuyén mot thi

nghiém thanh mdt dy doan, nhu ¢ vi du 1.14.

The constant C can be found from one measurement: measure T at one £, compute C = TN(g/L), then
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use it for every other €. This is how dimensional analysis turns one experiment into a prediction, as in
example 1.14.

PHAN TIiCH / ANALYSIS — Luyc can cia khong khi 1én vat chuyén dong nhanh phu thude
mat d¢ khong khi p, dién tich mat cit ngang S, tdc dd v. Luc c6 M ma chi p mang M, nén Iy
thira cia p phai 1a 1. Sau d6 chi con L va T dé dinh S va v.

The air drag on a fast body depends on the air density p, the cross-sectional area S and the speed v.
Force contains M and only p carries M, so the power of p must be 1. Only L and T then remain to fix S
and v.

Vi DU 1.3 (Hing s6 khong thir nguyén cho truwéc) / EXAMPLE 1.3 (A given
dimensionless constant) — Lyc can F cta khong khi 1én vat chuyén dong nhanh phu thudc
vao khdi luong riéng p ciia khong khi, dién tich mit cit ngang S ciia vat va toc do v. Tim
dang cua F. Tu do udc lugng tdc do roi 6n dinh ciia mot giot mua ban kinh 1,0 mm, biét héng
s6 khong thir nguyén cua cong thire 14 0,25 va p = 1,2 kg/m°.

The drag F of air on a fast body depends on the air density p, the body's cross-sectional area S and its
speed v. Find the form of F. Then estimate the steady fall speed of a raindrop of radius 1.0 mm, given
that the dimensionless constant of the formula is 0.25 and p = 1.2 kg/m’.

Loi giai. / Solution.
bat F = C-p?-S®v¢; [F] = MLT?2, [p] = ML?, [S]=L? [v]=LT.
Set F = Cp*SP~v¢; [F] = MLT?, [p] = ML, [S] = L2, [v] = LT".

I.M:1=a.T:2=-—c,nénc=2.L:1=-3a+2b+tc=-3+2b+2,nénb=1.
M:1=a T —-2=-csoc=2.L:1=-3a+2b+c=-3+2b+2 sob=1.

F = CpSv2 (1.2)

Giot mua 6n dinh khi lyc can cén bang trong lyc: CpSv? = mg. Khéi luong m =
(4/3)nr3pn v6i pn = 1000 kg/m?, dién tich S = nr?. V&ir= 1,0 mm: m = 4,19-10% kg, S =
3,14:10°° m?.

The drop is steady when drag balances weight: CpSv? = mg. The mass is m = (4/3)wr’pw with pw
= 1000 kg/m* and S = nr’. Forr = 1.0 mm: m = 4.19-10° kg, S= 3.14-10°° m°.

v ="(mg/(Cp$))
Vay v ~ 6,6 m/s. Gap doi ban kinh thi m ting 8 lan, S ting 4 lan, v ting \2 lan, tic
khoang 9,3 m/s.

Hence v = 6.6 m/s. Doubling the radius multiplies m by 8 and S by 4, so v grows by \2, to about
9.3m/s. &

LOI HAY GAP / COMMON MISTAKE — Cho dai lwong thira vao danh sach (vi du khéi
lwong quéa ning trong chu ky con lac) rdi ¢d giit liy thira khac 0. Hé phwong trinh s& tu budc
no béng 0; néu hé vo nghiém thi danh sach dai lugng da sai.

Putting a superfluous quantity in the list (the bob mass in the pendulum period) and trying to keep its
power nonzero. The system forces it to zero, if the system has no solution, the list of quantities is
wrong.
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LOI HAY GAP / COMMON MISTAKE — Quén ring hing sé C cta phan tich thir nguyén
khong do thir nguyén quyét dinh: két qua T = C(/g) khong cho biét T bang bao nhiéu gidy
néu chwa c6 mot phép do hay mot li thuyét cho C.

Forgetting that the constant C is not fixed by dimensions: T = CN(t/g) does not give T in seconds until
a measurement or a theory supplies C.

1.3. U6c lwong bac dd 16n — Order-of-magnitude estimation

PINH NGHIA 1.5 (Bac d§ 16m) / DEFINITION 1.5 (Order of magnitude) — Bac do 1én
ctia sb duong x 1 s6 mil nguyén n sao cho 10" gan x nhit theo thang 16garit, ttrc n 14 sd
nguyén gan nhit véi lg x. Hai dai luong cing bac d6 16n khi ti s6 cua chung ndm trong
khoang tir 1/3 dén 3 (x4p xi V10). Udc lugng Fermi 1a tinh mot dai luong chua biét tir vai sb
liéu quen thudc, moi s6 1am tron dén béac do 16n hay mdt chix s6 ¢ nghia.

The order of magnitude of a positive number x is the integer n such that 10" is nearest to x on a
logarithmic scale, that is, the integer nearest to lg x. Two quantities have the same order of magnitude
when their ratio lies between 1/3 and 3 (about N10). A Fermi estimate computes an unknown quantity
from a few familiar numbers, each rounded to an order of magnitude or to one significant figure.

Mot udc luong Fermi 1a tich va thwong ciia nhiéu thira s6, nén sai sd twong d6i ciia két
qua 13 tong céc sai sb trong d6i cua ting thira sé (muc 1.5). Sai 1éch hai lan ¢ thira s6 nay
thudng bu mot phan cho sai 1éch & thira s6 khac, nén két qua cudi thuong dung trong
khoang ba lan. Thira sé c6 lity thira cao (ban kinh, van tdc binh phuong) can udc luong
can than nht.

A Fermi estimate is a product and quotient of several factors, so the relative uncertainty of the
result is the sum of the relative uncertainties of the factors (section 1.5). A factor-of-two miss in
one factor often partly cancels a miss in another, so the final result is usually right within a
factor of three. Factors with high powers (a radius, a squared speed) deserve the most care.

PHAN TICH / ANALYSIS — Tim dap déu, tudi tho vai chuc nam: d6i moi thoi gian ra gidy
hay ra phiit theo ciing mot don vi, nhan ting thira s6, giit lai lity thira ctia 10 riéng khoi phan
thap phan dé d& kiém.

A steady heartbeat over a lifetime of several decades: convert all times to the same unit, multiply

factor by factor, and keep the power of ten apart from the decimal part so that the result is easy to
check.

Vi DU 1.4 (Chudi thira s6 trong wéc lwgng Fermi) / EXAMPLE 1.4 (A chain of factors
in a Fermi estimate) — Udc lugng s6 1an tim dap trong doi mot ngudi sdng 75 nam, nhip
tim lac nghi 70 1an/phut. Mdi 1an tim bom khoang 70 mL méu: téng thé tich mau bom trong
doi bang bao nhiéu lan thé tich mot bé boi 50 m x 25 m x 2 m?

Estimate the number of heartbeats in the life of a person who lives 75 years with a resting rate of 70
beats per minute. Each beat pumps about 70 mL of blood: how many times the volume of a 50 m % 25

m % 2 m swimming pool is pumped in a lifetime?

Loi giai. / Solution.
S6 phut trong mot nam: 60 - 24 - 365 = 525 600 ~ 5,3-10°.
Minutes in a year: 60 - 24 - 365 = 525,600 = 5.3-1(7.
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N=70-525600-75= 28-108

Béc do 16n 1a 10 (Ig N = 9,44). Luong méau: 2,8-10° - 70-10% m® = 1,93-10° m>.

The order of magnitude is 10° (Ig N = 9.44). The blood volume is 2.8-10° - 70-10°° m* = 1.93-10°

m’.

Bé boi chira 50 - 25 - 2 =2500 m?, nén ti s6 khoang 77.
The pool holds 50 - 25 - 2 = 2500 m?>, so the ratio is about 77.

Vay tim dap c¢& 3-10° 1an, va luong méau bom trong doi ¢ 80 bé boi. Nhip 60 hay 80
lan/phut chi thay két qua dudi 20%, nho hon mirc bat dinh cta sb nim séng.

Hence the heart beats about 3-10° times, and the blood pumped in a lifetime is about 80 pools. A
rate of 60 or 80 beats per minute changes the result by under 20%, less than the uncertainty in
the lifespan. &

NHAN XET / REMARK — Tinh nguoc ciing 1a mot kiém tra: tim bom 70 mL mdi 1an va
70 1an mdi phut cho 4,9 L/phut, ding ¢& luu lugng mau that khi nghi. Mot udce lugng co )
lidu dau vao sai thuong 16 ra khi ddi chiéu véi mot dai lwong khac ma ta biét.

Working backwards is also a check: 70 mL per beat at 70 beats per minute is 4.9 L/min, the right
scale for resting blood flow. An estimate with a wrong input often shows itself when compared with
another quantity one already knows.

LOI HAY GAP / COMMON MISTAKE — Lam tron sém timg budc rdi nhan: 1am tron 1,4
1én 2 & ba thira s6 lién tiép sai t6i 2,9 1an. Giit hai chir s6 d¢én budc cubi, lam tron mot lan.
Rounding at every step before multiplying: rounding 1.4 up to 2 in three successive factors is off by
2.9 times. Keep two figures until the last step and round once.

Dai lugng Gia tri thwong dung
Quantity Typical value

Ban kinh n.guyén tu 10° m

Atomic radius

Budc chan nguoi 16n 0,7 m

Adult step length 0.7 m

Khdi lugng riéng nuéc, khong khi 10° kg/m’®, 1,2 kg/m’
Density of water, air 10° kg/m?, 1.2 kg/m?
Ap suét khi quyén 1,0-10° Pa
Atmospheric pressure 1.0-1(° Pa

Ban kinh Trai Dat 6,4-10°m

Radius of the Earth 6.4:10°m

Khoang cach Trai Dét dén Mat Trang 3,810 m

Earth to Moon distance 3.8:10°m

Mot nam 3,2:107 s

One year 3.2:10" s
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Dai lugng Gia tri thwong dung

Quantity Typical value

Cong suat lam viéc cua nguoi
Sustained power of a person

100 W

1.4. Phép do, chir so c6 nghia va sai S0 — Measurement, significant figures and

uncertainty

PINH NGHIA 1.6 (Chir s6 ¢6 nghia) / DEFINITION 1.6 (Significant figures) — Chit s6
c6 nghia ciia mot két qua do 1a cac chir s6 dang tin, ké tir chir s6 khac 0 dau tién bén trai dén
chir sb bat dinh cubi cing. S6 0 dig dau khong tinh (0,0250 c6 3 chit sb c6 nghia); s6 0 &
cubi sau déu phay tinh (2,50 c6 3). Khi nhén, chia: két qua giit s6 chit s6 co nghia bang thira
sO ¢6 it chir s6 nhat. Khi cong, trir: két qua giit sd chir sé thap phan bang sd hang c6 it chit s6
thap phan nhat.

The significant figures of a measured result are the trustworthy digits, from the first nonzero digit on
the left to the last uncertain digit. Leading zeros do not count (0.0250 has 3 significant figures),
trailing zeros after the decimal point do (2.50 has 3). In multiplication and division the result keeps as
many significant figures as the factor with the fewest. In addition and subtraction it keeps as many
decimal places as the term with the fewest.

PINH NGHIA 1.7 (Sai s6 tuyét d6i va twong d6i) / DEFINITION 1.7 (Absolute and
relative uncertainty) — Néu dai luong x do duogc gia tri trung binh X va sai sd tuyét ddi Ax
thi két qua viét x = X + Ax, nghia 1a gia tri that ndm trong khoang tir X — Ax dén X + Ax. Sai s6
tuong d6i &x = Ax/|X|, thuong viét bang phan trim. Quy udc ghi: Ax lam tron dén mét chir s6
c6 nghia (hai chit s6 néu chit s6 dau 1a 1), X 1am tron dén cung hang thap phan voi Ax.

If the quantity x has mean X and absolute uncertainty Ax, the result is written x = X + Ax, meaning the
true value lies between X — Ax and x + Ax. The relative uncertainty is ex = Ax/|x|, often given as a
percentage. Convention: round Ax to one significant figure (two if the first digit is 1) and round x to
the same decimal place as Ax.

PINH NGHIA 1.8 (Sai s6 ngiu nhién, h¢ thong, dung cu) / DEFINITION 1.8 (Random,
systematic and instrument errors) — Sai s6 ngau nhién lam cac 1an do lap lai rai quanh mot
gid tri, 1éch vé hai phia, va giam khi 13y trung binh nhiéu 1an (phan tmg bim déng hd, dao
d6ng cia kim). Sai s hé thong 1am moi 1an do 1éch cung mét phia voi cing mot d6 16n
(thudc gidn, dong hd chay nhanh, bo sot ban kinh qua cau khi do chiéu dai con lic); ldy trung
binh khong loai dugc n6. Sai ) dung cu léy béng ntra d6 chia nho nhét cua dung cu, hodc
bang d6 chinh xac ghi trén dung cu.

A random error scatters repeated readings about a value, on both sides, and shrinks when many
readings are averaged (reaction in timing, a flickering needle). A systematic error shifts every reading
the same way by the same amount (a stretched ruler, a fast clock, forgetting the bob radius when
measuring a pendulum length); averaging does not remove it. The instrument error is taken as half the
smallest division, or the accuracy printed on the instrument.
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Hinh 1.1. Tam lan do cua mot dai lugng c6 gia tri that 10 (duong nét dut); vach cam la trung
binh. A: ngau nhién 16n, hé théng nhé. B: ngiu nhién nho, 1éch hé théng. C: ca hai déu nho.
Figure 1.1. Eight measurements of a quantity whose true value is 10 (dashed line), the orange tick is the
mean. A: large random, small systematic error. B: small random error, systematic shift. C: both small.

PINH NGHIA 1.9 (Trung binh va dé 1éch) / DEFINITION 1.9 (Mean and deviation) —
Véin lan do xi, ..., Xn: gid tri trung binh X = (x1 + ... + Xa)/n. D9 1éch trung binh Axye = (jx1 —
X| + ... + |xa — X[)/n. DO 16ch chudn méu s = V(Z(xi — X)¥(n — 1)); sai s6 chuén cua trung binh
s/\n. Sai sb tuyét ddi toan phan theo quy wdc thi hoc sinh gidi: AX = AXng + AXdc, Vi Axqe 12
sai b dung cu.

For n readings xi, ..., xx. the mean is X = (x; + ... + x,)/n. The mean deviation is Ax, = (|x; — x| + ... +
x, — X|)/n. The sample standard deviation is s = N(Z(x; — )*/(n — 1)); the standard error of the mean
is s/\in. The total absolute uncertainty in the usual olympiad convention is Ax = Ax, + Axin, where Axin
is the instrument error.

PHAN TICH / ANALYSIS — Niam s6 doc dong hd bam gidy c6 do chia 0,01 s. Tinh trung
binh trude, 1iy timg d6 1éch, rdi cong sai sé dung cu. Két qua cudi viét dung quy ude lam
tron.

Five stopwatch readings with a 0.01 s division. Compute the mean first, take each deviation, then add
the instrument error. Write the final result in the rounding convention.

Vi DU 1.5 (Viét két qua do diing quy wéc) / EXAMPLE 1.5 (Writing a measured result
correctly) — Nam lan do thoi gian mot chuyén dong, dong hd bam gidy c6 do chia nho nhat
0,01 s, cho: 2,31; 2,28; 2,35; 2,30; 2,33 (s). Viét két qua t = T+ At va néu do léch chuan mau
cung sai s6 chuan cua trung binh.

Five timings of a motion with a stopwatch of smallest division 0.01 s give: 2.31, 2.28, 2.35, 2.30, 2.33
(s). Write the result t = { + At and give the sample standard deviation and the standard error of the
mean.

Loi giai. / Solution.
Trung binh t = 2,314 s. Cac d6 1éch tuyét ddi: 0,004; 0,034; 0,036; 0,014; 0,016 (s), trung
binh 0,021 s.

The mean is t = 2.314 s. The absolute deviations are 0.004, 0.034, 0.036, 0.014, 0.016 (s),
averaging 0.021 s.
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Sai s6 dung cu 1y bang d6 chia nho nhat, 0,01 s. Téong: At = 0,021 + 0,01 = 0,031 s, lam
tron thanh 0,03 s.
The instrument error is the smallest division, 0.01 s. Total: At = 0.021 + 0.01 = 0.031 s, rounded

t0 0.03 s.

Do 1éch chuin miu s = 0,027 s; sai sb chuén s/V5 = 0,012 s.

The sample standard deviation is s = 0.027 s; the standard error is sA5=0.012s.

Vay t =2,31 + 0,03 s (¢ = 1,3%). Viét 2,314 £ 0,03 14 sai quy udc vi chit s thir ba sau
dau phay nam sau chir s6 bat dinh.

Hencet =2.31+0.03 s (¢ = 1.3%). Writing 2.314 + 0.03 breaks the convention because the third
decimal lies beyond the uncertain digit. W

NHAN XET / REMARK — Sai s6 dung cu va do léch ngﬁu nhién cdng vdi nhau. Néu nim
lan do trung nhau hét (do Iéch 0), sai s6 van béng sai s& dung cy, khong béng 0.

The instrument error and the random deviation add together. If five readings coincide (deviation 0),
the uncertainty is still the instrument error, not (.

NHAN XET / REMARK — D¢ 1éch chuén s mé ta d rai cua timg 1an do va khong giam khi
do thém; sai sé chudn s/Vn mé ta do tin cdy cua trung binh va giam theo Vn. Po thém 4 1dn dé
giam mot nira sai s6 ngau nhién cua trung binh, nhung khéng dung t6i sai sé hé thong.

The standard deviation s describes the scatter of single readings and does not shrink with more
readings; the standard error s/N\n describes the reliability of the mean and shrinks as \n. Four times
as many readings halve the random error of the mean but leave the systematic error untouched.

LOI HAY GAP / COMMON MISTAKE — Ghi két qua thira chir s6:t=2,3140 + 0,03 .
Chit sb cudi cua gid tri phai cung hang thap phan véi chit s6 cudi cia sai sb.

Quoting surplus digits: t = 2.3140 = 0.03 s. The last digit of the value must sit in the same decimal
place as the last digit of the uncertainty.

LOI HAY GAP / COMMON MISTAKE — Tudng do nhiéu 1an thi loai dwoc moi sai sd.
Mot thudc bi Iéch vach 0 cho cung mdt do 1éch ¢ moi lan do: trung binh ctua ching van léch.
Believing that many readings remove every error. A ruler with a shifted zero gives the same offset in
every reading: their mean is still offset.

PHAI THUQC / MEMORISE — Cong, trir: sai sb tuyét ddi cong lai. Nhan, chia: sai $6
tuong d6i cong lai. Lity thira n: sai s6 twong ddi nhan vdi |n).

Sum, difference: absolute uncertainties add. Product, quotient: relative uncertainties add. Power n:
the relative uncertainty is multiplied by |n|.

1.5. Truyén sai s0 — Propagation of uncertainty

Dai lugng gian tiép y tinh tr cac dai lugng do truc tiép X1, X2, ... Sai sb cia y 1€iy theo
truong hop xau nhat: moi sai s6 cung ddy y vé mot phia. Cach nay cho sai s6 16n hon
murc théng ké nhung don gian va an toan, 1a cach dugc dung trong dé thi.

An indirect quantity y is computed from directly measured quantities x1, x2, ... The uncertainty of

v is taken for the worst case: every error pushes y the same way. This gives a larger uncertainty
than the statistical one but is simple and safe, and is the method used in olympiad papers.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 16



Vat 1i 10 cho Ga choi / Olympiad Physics for Grade 10

PINH LY 1.10 (Truyén sai s6) / THEOREM 1.10 (Propagation of uncertainty) — Vdi a
+Aavab+Ab:(1)y=atbcoAy=Aa+ Ab. (2)y=abhodcy=a/bcodey =€+ &.(3)y=
a" cO &y = |n|-€a, VO1 €a nhO.
Fora+Adaandb+4b: (1) y=a+bhas Ay =Aa +4b. (2)y =abory =a/bhas e, =¢e, + & (3)y =
a" has &, = |n| e, for small .

Chirng minh. / Proof.

(1) Gia tri 16n nhatciaa+bla (a+ Aa) + (b+ Ab) = (a + b) + (Aa + Ab); gia tri nho nhat
1a (a + b) — (Aa + Ab). Voi a — b: 16n nhét 13 (a + Aa) — (b — Ab) = (a — b) + (Aa + Ab).
Vay trong ca hai truong hop Ay = Aa + Ab.

(1) The largest value of a + b is (a + da) + (b + 4b) = (a + b) + (da + Ab), the smallest is (a +
b) — (da + Ab). For a — b the largest is (a + da) — (b — 4b) = (a — b) + (da + 4b). So in both
cases Ay = Ada + Ab.

(2) (a+ Aa)(b + Ab) = ab(1 + &,)(1 + &) = ab(1l + €, + € + €agb). Tich €aer nhé hon nhiéu
S0 VOi € + & nén bo di: &y = € + &. Vi thuong: a/b 16n nhét 13 a(1 + €.)/(b(1 — &)) =
(a/b)(1 + &4 + &), vi 1/(1 — &) = 1 + € khi & nhd.

(2) (a + da)(b + Ab) = ab(l + e,)(1 + ep) = ab(l + eu + e» + €acp). The product eqep is far

smaller than . + €» and is dropped.: &, = €4 + €p. For the quotient the largest a/b is a(l + €4)/(b(1
— &) = (a/b)(1 + &4 + &), since 1/(1 — ¢) = 1 + & for small e.

(3) Voi n nguyén duong, a" 13 tich cta n thira s6 a, mdi thira s6 ¢6 sai s6 tuong d6i €, nén
&y = Ng&, theo (2). Vi n am, 1/a 1a thuong nén &y = |n|e.. Vi n khong nguyén (nhu 1/2
cho can bac hai), dung (1 + &)" = 1 + ne khi & nhé (phat biéu, khong chimg minh & 16p
10).

(3) For positive integer n, a" is a product of n factors a, each with relative uncertainty €., so &, =
neq by (2). For negative n, 1/a" is a quotient so &, = |n|e,. For non-integer n (such as 1/2 for a
square root) use (1 + &)" = 1 + ne for small € (quoted, not proved at grade 10). W

HE QUA 1.11 / COROLLARY 1.11 — Néu y = C-x/*-x>%-x3" thi &, = |ple1 + |qle2 + [r]es, Vi
&i 12 sai s6 twong d6i cua x;. Hang sb chinh xac C khong dong gop.

Ify = Cx/x%x3" then g, = |pler + |qlez + |r|es, where g is the relative uncertainty of xi. An exact
constant C contributes nothing.

Chirng minh. / Proof.
Ap dung lién tiép (2) cho tich va (3) cho ting lity thira. Hang s6 chinh xac c6 sai sd bang
0.

Apply (2) to the product and (3) to each power in turn. An exact constant has zero uncertainty.
|

Khi cac sai s& doc 1ap va ngiu nhién, xac suat dé tit ca cung day y vé mot phia nho; sai
s6 thong ké khi d6 13 cin cua tong binh phuong: véi y = ab, &, = V(g2 + &2) (phat biéu,
khong chimg minh). Con s6 nay nho hon téng ¢ trén; sach nay va dé thi dung tong, trir
khi dé yéu cau khac.
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When the errors are independent and random, the chance that all push y the same way is small;
the statistical uncertainty is then the root of the sum of squares: for y = ab, ¢, = Vied + )
(quoted, not proved). It is smaller than the sum above, this book and olympiad papers use the
sum unless told otherwise.

PHAN TiCH / ANALYSIS — Khdi lugng riéng ctia hinh try p = 4m/(nd*h): d xuét hién
binh phuong. Trudce khi tinh, udc lugng sai sé twong ddi cua m, d, h; dai luong co |liy thira| x
sai s& tuong d6i 10n nhat chi phdi két qua va la chd dang cai thién dung cu.

The density of a cylinder is p = 4m/(xd’h) with d squared. Before computing, estimate the relative
uncertainty of m, d, h; the quantity with the largest |power| X relative uncertainty dominates the result
and is where a better instrument pays off.

Vi DU 1.6 (Dai lrgng chi phéi sai s6) / EXAMPLE 1.6 (The dominant source of
uncertainty) — Mot hinh tru déng chat: m = 25,80 g+ 0,05 g, duong kinh d = 10,02 mm +
0,02 mm, chiéu cao h = 38,50 mm + 0,02 mm. Tinh khdi lugng riéng p va sai s6. Dai luong
nao can do chinh xac hon?

A uniform cylinder: m = 25.80 g + 0.05 g, diameter d = 10.02 mm £ 0.02 mm, height h = 38.50 mm =+
0.02 mm. Find the density p and its uncertainty. Which quantity most needs a better measurement?

Loi giai. / Solution.
p = 4m/(md?h) (1.3)

Po6i d= 1,002 cm, h= 3,850 cm: p =4 - 25,80/(x - 1,0022 - 3,850) ~ 8,50 g/cm’.
Withd = 1.002 cm and h = 3.850 cm: p = 4 - 25.80/(z - 1.002° - 3.850) = 8.50 g/cm’.

1. Sai sb tuong ddi: em = 0,05/25,80 = 0,19%; &4 = 0,02/10,02 ~ 0,20%, nhan liiy thira 2
cho 0,40%; &n = 0,02/38,50 = 0,05%.
Relative uncertainties: en = 0.05/25.80 = 0.19%, €4 = 0.02/10.02 = 0.20%, times the power 2
gives 0.40%, e, = 0.02/38.50 = 0.05%.
2. Cong: g, = 0,19 + 0,40 + 0,05 = 0,64%, nén Ap = 0,64% - 8,50 = 0,05 g/cm’.
Add: g, = 0.19 + 0.40 + 0.05 = 0.64%, so Ap = 0.64% - 8.50 = 0.05 g/cm’.
Vay p = 8,50 + 0,05 g/cm?®. Puong kinh chiém khoang 62% sai s toan phan; thay thudc
kep bang panme (d¢ chinh x4c 0,01 mm) giam phan ndy mot nira. Néu tinh theo cin ciia
tong binh phuong, &, =~ 0,45%.
Hence p = 8.50 + 0.05 g/cm’. The diameter supplies about 62% of the total uncertainty, a
micrometer (accuracy 0.01 mm) in place of the calipers halves that share. With the root of the
sum of squares, €,~ 0.45%. W

PHAN TiCH / ANALYSIS — Con lic don do g qua T = 2aV(£/g), tirc g = 4n2¢/T2. T nim

binh phuong, nén sai s6 cia T tinh gdp doi. Thoi gian do bang ddng hd bam tay co sai sb c¢b

dinh ¢ 0,2 s bat ké s6 dao dong: do nhiéu dao dong lam sai s6 twong d6i ciia T giam.

A pendulum gives g through T = 2n\(/g), that is g = 47°C/T". T is squared, so its uncertainty counts
twice. A hand-held stopwatch has a fixed error of about 0.2 s whatever the number of swings: timing
more swings reduces the relative uncertainty of T.
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Vi DU 1.7 (Chon s6 dao dong theo sai s6 yéu ciu) / EXAMPLE 1.7 (Choosing the
number of oscillations from the required accuracy) — Do con lic don: £ =0,850 m +
0,001 m; thoi gian 20 dao dong toan phan t=37,00 s + 0,2 s. (a) Tinh g va sai sd. (b) Can it
nhit bao nhiéu dao dong dé &, < 0,8% néu £ va sai sb cia t giit nguyén? (c) Bién d6 goc 5°
gdy sai léch hé thong bao nhiéu?

A simple pendulum: € = 0.850 m £ 0.001 m, the time for 20 complete oscillations is t = 37.00 s = 0.2
s. (a) Find g and its uncertainty. (b) How many oscillations are needed at least for e, < 0.8% if € and
the error of t stay the same? (c) How large is the systematic effect of a 5° amplitude?

Loi giai. / Solution.
(a) T=1/20=1,850s. Tir g = 4n*/T>:
(a) T =1t/20 = 1.850 5. From g = 47°t/T*:

€g = €¢ + 2er

et = 0,001/0,850 = 0,12%; et = & = 0,2/37,00 = 0,54% (chia cho 20 khong ddi sai so
tuong d6i). Do d6 &, ~ 1,20%, g ~ 9,80 m/s%, Ag ~ 0,12 m/s%.

e = 0.001/0.850 = 0.12%; er = & = 0.2/37.00 = 0.54% (dividing by 20 leaves the relative
uncertainty unchanged). So e = 1.20%, g = 9.80 m/s*, Ag= 0.12 m/s°.

(b) Can 2& < 0,8% — 0,12%, tlc & < 0,34%. Vi At ¢b dinh 0,2 s nén t > 0,2/0,0034 ~ 58,6
s, tire N > 58,6/1,850, 1ay N = 32 dao dong.
(b) We need 2¢: < 0.8% — 0.12%, i.e. & < 0.34%. Since At is fixed at 0.2 s, t > 0.2/0.0034 = 58.6
s, so N>58.6/1.850, giving N = 32 oscillations.

(c) Vi bién do 0o, chu ky that 16n hon chu ky bién d6 nho khoang 00%/16 (0o tinh bﬁng
rad, phét biéu). Vi 5° = 0,0873 rad, do 16n nay bang 0,048%, nho hon nhiéu so voi er &
trén, nén bo qua duoc.

(c) For amplitude 6y the true period exceeds the small-amplitude period by about 0/°/16 (6 in
rad, quoted). For 5° = 0.0873 rad this is 0.048%, far below the er above, so it can be neglected.

Vay g = 9,80 £ 0,12 m/s?; can it nhat 32 dao dong. Dung N = 50 dao dong thi t = 92,5 s,
€~ 0,22% va gg = 0,55%.

Hence g = 9.80 + 0.12 m/s?, and at least 32 oscillations are needed. With N = 50 oscillations t =
92.5s,e~022%and ;= 0.55%. |

NHAN XET / REMARK — Sai s ¢6 dinh cta ngudi bdm dong hd (phan tmg luc bat dau va
lac dimg) khong dbi theo s6 dao dong, con thoi gian do ting ti 16 v6i s6 dao dong, nén sai sb
tuong ddi giam theo 1/N. Ciing vi thé, gi6i han thyc té 14 tit ddn: do qua l4u thi bién d6 khong
con nho.

The fixed error of the person timing (reaction at the start and at the stop) does not change with the
number of swings, while the time grows in proportion to it, so the relative uncertainty falls as 1/N. The
practical limit is damping: time for too long and the amplitude is no longer small.

PHAN TiCH / ANALYSIS — Hai s6 do gﬁn nhau trir cho nhau: sai sd tuyét ddi cong lai,
con hiéu thi nho, nén sai sé twong di ciia hiéu bi phong to.
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Two close readings subtracted: the absolute uncertainties add while the difference is small, so the
relative uncertainty of the difference is magnified.

Vi DU 1.8 (Hiéu ciia hai 50 gz“m nhau) / EXAMPLE 1.8 (Difference of two nearly equal
readings) — Mot day thép dai treo vat ndng. Dung thudc c6 sai s6 mdi 1an doc 0,05 cm,
chiéu dai day trude khi treo 1a 85,42 cm, sau khi treo 1a 85,61 cm. Tinh d6 gidn AL va sai $6.
Néu cach do dé sai s twong ddi dudi 1%.

A long steel wire carries a load. With a ruler whose reading error is 0.05 cm, the length is 85.42 cm
before loading and 85.61 cm after. Find the extension A€ and its uncertainty. Suggest a way to
measure it so that the relative uncertainty is below 1%.

Loi giai. / Solution.

MB&i chiéu dai co sai sb twong ddi chi 0,06%, rat tét. Nhung do gidn 1a hiéu cia hai chiéu
dai.

Each length has a relative uncertainty of only 0.06%. The extension, however, is the difference of
two lengths.

Al =£r —¥1, A(AP) = Al + AL>

AL =28561 — 85,42 =0,19 cm va sai s6 tuyét d6i 0,05 + 0,05 = 0,10 cm, nén € ~ 53%.
At = 85.61 — 85.42 = 0.19 cm with absolute uncertainty 0.05 + 0.05 = 0.10 cm, so ¢ = 53%.

Két qua AL =0,19 £ 0,10 cm gan nhu v6 nghia. Mudn dudi 1% khi AL = 0,19 cm can sai
sO tuyét d6i dudi 0,0019 cm = 0,019 mm. Po truc tiép d6 gidn: gin dong ho so (d6 chinh
xac 0,01 mm, dat kim vé 0 trude khi treo) vao day hoac dung don béy quang hoc lam
phong dai d6 gian 1én hang chuc lan trude khi doc.

The result AC = 0.19 = 0.10 cm is almost meaningless. To get below 1% for AL = 0.19 cm the
absolute uncertainty must be below 0.0019 cm = 0.019 mm. Measure the extension directly: fix a

dial gauge (accuracy 0.01 mm) to the wire, or use an optical lever that magnifies the extension
tens of times before it is read.

Vay Al = 0,19 + 0,10 cm bang thudc; do tryc tiép bang déng ho so cho sai sd twong dbi
khoang 0,5%.

Hence A€ = 0.19 + 0.10 cm with the ruler; direct measurement with a dial gauge gives a relative
uncertainty of about 0.5%. W

LOI HAY GAP / COMMON MISTAKE — Tinh sai sb cta hiéu bang cach 1iy hiéu hai sai
sd twong d6i. Véiy =a — b, sai s6 TUYET DOI cong lai; sai s6 trong ddi cua y 1a (Aa +
Ab)/|a —b)|.

Finding the uncertainty of a difference by subtracting relative uncertainties. Fory = a — b the
ABSOLUTE uncertainties add; the relative uncertainty of 'y is (da + 4b)/|a — b|.

LOI HAY GAP / COMMON MISTAKE — Léy € cua can bac hai béng € cua dai luong,
hay & cia binh phuong bang € cua dai lwong. Lily thira n nhén sai s6 twong dbi véi n|: binh
phuong gap doi, cin mot nira.

Taking the uncertainty of a square root, or of a square, equal to that of the quantity. A power n
multiplies the relative uncertainty by |n|: squaring doubles it, the root halves it.
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A(a+b) = Aa+ Ab; e(ab) = &a + &p; €(a”) = |n|ea (1.4)

1.6. D6 thi tuyén tinh héa va binh phwong t0i thiéu — Linearised graphs and least

squares

Mit danh gia duong théng chinh x4c hon duong cong, va h¢ sb gbc, hé sb chan doc dugc
truc tiép. Vi thé moi quan hé liy thira dugc dua vé duong thang bang cach chon truc
thich hop. Hé sb chan con c6 ich thir hai: no hip thy sai s6 hé thong khong d6i (do tré
bam gid, ban kinh qua cau bi bo st khi do chiéu dai).

The eye judges a straight line more accurately than a curve, and its slope and intercept can be
read off directly. So every power relation is brought to a line by choosing the axes suitably. The
intercept has a second use: it absorbs a constant systematic error (a timing delay, a bob radius
omitted from a length).

TINH CHAT 1.12 / PROPERTY 1.12 — Tuyén tinh hoa. Quan hé giita hai dai luong duoc
v& thanh duong thing Y = aX + b bang cach dat Y va X 13 cac ham cua dai lwong do, sao cho
hé s6 goc avahe s6 chan b chua cac héng s6 can tim (xem bang dudi). Véiy =Cx", vé Igy
theo Ig x: hé s6 goc 1 n, hé sb chan 1a 1g C.

Linearisation. A relation between two quantities is drawn as a straight line Y = aX + b by letting Y
and X be functions of the measured quantities, so that the slope a and the intercept b contain the

constants wanted (see the table). For y = Cx", plot lg y against g x: the slope is n and the intercept is
lg C.

Quan hé VEéY theo X Hé s6 goc H¢ s6 chin
Relation Plot Y against X Slope Intercept

0 (b > 0 néu ¢ thiéu
T? theo ¢ ban kinh
T = 2n\(t/ 4n/
™ (Ug) T? against € e b > 0 if € omits the
radius)
s = so + at*/2 Sjilicolt a/2 S0
s against £
v2 = vg® + 2as v: theo s 2a vo®
Vv’ against s
s=v(t—1) UL \ -V
s against t
Vs theo t
—1 )2 —
s=7g(t—7) s against t \/(g/Z) ‘L‘\/(g/z)
P lg F theolg v
F=Cv lg F against Ig v t le €
y= Ak In y theo x K n A

In y against x
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PINH LY 1.13 (Binh phuwong ti thiéu) / THEOREM 1.13 (Least squares) — Vi n diém
(xi, yi), duong thing y = ax + b lam tong binh phwong d6 1éch doc Z(yi — axi — b)? nhé nhét co
a=X(xi — X)(yi — §)/2(xi — X)%, b=y — ax. Néu dudng thang budc di qua gbc (y = ax) thia=
Txiyi/Zxi. Sai s6 chudn ciia hé sb goc (phat biéu, khong chimg minh): s, = V(E(y; — ax; —
b)*/(n —2) / Z(xi — X)?).

For n points (x;, yi), the line y = ax + b that minimises the sum of squared vertical deviations X(y; —
ax; — b)? has a = X(x; — X)(yi — §)/2(xi — ¥)°, b =7 — ax. If the line is forced through the origin (y =
ax) then a = Xxy/2x’. The standard error of the slope (quoted, not proved) is s. = N(Z(y; — ax; —
b)y/(n— 2) / Z(xi — %)?).

Chirng minh. / Proof.

Pit ui = xi — X, wi = yi — ¥; khi d6 Zui = 0 va Zwi = 0. Viét duong thang dang w = au + ¢
(v6i c =b + aX — §). Tong binh phuong d6 1éch:

Put u; = x; — x and w; = yi — y; then 2u; = 0 and Zw; = 0. Write the line as w = au + ¢ (with ¢ =
b + ax — ). The sum of squared deviations is:

(wi — aui — ¢)2 = Z(wj — aui)? — 2¢Z(wi — aui) + nc?

S6 hang gitta bang 0 vi Zwi = Zu; = 0. Con lai Z(w — au)? + nc?: nhé nhat khi ¢ = 0, nghia
1a duong di qua diém (X, ), tc b = — ax.

The middle term is zero because Xw; = Xu; = 0. What remains is X(w — au)’ + nc’, smallest
when ¢ = 0, that is the line passes through (X, y), so b =y — ax.

Z(w — au)? = a2Xu? — 2aZuw + Iw?

Pay 1a tam thirc bac hai cta a voi hé s6 bac hai Zu? > 0, nho nhit tai dinh a = Zuw/Xu
Truong hop qua gdc 1am y hét véi x, y thay cho u, w va khong c6 s6 hang c.

This is a quadratic in a with leading coefficient Xu’ > 0, smallest at the vertex a = Xuw/Xu’. The
case through the origin is the same with x, y in place of u, w and no term c. R

PINH LY 1.14 (Hai dwong bién) / THEOREM 1.14 (Extreme-lines method) — Sai s6 ciia
hé s6 goc theo d thi tay. V& cac thanh sai s6, rdi vé hai duong thiang cuc bién di qua moi
thanh sai s6: mot duong dbc nhit, mot duong thoai thoai nhét. Hé sb goc 1a hé sb gbc cua
dudng tot nhat, sai s6 Aa = (amax — amin)/2. Phuong phap nay cho sai s6 16n hon s, va an toan
hon.

Uncertainty of the slope from a hand graph. Draw the error bars, then draw two extreme lines that
pass through all of them: a steepest one and a shallowest one. The slope is that of the best line and Aa
= (Amax — Amin)/2. The method gives a larger uncertainty than s. and is safer.
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diém treo
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tam qua cau cach diém treo € + 1

Hinh 1.2. So dd do con lic: thude dat doc day, vach 0 & diém treo. Chiéu dai £ doc dén mép trén
qua cau cach tim mot khoang r, nén chiéu dai hiéu dung 1a € +r.
Figure 1.2. Pendulum set-up: a ruler beside the string with its zero at the suspension point. The length ¢
is read to the top of the bob, a distance r from its centre, so the effective length is € + r.

PHAN TICH / ANALYSIS — Dé cho tam diém (€, T) do tir mép trén qué cau. Biét T2 =
(4n/g)(L + r): v& T2 theo £ duoc dudng thing co hé sd chin duwong. Hé sé goc cho g; ti s6 hé
s6 chan/hé s6 goc cho r. Tinh g riéng timg diém thi mang theo sai s6 hé thong.

The problem gives eight points (£, T) measured to the top of the bob. Since T® = (47°/g)(t + r), plotting
T* against € gives a line with a positive intercept. The slope gives g; intercept over slope gives r.
Computing g point by point carries the systematic error along.

ViDU 1.9/ EXAMPLE 1.9 — Mt hoc sinh do chu ky con lac don v&i tam chiéu dai, mdi
1an bam gid 20 dao dong (sai s6 0,2 s), chiéu dai do tir diém treo dén mép trén qua cau (hinh
1.2). S liéu trong bang dudi. Tinh g bang d6 thi T2 theo £, udc lugng sai sb bang hai duong
bién, tim ban kinh qua cau r, va so vdi g tinh riéng timg diém.

A student measures the period of a simple pendulum at eight lengths, timing 20 oscillations each time
(error 0.2 s), with each length measured from the suspension point to the top of the bob (figure 1.2).
The data are in the table below. Find g from the graph of T® against €, estimate its uncertainty with
two extreme lines, find the bob radius r, and compare with g computed point by point.

0,30 22,57 1,129 1,274 9,30
0.30 22.57 1.129 1.274 9.30
0,40 25,96 1,298 1,685 9,37
0.40 25.96 1.298 1.685 9.37
0,50 28,85 1,443 2,081 9,49
0.50 28.85 1.443 2.081 9.49
0,60 31,32 1,566 2,452 9,66
0.60 31.32 1.566 2.452 9.66
0,70 34,05 1,702 2,899 9,53
0.70 34.05 1.702 2.899 9.53
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0,80 36,29 1,815 3,292 9,59
0.80 36.29 1.815 3.292 9.59
0,90 38,33 1,916 3,673 9,67
0.90 38.33 1.916 3.673 9.67
1,00 40,51 2,026 4,103 9,62
1.00 40.51 2.026 4.103 9.62

Loi giai. / Solution.
Sai s cta T 13 0,2/20 = 0,01 s, nén thanh sai s6 ctia T2 1a +£2TAT (rong 0,02T), dai ra khi
T 16n (hinh 1.3).
The error of T'is 0.2/20 = 0.01 s, so the error bar of T is £2TAT (width 0.02T), growing with T
(figure 1.3).
1. Binh phuong ti thiéu cho hé sb goc a=4,027 s*>/m (sa = 0,025) va hé s6 chin b =
0,065 s2.
Least squares gives the slope a = 4.027 s°/m (s, = 0.025) and the intercept b = 0.065 s°.
2. Tra=4n’/g: g = 4n*/a = 9,80 m/s?, 4o 1éch theo s, 1a 0,06 m/s>.
From a = 4n°/g: g = 4n°/a = 9.80 m/s*, with deviation 0.06 m/s’ from s,.

3. Hai duong bién c6 hé sb goc 4,132 va 3,952, nén Aa = 0,090 va Ag = 4n’Aa/a’ = 0,22

m/s2.

The two extreme lines have slopes 4.132 and 3.952, so Aa = 0.090 and Ag = 47°Aa/a’ = (.22

m/s’.

4. Heé s6 chian: b=ar, nénr =b/a~ 1,6 cm, hop li cho qua cau duong kinh khoang 3
cm.
The intercept gives b = a'r, so r = b/a = 1.6 cm, reasonable for a bob about 3 cm in
diameter.
5. Tinh riéng timg diém cho g tir 9,30 dén 9,67 m/s?, trung binh 9,53 m/s2, ludn thap vi £
thiéu r; sai 1éch 16n nhat & € nho, noi r/¢ 16n.
Point-by-point values run from 9.30 to 9.67 m/s’, mean 9.53 m/s°, always low because {
omits r; the deviation is largest at small €, where r/C is large.
Vay g = 9,80 £ 0,22 m/s? (d0 thi, hai duong bién); phuong phap dd thi loai sai sé hé
théng cua €, con trung binh céc gia tri riéng 1éch thap t6i 9,53 m/s.
Hence g = 9.80 + 0.22 m/s* (graph, extreme lines); the graph removes the systematic error of €,
while the mean of the single values is low at 9.53 m/s*>. R
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3,51 2=al+b #

5 \

T2 (s?)

0 T T T T T
0 0,2 0,4 0,6 0,8 1

£ (m)

Hinh 1.3. D6 thi T2 theo {: tam diém véi thanh sai s6, dudng thang binh phwong ti thiéu (lién)
va hai duong bién (nét dut). Hé sé chin b duong.
Figure 1.3. Graph of T? against {: eight points with error bars, the least-squares line (solid) and the two
extreme lines (dashed). The intercept b is positive.

PHAN TICH / ANALYSIS — Luc can F theo téc do v trén khoang v tur 2 dén 10 m/s: néu F
= Cv" thi chi can v& Ig F theo Ig v. Ti 1& 2:10 chua téi mot bac 10, nén dung lg thay cho db thi
F theo v, & d6 mét kho phan bi¢tn= 1,8 véin =2.

Drag F against speed v over v from 2 to 10 m/s: if F = CV" just plot Ig F against Ig v. The ratio 2:10

spans less than a decade, so use logs rather than a graph of F against v, on which the eye can hardly
telln = 1.8 fromn = 2.

ViDU 1.10 / EXAMPLE 1.10 — Mot tim bia phang chuyén dong trong ludng gid, luc can F
do bang luc ké & bay tc d6 v (bang). Xac dinh s6 mii n trong F = Cv", sai s6 cta n, va néu
cach két luan n = 2.

A flat card is held in an air stream and the drag F is measured at seven speeds v (table). Find the
exponent n in F = CV", its uncertainty, and say how to conclude n = 2.

0,060 0,301 —1,222
2.() 0.060 0.301 —1.222
3,0 0,137 0,477 —-0,863
3.0 0.137 0.477 —0.863
4,0 0,237 0,602 —0,625
4.0 0.237 0.602 —0.625
5,0 0,358 0,699 —0,446
5.0 0.358 0.699 —0.446
6,0 0,528 0,778 —-0,277
6.0 0.528 0.778 -0.277
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0,912 0,903 —0,040
8.() 0.912 0.903 —0.040
10,0 1,505 1,000 0,178
10.0 1.505 1.000 0.178

Loi giai. / Solution.

V& Ig F theo Ig v (hinh 1.4). Binh phuong tdi thiéu trén cac diém nay cho n= 1,98 va s, =
0,02.

Plot lg F against Ig v (figure 1.4). Least squares on these points gives n = 1.98 and s, = 0.02.

Hé s6 chin doc duge C =10'€€ =~ 0,0152 N-s"/m".
The intercept gives C = 10'¢€ = (0.0152 N-s"/m".

Gia tri 2 cach n ding mot sai s6 chuan (1,98 + 0,02), nén dit liéu khong bac bo n = 2.
Khang dinh n = 2 xong thi 1am lai bang cach v& F theo v? qua gbc; duong thang qua gbc
cho hé s6 goc 0,0148 N-s/m>.

The value 2 is exactly one standard error from n (1.98 + 0.02), so the data do not rule out n = 2.

Having accepted n = 2, redo the fit by plotting F against v’ through the origin; the line through
the origin has slope 0.0148 N-s°/m’.

Vay n= 1,98 + 0,02, phu hop véi luc can bac hai F = Cv? voi C = 0,0148 N-s?/m?.
Hence n = 1.98 + 0.02, consistent with quadratic drag F = Cv* with C= 0.0148 N-s°/m°. ®

0,25 1

hé s6 goc n=A(lg F) / A(lg v)

1g(F /N)

lg(v/ (m/s))

Hinh 1.4. D) thij Ig F theo g v cua bay diém do; hé s goc cta duong thing 13 sé miin ~ 2.
Figure 1.4. Graph of Ig F against Ig v for seven measurements, the slope of the line is the exponent n = 2.

NHAN XET / REMARK — Hg s6 goc trén db thi lg—lg khong phu thudc don vi cta v va F;
d6i don vi chi dich hé s6 chin. D6 1a 1y do d6 thi Ig—Ig ding duoc dé so sanh hai thi nghiém
do bang don vi khac nhau.

The slope on a log—log graph does not depend on the units of v and F; changing units only shifts the
intercept. That is why log—log graphs let two experiments in different units be compared.
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NHAN XET / REMARK — Piém dau va diém cudi anh huong hé sé goc nhiéu nhat. Véi
tam diém déu nhau theo £, bé diém cudi 1am hé sd gbc ddi it; néu thém mdot diém & xa cac
diém kia, n6 kéo dudng thang manh hon moi diém khac. Piém nim xa phai do ki nhét.

The first and last points influence the slope most. With eight points evenly spaced in {, dropping the
last one changes the slope little; a point added far from the rest pulls the line harder than any other.
The outlying point must be measured most carefully.

LOI HAY GAP / COMMON MISTAKE — V& dudng thing qua hai diém d4u va cudi thay
vi dudng tbt nhat, hodc ép dudng qua gbc khi hé sb chin khac 0. Vi du T2 theo € khi € thiéu
ban kinh qua ciu: ép qua gbc 1am g sai hé thong.

Drawing the line through the first and last points instead of the best line, or forcing it through the
origin when the intercept is not zero. For T® against £ with € missing the bob radius, forcing through
the origin biases g.

LOI HAY GAP / COMMON MISTAKE — Tinh hé s6 goc bang hai diém doc trén truc di
d6i (Ig) ma quén rang thang da d6i: A(lg F)/A(lg v) phai 1y hiéu cua lg, khong phai lg cua
hiéu.

Computing the slope from two points read on a transformed axis (Ig) and forgetting the
transformation: use A(lg F)/A(lg v), the difference of logs, not the log of a difference.

1.7. Thiét ké phwong an thi nghi€ém — Designing an experiment

pé dang “dé xuit phuong 4n” cho vai dung cu va mot dai lugng can do, rdi chAm theo
timg khau. Bai dat diém ti da co dii sau khau trong bang dudi va néu rd khau nao da
dugc thiét ké dé loai sai s6 hé thong hay giam sai s6 ngau nhién.

A “propose a method” problem supplies a few instruments and a quantity to measure, and is

marked stage by stage. A full-marks answer has all six stages in the table below and says which
stage was designed to remove a systematic error or reduce a random one.

Khiu Noi dung phai c6 L3i mat diém

Stage What must be there Where marks are lost

Cong thure noi dai lugng can do vai dai Khong néu diéu kién (gdoc nho,

1.Cosoli thuyét luong do duoc, diéu kién ap dung chuyén dong déu)
1. Principle The formula linking the wanted quantity to No conditions stated (small angle,
measurable ones, and when it applies uniform motion)

Chi dung dung cu dé cho; ghi d6 chia

2. Dyng cu nho nhét Thém dung cu ngoai danh sach
2. Apparatus Only instruments given; smallest divisions Instruments not on the list
stated
3. B4 tri So d6 ¢ ghi cac dai lugng do So d6 khong ghi dai luong
3. Set-up A sketch labelling the measured quantities Sketch without labels

Th tu thao tac, s6 lan lip, khoang gia A om0 of o
) P g8 Chi mdt gia tri bien, khong lap

4. Céc budc tri ciia bién ) :
) A single value of the variable, no
4. Procedure Order of operations, repeats, range of the —_
variable
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Khiu Noi dung phii c6 L3i mat diém

Stage What must be there Where marks are lost

o Bang, db thi tuyén tinh hoa, doc hé sb Tinh riéng timg diém rdi lay trun
5. Xt ly so liéu £ HIY T £ e y &

5. Data treatment £oc¢ . . b%nh
Table, linearised graph, slope Single values then a mean
Nguon sai s6 chinh, cach giam, sai s6 Khong phan biét hé thong va ngau
6. Sai 6 ctia két qua nhién
6. Uncertainty Main sources, how to reduce them, the No distinction between systematic
uncertainty of the result and random

PHAN TICH / ANALYSIS — C6 xe d6 choi chay déu, duong ray dai 3 m, thudc chia mm,
ddng hd bam tay. Bam tay ludn tré khi bat d¢au va khi dirng, nén thoi gian do 1a t + T v6i T gan
) dinh. Néu do & nhiéu vach 101 v& s theo t, T chi lam duong théng dich theo truc t, hé sb goc
khong doi.

A toy car runs uniformly on a 3 m track; there is a ruler in mm and a hand-held stopwatch. Hand
timing is always late at the start and the stop, so the measured time is t + t with © roughly constant. If
the time is taken at several marks and s is plotted against t, © only shifts the line along the t axis and
the slope is unchanged.

Vi DU 1.11 (Loai d9 tré bam gio bang dé thi) / EXAMPLE 1.11 (Removing the timing
delay with a graph) — D& xuit phuong an do toc do v ciia xe d6 choi chay déu trén duong
ray thang dai 3 m, chi ding thudc chia mm va dong hd bim tay do chia 0,01 s (ngudi bam tré
c0 0,2 s). Néu cach loai sai $6 do bAm tré. Vi s6 lidu thu duoc (bang, mdi thoi gian 1a trung
binh ciia ba 1an bim) hay tinh v va sai sb.

Propose a method to measure the speed v of a toy car running uniformly on a straight 3 m track, using
only a ruler in mm and a hand-held stopwatch of division 0.01 s (the timer is late by about (.2 s).
Explain how to remove the error from the late timing. With the data obtained (table, each time the
mean of three timings) find v and its uncertainty.

Loi giai. / Solution.
1. Co s0: xe chay déunéns= v(t — 1), v6i t 1a thoi gian do va 113 d6 tré bam. D4 thi s
theo t 1a duong théng hé sb goc v, cattruc ttait=r1 (hinh 1.5).
Principle: the car runs uniformly so s = v(t — t), with t the measured time and t the timing
delay. The graph of s against t is a line of slope v meeting the t axis at t = t (figure 1.5).

2. Bé tri: dan sau vach cach diém xuét phat 0,50; 1,00; ...; 3,00 m. Cho xe chay tur truéc
vach xuét phat dé di dat téc do on dinh.
Set-up: stick six marks 0.50, 1.00, ..., 3.00 m from the start. Let the car run in from before
the start mark so that it already has a steady speed.

3. Thyc hién: voi mdi vach, bAm gid tir lic xe qua vach xuét phat dén luc qua vach s, lap
ba lan, iy trung binh. Gia tri s do bang thudc, sai s6 0,001 m, nhé hon rat nhiéu so
Vi sai s cia t.

Procedure: for each mark, time from the start mark to mark s, three times, and average. The
distance s is read with the ruler to 0.001 m, far smaller than the error in t.
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4. X1r Iy: binh phuong t6i thiéu s theo t cho v =10,513 m/s, s, = 0,010 m/s va t=0,20 s.
Treatment: least squares of s against t gives v = 0.513 m/s, sa = 0.010 m/s and t = 0.20 s.

5. Pdi chiéu: tinh riéng vi = si/ti cho 0,450 m/s ¢ vach 0,50 m va 0,505 m/s ¢ vach 3,00
m. Gia tri chay theo s vi t chiém ti 18 16n & thoi gian ngan, nén trung binh céc vi 1éch
hé thong.

Comparison: single values v; = si/t; give 0.450 m/s at the 0.50 m mark and 0.505 m/s at the
3.00 m mark. They drift with s because t is a larger share of a short time, so the mean of the
vi is biased.
Vay v = 0,513 + 0,010 m/s (sai s6 chuan cta hé sb goc, € ~ 2%). Do tré bam gid nam
trong hé s chin nén khong anh huong v.
Hence v = 0.513 = 0.010 m/s (standard error of the slope, ¢ = 2%). The timing delay sits in the
intercept and does not affect v. R

0,50 1,11 0,450
0.50 1.11 0.450
1,00 2,17 0,461
1.00 2.17 0.461
1,50 3,17 0,473
1.50 3.17 0.473
2,00 4,13 0,484
2.00 4.13 0.484
2,50 5,15 0,485
2.50 515 0.485
3,00 5,94 0,505
3.00 5.94 0.505
3,51
3 4
2,51
~~ 2 1
g
@ 1,51
14 hé sé goc =v
0,5 1
0 -

t(s)

Hinh 1.5. D) thi s theo t cta xe dd choi: sau diém, dudng thang binh phuwong tbi thiéu. Poan
xanh trén truc t 1a do tré bdm gio t, khong anh hudng hé sb goc.
Figure 1.5. Graph of s against t for the toy car: six points and the least-squares line. The green segment
on the t axis is the timing delay t, which does not affect the slope.
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NHAN XET / REMARK — Téch sai s6 thanh phan c6 dinh va phan ngau nhién 13 y chinh
ctia khau 6. Phan ¢d dinh (1) cAn mot cach thiét ké loai bo: dung hé¢ s6 chan cua dod thi, hodc
liy hiéu hai 1an do. Phan ngiu nhién giam bang lip lai va bang nhiéu diém.

Splitting the error into a fixed and a random part is the core of stage 6. The fixed part (t) needs a
design that removes it: the graph intercept, or the difference of two readings. The random part is
reduced by repeats and by many points.

LOI HAY GAP / COMMON MISTAKE — Pé cho d6ng hd bdm tay ma chi do mot
khoang s rdi tinh v = s/t: sai s6 bAm tré ndm nguyén ven trong két qua. Phai do nhiéu s va v&
d6 thi, hodc do hiéu hai thoi gian.

Using a hand-held stopwatch for a single distance s and computing v = s/t. the timing delay stays
whole in the result. Measure several s and draw the graph, or take the difference of two times.

1.8. T6 hop khong thir nguyén va dong dang — Dimensionless groups and

similarity

Khi s dai lugng doc lap nhiéu hon ba, phan tich thir nguyén khong cho mot cong thic
ma cho mot ham ciia cac to hop khong thir nguyén. Ham ay van c6 ich: hai hé ¢ cing
gi tri cac t6 hop dién ra gidng hét nhau khi vé trong cac bién khong thir nguyén.

With more than three independent quantities, dimensional analysis gives not a formula but a

Sfunction of dimensionless groups. That function is still useful: two systems with the same values
of the groups behave identically when drawn in dimensionless variables.

PINH LY 1.15 (Nguyén li dong dang) / THEOREM 1.15 (Principle of similarity) —
Nguyén li dong dang. Néu dai lwong y c6 thir nguyén [y] va phu thudc vao cac dai luong xi,
.., Xk thi c6 thé viét y = yo-f(IT}, I, ...), trong d6 yo ghép tir ba dai luong co ban di dé co
thir nguyén [y], cac IT 1a t6 hop khong thir nguyén ciia x;, va f 1a mot ham chua biét. Hai hé c6
cac IT bang nhau thi c6 y/yo bang nhau.

Principle of similarity. If a quantity y of dimension [v] depends on the quantities x;, ..., X, it can be
written y = yof(I1;, I, ...), where yo is built from enough of the base quantities to have dimension [y],
the I1 are dimensionless combinations of the x;, and f'is an unknown function. Two systems with equal
11 have equal y/y.

Phét biéu trén 12 dang so cip ctia mot dinh 1i téng quat (dinh i IT ciia Buckingham); sach
khong chimg minh no. S t6 hop IT bang sé dai lwong trir sé don vi co ban doc 1ap.
The statement above is the elementary form of a general result (Buckingham’s Il theorem); the

book does not prove it. The number of groups Il equals the number of quantities minus the
number of independent base units.

PHAN TiCH / ANALYSIS — Vit roi tir d6 cao h, chiu lyc can tuyén tinh —bv (b tinh bang
kg/s). Cac dai lugng: t, h, g, m, b: ndm dai lugng, ba don vi, nén hai to hop. Mot la gt?/h; to
hop con lai phai chtra b: thir b?h/(m?g), vi b/m c6 thitr nguyén T

A body falls from height h with a linear drag —bv (b in kg/s). The quantities are t, h, g, m, b five
quantities, three units, so two groups. One is gt’/h; the other must contain b: try b*h/(m’g), since b/m
has dimension T,
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Vi DU 1.12 (Hai thi nghiém dong dang) / EXAMPLE 1.12 (Two similar experiments) —
Vat khéi lugng m = 0,050 kg tha tir nghi & d6 cao h =2,0 m, lyc can —bv véi b = 0,20 kg/s;
thi nghiém do dugc thoi gian roi t; = 1,063 s. Hoi tha cung vat tir nghi & d6 cao 8,0 m trong
mai trudng ¢ b = 0,10 kg/s thi thoi gian roi bang bao nhiéu? Néu gidi han cua két luan.

A body of mass m = 0.050 kg is released from rest at height h = 2.0 m with drag —bv, b = 0.20 kg/s,
an experiment finds the fall time t; = 1.063 s. What is the fall time of the same body released from rest
at 8.0 m in a medium with b = 0.10 kg/s? State the limit of the conclusion.

Loi giai. / Solution.

Nam dai luong t, h, g, m, b voi ba don vi cho hai t6 hop khong thir nguyén: IT; = gt¥/h va
1> = b’h/(m2g). That vay [b/m] = T, nén [b’h/(m?g)] = T>-L/(LT?2) = 1.

The five quantities t, h, g, m, b with three units give two dimensionless groups: I1; = gt*/h and I1,
= b’h/(m’g). Indeed [b/m] = T, so [b’h/(m’g)] = T2-L/LT?) = 1.

t =V (h/g)-f(Il2) (1.5)

Thi nghiém 1: I, = (0,20/0,050)? - 2,0/9,8 = 3,27. Thi nghiém 2: b/m = 0,10/0,050 =2 s
(mot nira), h = 8,0 m (gap 4), nén Il» ¢ cung gié tri: 22 - 8,0/9,8 =~ 3,27.

Experiment 1: IT; = (0.20/0.050)° - 2.0/9.8 = 3.27. Experiment 2: b/m = 0.10/0.050 = 2 57 (half),
h = 8.0 m (four times), so Il> has the same value: 2° - 8.0/9.8 = 3.27.

Hai hé c6 cung I nén f giéng nhau va to/t; = V(ha/hy) = 2.
The two systems have the same IT>, hence the same f, and t:/t; = \(h2/h;) = 2.

Vay t, = 2t; = 2,126 s. Két luan nay khong can biét ham f. Gigi han: n6 chi ding khi hai
hé c6 cung Ila; voi b = 0,20 kg/s & 8,0 m thi IT> khac va khong du doan dugce t néu chua
biét f.

Hence t> = 2t; = 2.126 5. The conclusion needs no knowledge of f. Its limit: it holds only when
the two systems share I, with b = 0.20 kg/s at 8.0 m the value of I1 differs and t cannot be
predicted without f- W

—— h=20m,B=4s"
—=- h=80m,p=2s"
"""" khong can

0 025 05 075 1 125 15 1,75 2
t/\(/g)

Hinh 1.6. Hai thi nghiém roi ¢6 can tuyén tinh v& trong bién khong thir nguyén t/N(h/g) va x/h
tring nhau; duong chim 1a roi khong can.
Figure 1.6. Two falls with linear drag drawn in the dimensionless variables t/N(h/g) and x/h coincide; the
dotted line is fall without drag.
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NHAN XET / REMARK — Khi IT, nhé (can yéu), f dan t6i V2, tirc t dan t6i V(2h/g) = 0,639
s ¢ thi nghiém 1. Khi I, I6n (can manh), vat nhanh chong dat tdc do cubi mg/bvat=
hb/(mg), ti 1& voi h. Biét hai gii han nay, ta nbi bang thuc nghiém phan gitra ma khong c6
cong thirc.

When IT is small (weak drag), f tends to \2, so t tends to N(2h/g) = 0.639 s in experiment 1. When I
is large (strong drag) the body quickly reaches the terminal speed mg/b and t = hb/(mg), proportional
to h. Knowing the two limits, one joins the middle by experiment without a formula.

PHAN TICH / ANALYSIS — Giot chit long ban kinh r dao dong hinh dang: tan s f ¢6 thé
phu thudc hé s6 cing bé mit o (thir nguyén MT-2), khdi lwong riéng p, ban kinh r. Ba dai
luong ddc 1ap cho ba phuong trinh; xem g c6 can thém khong bang cach so luc cing bé mat
va trong luc.

A liquid drop of radius r oscillating in shape: the frequency f may depend on the surface tension o
(dimension MT?), the density p and the radius r. Three independent quantities give three equations;
whether g must be added is decided by comparing surface tension and weight.

Vi DU 1.13 (Chon dai lwgng cin dwa viao) / EXAMPLE 1.13 (Choosing which quantities
to include) — Tim dang cua tan s6 f dao dong hinh dang cua giot nudc ban kinh r = 1,0 mm.
Hé sb cang bé mit 6 = 0,0728 N/m, p = 1000 kg/m?>. Thyc nghiém cho héng $6 khong tha
nguyén C ~ 0,45. Tinh f; biét f thay d6i thé nao khi ban kinh ting gip doi; xét c6 can dua g
vao khong.

Find the form of the frequency f of shape oscillations of a water drop of radius v = 1.0 mm. The
surface tension is ¢ = 0.0728 N/m and p = 1000 kg/m’. Experiment gives a dimensionless constant C =
0.45. Compute f; say how f changes when the radius doubles, decide whether g must be included.

Loi giai. / Solution.
P4t £ = C-o%p™; [f] = T, [6] = MT?, [p] = ML, [r] = L.
Set f= C-ap; [f] = T, [a] = MT?, [p] = ML, [r] = L.
1.T:-1=-2a,néna=12.M:0=a+b,nénb=-1/2.L: 0=-3b+c¢,nénc=3b=
-3/2.
T:-—1=-2a,soa=12 M:0=a+b,sob=—1/2.L:0=-3b+c¢, soc=3b=-3/2.
f=CV(o/(pr®) (1.6)
Véir=1,0 mm: \/(0/(pr3)) = \/(0,0728/(1000 -10?) = 270 s!, nén f= 0,45 - 270 = 121
Hz.
For r = 1.0 mm: N(a/(pr®)) = N(0.0728/(1000 - 10°)) = 270 57!, s0 f= 0.45 - 270 = 121 Hz.

Ban kinh gip doi: f giam 2*2 =~ 2,83 14n, con khoang 43 Hz.
Doubling the radius reduces by 2°? = 2.83, to about 43 Hz.

Pua g vao: thém mot to hop khong thir nguyén pgr¥/c (sé6 Bond). V&i r = 1,0 mm gia tri
la 0,135, nho, nén trong lyc chi hi¢u chinh nhe va cong thic bd g dung dugc. Véi giot
ban kinh 5 mm s6 nay 16n hon 25 1an va cong thirc mét hiéu lyc.

Including g adds a dimensionless group pgr’/o (the Bond number). For r = 1.0 mm it is 0.135,

small, so gravity is a slight correction and the formula without g works. For a 5 mm radius it is
25 times larger and the formula fails.
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Vay = CV(o/(pr’)) = 121 Hz cho r = 1,0 mm; f ti 16 r32,
Hence = CN(o/(pr?)) = 121 Hz for r = 1.0 mmy; fis proportional to 2.

PHAN TiCH / ANALYSIS — Chu ky vé tinh quanh Trai DAt phu thudc ban kinh quy dao r,
khéi lugng M cuia Trai Dat va hiang s6 hip dan G. G va M c6 thé xuit hién riéng hay chi qua
tich GM? Thit nguyén cta G (bang ¢ muc 1.1) cho M': cap G, M phai xuat hién cing lity
thira.

The period of a satellite about the Earth depends on the orbital radius r, the Earth’s mass M and the
gravitational constant G. Can G and M appear separately or only as the product GM? The dimension
of G (see the table in section 1.1) carries M”': G and M must appear with the same power.

Vi DU 1.14 (Tir mét thién thé dy do4n thién thé khiac) / EXAMPLE 1.14 (Predicting one
body from another) — Chu ky chuyén dong tron ciia mot vat quanh Trai Dt chi phu thude
vao ban kinh quy dao r, hing s6 hap dan G va khéi lugng M cua Trai Dat. Dung phan tich thir
nguyén tim dang cua chu ky, rdi tir chu ky ctia Mt Trang (27,32 ngay, r = 3,844-10® m) du
doan chu ky mot tram quy dao & do cao 410 km (ban kinh Trai D4t 6,371-10° m), khong ding
gia tri G hay M.

The period of circular motion of a body about the Earth depends only on the orbital radius r, the
gravitational constant G and the Earth’s mass M. Use dimensional analysis to find the form of the
period, then from the period of the Moon (27.32 days, r = 3.844-10° m) predict the period of a station
at 410 km altitude (Earth radius 6.371-10° m), without using the values of G or M.

Loi giai. / Solution.
bit T = C-r*G°MS; [G] = M LT,
Set T = C-*G"Me; [G] = MIL3T™.
1.T:1=-2b,nénb=-1/2.M: 0=-b+c,nénc=-1/2. L: 0=a + 3b, nén a = 3/2.
T:1=-2bsob=—-1/2.M:0=-b+c,soc=—-1/2.L: 0=a + 3b, soa = 3/2.
T = CV(r3/(GM)) (1.7)
G va M chi xuit hién qua tich GM, nén véi ciing mét thién thé trung tam, T ti 1& voi r*/2:
To/T1 = (r2/11)*2, va C, G, M déu gian udc.

G and M appear only through the product GM, so for one central body T is proportional to r*:
T>/T; = (r2/r1)%?, and C, G, M all cancel.

Béan kinh quy dao tram: r = 6,371-10° + 4,1-10° = 6,781-10° m. Chu ky Mait Tring:
2,360-10° s.

The station’s orbital radius is r = 6.371-10° + 4.1-10° = 6.781-10° m. The Moon’s period is
2.360-10° s.

Tiss = Tm(riss/rm)3/2
Ti s ban kinh 0,01764, ltiy thira 3/2 cho khoang 2,34-1073, nén Tiss = 5530 s = 92,2 phut.
The radius ratio is 0.01764, its 3/2 power is about 2.34-10, so Tiss= 5530 s = 92.2 min.
Vay chu ky cua tram khoang 92,2 phut. Gié tri quan sat khoang 92,7 phut, I¢ch dudi 1%.

Hence the station’s period is about 92.2 min. The observed value is about 92.7 min, within 1%.
|
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NHAN XET / REMARK — Két qua T o 12 1a dinh luat Kepler thir ba cho quy dao tron;
phan tich thi nguyén cho dang, con hang sé C = 2r can dan tir luc hap dan (Chuong Pong luc
hoc nang cao).

The result T ocr*” is Kepler’s third law for circular orbits; dimensional analysis gives the form, while
the constant C = 21 has to be derived from the gravitational force (chapter on advanced dynamics).

LOI HAY GAP / COMMON MISTAKE — Dung dang tich lity thira khi c6 hai t6 hop
khong thtr nguyén tré 1én (vi du roi ¢6 can tuyén tinh). Khi d6 t = V(h/g)-f(IL2) v6i f chua biét,
khong phai t = C-hPg. ..

Using a pure power product when two or more dimensionless groups exist (for example fall with
linear drag). Then t = \(h/g)-f{I,) with { unknown, not t = C-h’g’ ..

PHAI THUQC / MEMORISE — Ba dai luong doc 1ap va ba don vi co ban: phén tich thir
nguyén cho cong thic, trir hing s6 C. Nhiéu hon ba: cho mot ham f cta cac to hop khong thir
nguyén.

Three independent quantities and three base units: dimensional analysis gives the formula up to the
constant C. More than three: a function f of dimensionless groups.

1.9. Bang chién lwge: tir diu hi¢u trong dé dén cOng cu — Strategy table: from the
sign in the problem to the tool

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Cho cong thirc dang chit, hoi
ding hay sai

A formula in letters, right or

So thir nguyén hai vé; thir gia tri giéi han
Compare dimensions of both sides; test a 1.1
limiting case

wrong?

Biét dai lugng phu thude vao ba
dai luong, hdi dang cong thic
The quantity depends on three
others; find the form

Phan tich thr nguyén, giai ba phuong trinh
Ity thira 12,13

Dimensional analysis, three power equations

Cho mot phép do & diéu kién

C S Y Tilé tir cong thurc 1y thira, gian udc han
nay, hoi két qua ¢ diéu kién khac ~ ; ~ g y & g

sO 1.14

One measurement given, asked for o ,
Ratio from the power formula, constants cancel

another case

“Uéc lugng”, “cd bao nhiéu”, Chudi thira s6, lam tron mot chit sb, kiém

khong cho sb bang dai lugng khac 1.4
“Estimate”, “about how much”, no = A chain of factors, one significant figure, cross-

numbers check

Cho cac s do kém + hay d6 chia  Truyén sai sd: cong tuyét d6i, cong twong

dung cu ddi, nhan véi sb mii n 16.1.7
Readings with + or instrument Propagate: add absolute, add relative, multiply B
divisions by the exponent n
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Diu hi¢u trong dé

Sign in the problem

Cong cu nén thir
Tool to try

Vi du
Example

Hiéu hai s6 do gan nhau
Difference of two close readings

B9 s6 liéu nhiéu diém, hoi hang
s6

Many data points, asked for a
constant

Dung cu cho trudce, hoi “dé xuat
phuong an”

Given apparatus, “propose a
method”

Hon ba dai lugng doc lap, hai h¢

Sai s6 tuyét ddi cong; do truc tiép hiéu béng
dung cu nhay hon
Absolute errors add,; measure the difference

1.8
directly with a finer instrument
Tuyén tinh hoa, binh phuong tbi thiéu, hai

duong bién
Linearise, least squares, extreme lines

1.9,1.10

Sau khau; do thi dé loai sai s6 hé thong
khong do6i

Six stages, a graph to remove a constant
systematic error

T4 hop khong thir nguyén, nguyén li dong

gidng nhau

More than three independent
quantities, two similar systems

Thuéat ngir

Term (Vietnamese)

dang

Tiéng Anh

1.12,1.13

Dimensionless groups, similarity

Giai thich ngin
Short definition

Dai lugng co ban

Thi nguyén

Khong thir nguyén
Pong nhét thir nguyén

Phan tich thir nguyén

T6 hop khong thi
nguyén

Nguyén li dong dang

Bac d6 16n

English

Base quantity

Dimension

Dimensionless

Dimensional
homogeneity

Dimensional analysis

Dimensionless group

Similarity

Order of magnitude

dai lwong chon 1am gbc (M, L, T)
quantity chosen as the foundation (M, L, T)

tich cac lily thoracia M, L, T
product of powers of M, L, T

moi lity thira ciia M, L, T bang 0
all powers of M, L, T equal 0

hai vé dang thirc ciing thir nguyén
both sides of an equation have equal dimension

tim dang cong thuc tur thir nguyén

finding a formula's form from dimensions

tich liy thira cac dai lugng c6 thir nguyén
bang 1

power product of quantities with dimension
equal to 1

hai hé cung t6 hop khong thir nguyén dién
ra giéng nhau
systems with equal groups behave alike

lity thira ctia 10 gan gié tri nhét
the power of ten nearest the value
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

tinh ¢ do 16n tir vai so liéu quen thudc
Udce lugng Fermi Fermi estimate an order-of-magnitude calculation from
familiar numbers

chir s6 dang tin ciia két qua do

Chir s6 c6 nghia Significant figure
& & & a trustworthy digit of a result
DA s . d6 16n ctia do léch 6 thé c6
Sai s0 tuyét doi Absolute uncertainty R .
the size of the possible deviation
.z £ . . sai s tuyét d6i chia cho gia tri
Sai s0 twong doi Relative uncertainty y§ , . gla tr
absolute uncertainty divided by the value
C A x rai hai phia, giam khi lay trung binh
Sai s6 ngau nhién Random error phia, & , Y £ .
scatters both ways, falls on averaging
léch cung phia, khong giam khi 14y trung
Sai s0 h¢ thong Systematic error binh
shifts one way, not reduced by averaging
nira d6 chia nho nhét hay d6 chinh xéac ghi
Sai s0 dung cu Instrument error trén may
half the smallest division or the stated accuracy
A 1a 3 - do rai clia timg 1an do quanh trung binh
Do 1éch chuan Standard deviation ; } & ) q &
scatter of single readings about the mean
I , . o dua quan hé vé duong thang bang doi truc
Tuyén tinh hoa Linearisation .q T & ) g & ] ;
turning a relation into a line by changing axes
A A ti s A(truc doc)/A(truc ngan
HIé 56 géc Slgie (truc doc)/A(truc ngang)

ratio A(vertical)/A(horizontal)

duong 1am tong binh phuwong d6 léch doc

X Lo iR nho nhét

Binh phuong t6i thieu Least squares 0 ] a o , )
the line minimising the sum of squared vertical
deviations

doan thang trén do thi bi€u dién sai so cua
diém
a segment on a graph showing a point's

Thanh sai s Error bar

uncertainty

ban ké hoach g@)m co sd, dung cy, budc, xur

e s , 1y, sai sd

Phuong an thi nghiém Experimental method Y, sa S(.) o
a plan with principle, apparatus, steps,

treatment, uncertainty
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1.10. Bai tu luyén — Practice problems
Mirc 1 — Hoc sinh gioi cé{lp tinh — Level 1 — Provincial olympiad

Bai 1.1 / Problem 1.1 — Tir biéu thirc lyc hip dan F = Gmmy/r2, tim thir nguyén va don vi
SI ctia hing sb G. Kiém tra bang thir nguyén xem V(r3/(GM)) ¢6 1a thoi gian khong va GM/r2
c6 1a gia téc khong (M 1a khéi luong, r 13 d6 dai).

From the gravitational force F = Gmmy/r’, find the dimension and SI unit of the constant G. Check by
dimensions whether N (r/( GM)) is a time and GM/r* an acceleration (M a mass, r a length,).

Bai 1.2 / Problem 1.2 — Hinh chir nhat do duoc caccanha=21,50cm £ 0,05cmvab=
8,20 cm =+ 0,05 cm. Viét dién tich S va chu vi P kém sai s theo quy udc lam tron.

A rectangle has sides a = 21.50 cm £+ 0.05 cm and b = 8.20 cm £ 0.05 cm. Write the area S and the
perimeter P with uncertainties in the rounding convention.

Bai 1.3 / Problem 1.3 — Udc luong khéi luong khong khi trong mot phong hoc 9,0 m x 6,5
m x 3,6 m (khéi lugng riéng khong khi 1,2 kg/m3). Bang khoang méy hoc sinh ning 50 kg?
Néu mdi kich thude chi biét véi sai s6 10% thi khdi lugng bét dinh bao nhiéu phan tram?
Estimate the mass of air in a classroom 9.0 m x 6.5 m x 3.6 m (air density 1.2 kg/m’). About how
many 50 kg students is that? If each dimension is known only to 10%, what is the percentage
uncertainty of the mass?

Bai 1.4 / Problem 1.4 — Tén s f cua vat khdi luong m dao dong trén 16 xo d6 cung k (thtr
nguyén cua k 1a MT-2) chi phu thudc k va m. Tim dang f bang phan tich thir nguyén. Vi m =
0,10 kg do dugc f= 3,2 Hz. Tinh f khi (a) m tang 1én 0,40 kg; (b) m = 0,40 kg va 16 xo cliing
gip doi.

The frequency f of a mass m oscillating on a spring of stiffness k (dimension of k is MT?) depends only
on k and m. Find the form of f by dimensional analysis. With m = 0.10 kg, f= 3.2 Hz is measured.
Find fwhen (a) m increases to 0.40 kg; (b) m = 0.40 kg and the spring is twice as stiff-

Mirc 2 — Hoc sinh gioi quéc gia — Level 2 — National olympiad

Bai 1.5 / Problem 1.5 — Tha vt roi tir nghi, do thoi gian roi t bang dong hd bam tay c6 do
tré cb dinh T chua biét, nén t do =t that + t. Vi sdu do cao s: 0,5; 1,0; 1,5; 2,0; 2,5; 3,0 (m)
do duoc t: 0,44; 0,58; 0,68; 0,75; 0,84; 0,91 (s). Dung dd thi Vs theo t tim g va 1. Giai thich vi
sao v& s theo t? cho g sai, va cho biét g thu duoc tir dd thi do.

A body is dropped from rest and the fall time t is measured with a hand-held stopwatch with a fixed
unknown delay t, so measured t = true t + . For six heights s: 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 (m) the times
are: 0.44, 0.58, 0.68, 0.75, 0.84, 0.91 (s). Use the graph of \s against t to find g and t. Explain why
plotting s against  gives a wrong g, and state the g that graph gives.

Bai 1.6 / Problem 1.6 — Khbi luong riéng cua qué cau thép: p = 6m/(nd). Pom =835 g+
0,01 gvad=12,70 mm + 0,01 mm (panme). Tinh p va sai s6. Néu dung thudc kep (sai sd
0,02 mm), p sai s bao nhiéu? Néu thay can bang can chinh xac 0,001 g, sai sé twong ddi cia
p gidm t6i dau khi van dung panme?

Density of a steel ball: p = 6m/(nd’). Measured m = 8.35 g +0.01 g and d = 12.70 mm £ 0.01 mm
(micrometer). Find p and its uncertainty. With calipers (error 0.02 mm) what is the uncertainty of p?
If the balance is replaced by one accurate to 0.001 g, how far does the relative uncertainty of p fall
while keeping the micrometer?
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Bai 1.7 / Problem 1.7 — Cong suit P ma mdt tuabin gi6 1iy tir ludng khong khi chi phu
thudc khéi lugng riéng p ciia khong khi, dién tich quét A cia canh quat va toc do gid v. Tim
dang P. Mo hinh ¢6 A = 0,20 m? trong gi6 5,0 m/s (p = 1,2 kg/m*) cho P = 6,0 W. Dy doan P
cho tuabin A = 1,8 m? trong gi6 8,0 m/s. Néu ban kinh canh tang 1,5 lan & cing toc d6 gio, P
tang may lan?

The power P a wind turbine takes from an air stream depends only on the air density p, the swept area
A of the rotor and the wind speed v. Find the form of P. A model with A = 0.20 m’ in a 5.0 m/s wind (p
= 1.2 kg/m’) gives P = 6.0 W. Predict P for a turbine with A = 1.8 m* in an 8.0 m/s wind. If the blade
radius grows 1.5 times at the same wind speed, by what factor does P grow?

Bai 1.8 / Problem 1.8 — Do bé day va khéi luong riéng cua gidy véi thude chia mm va can:
mot ram 500 t& A4 (210 mm x 297 mm, sai s6 mdi canh 0,5 mm) cao H=5,05cm + 0,1 cm,
khéi lugng 2,50 kg + 0,01 kg. (a) Néu vi sao do ca ram thay vi mot to. (b) Tinh bé day mét to
va sai s6. (¢) Tinh khdi lwong riéng va sai s6. (d) Dung hai ram chdng 1én nhau thi sai s&
tuong d6i ciia p con bao nhiéu?

Measure the thickness and density of paper with a mm ruler and a balance.: a ream of 500 A4 sheets
(210 mm x 297 mm, error 0.5 mm per side) stands H = 5.05 cm = 0.1 cm and has mass 2.50 kg = 0.01
kg. (a) Say why the whole ream is measured instead of one sheet. (b) Find the thickness of one sheet
and its uncertainty. (c) Find the density and its uncertainty. (d) With two reams stacked, what is the
relative uncertainty of p?

Mirc 3 — Olympic quf')c té — Level 3— International olympiad

Bai 1.9 / Problem 1.9 — Ném vit thing ding 1én véi tc do vo, luc can khong khi co gia tde
—\v2 (A tinh bang m™!, huéng ngugc chidu chuyén dong) cong véi g. (a) Bang phan tich thir
nguyén ching minh H = (vo%/g)-f(1)) véi n = Ave¥/g. (b) Mot md phong sd cho vo =20 m/s, A =
0,010 m™: H= 17,1 m. Can A' bang bao nhiéu dé ném véi vo' = 10 m/s cho cting hinh dang
chuyén dong, va khi d6 H' bang bao nhiéu? (c) Can lam giam d6 cao bao nhiéu phan trim so
v6i khong can 6 thi nghiém (b)? Lay g = 9,8 m/s.

A body is thrown vertically up with speed vo; air drag gives an acceleration =)V’ (. in m™, opposite
the motion) in addition to g. (a) Use dimensional analysis to show H = (vo’/g)-f(n) with n = Jvi’/g. (b)
A numerical simulation for vo = 20 m/s, A = 0.010 m™" gives H = 17.1 m. What )" gives the same shape
of motion for vo' = 10 m/s, and what is H' then? (c) By what percentage does drag lower the height in
experiment (b)? Take g = 9.8 m/s’.

Bai 1.10 / Problem 1.10 — M4t giot nudc mua nhé ban kinh r chuyén dong cham trong
khong khi ¢6 dd nhét n (tha nguyén ML'T-Y); luc can F chi phy thude n, 1, v. (a) Tim dang F
bang phén tich thir nguyén. (b) Biét hing sb 13 6, tim téc d6 roi 6n dinh cua giot r = 0,030
mm, bo qua lyc day ctia khong khi; = 1,810 Pa-s, p, = 1000 kg/m?. (c) T6 hop khong thir
nguyén Re = pxv(2r)/m, px = 1,2 kg/m?: tinh Re & (b), va ban kinh 16n nhat dé Re < 1 khi ding
cong thuc (b). (d) Véir= 1,0 mm (vi du vé luc can béc hai) Re bing bao nhiéu?

A small raindrop of radius r moves slowly through air of viscosity n (dimension ML'T"); the drag F
depends only on n, v, v. (a) Find the form of F by dimensional analysis. (b) Given the constant 6m, find
the steady fall speed of a drop of r = 0.030 mm, neglecting air buoyancy; n = 1.8:10” Pa-s, p,, = 1000
kg/m’. (c) With the dimensionless group Re = p.v(2r)/yy, pa = 1.2 kg/m’: compute Re in (b), and the
largest radius for which Re < 1 when the formula of (b) is used. (d) For r = 1.0 mm (the quadratic-
drag example) what is Re?

Bai 1.11 / Problem 1.11 — Do g bang hai chiéu dai con lic, mdi chiéu dai do tir diém treo
dén mép trén qua cau (thiéu ban kinh r chua biét). £; = 1,000 m, 2 = 0,250 m, sai s mdi
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chiéu dai 0,002 m; thoi gian 20 dao dong: t; = 40,44 s, t, = 20,66 s, sai s6 mdi thoi gian 0,1 s.
(a) Chimg minh r triét tiéu va tim biéu thirc g. (b) Tinh g va sai sb. (¢) Néu chon £, = 0,900 m
(t2 = 38,40 s) thi sai s trong ddi cua g bang bao nhiéu? (d) So g tinh tir riéng {1 v6i gia tri &
(b).

Measure g with two pendulum lengths, each measured from the suspension point to the top of the bob
(omitting an unknown radius r). €; = 1.000 m, £> = 0.250 m, error 0.002 m each; the time for 20
oscillations is t; = 40.44 s, t; = 20.66 s, error 0.1 s each. (a) Show that r cancels and find an
expression for g. (b) Find g and its uncertainty. (c) If > = 0.900 m is chosen (t> = 38.40 s), what is the
relative uncertainty of g? (d) Compare g from €; alone with the value in (b).

Bai 1.12 / Problem 1.12 — M4t bot hoi hinh cau ban kinh R trong nudc (khdi luong riéng p)
bi 4p sudt p bén ngoai ép xep. Thoi gian xep t chi phu thudc R, p, p. (a) Tim dang t. (b) Mot
mo phong cho R = 1,0 mm, p = 1,0-10% Pa, p = 1000 kg/m3: t =9,2-10"% s. Tim hang s khong
thir nguyén. (c) Du doan t cho R = 3,0 mm, p = 3,0-10* Pa. (d) So toc d6 trung binh R/t cia
thanh bot v&i V(p/p).

A spherical vapour bubble of radius R in water (density p) is squeezed shut by the outside pressure p.
The collapse time t depends only on R, p, p. (a) Find the form of t. (b) A simulation for R = 1.0 mm, p
= 1.0-10° Pa, p = 1000 kg/m’ gives t = 9.2-107 s. Find the dimensionless constant. (c) Predict t for R
= 3.0 mm, p = 3.0-10" Pa. (d) Compare the mean wall speed R/t with \(p/p).

1.11. Loi gidi bai tw luyén — Solutions to practice problems

Bai 1.1 — Problem 1.1
Giai F = Gmima/r? theo G: G = Fr¥/(mima).
Solve F = Gmimx/v’ for G: G = Fr’/(mimy).
[G] = MLT-2- L2 / M2 = M-1L.3T-2
DPon vi SI: m?/(kg-s?) = N-m?/kg?.
SI unit: m’/(kg's’) = N-m’/kg’.
[r3/(GM)] = L3 / (M-IL3T-2 - M) = T?
Cin béc hai c6 thir nguyén T: V(r3/(GM)) 1a thoi gian.
The square root has dimension T: \/(r3/(GZ\/[)) is a time.
[GM/r?] = M-1L3T2- M / L2 = LT+
Vay G c6 thir nguyén M'L3T2 (don vi N-m?/kg?); ca hai biéu thirc déu dung thtr nguyén,
biéu thirc sau 1a gia toc hap dan.
Hence G has dimension M™'L3T (unit N-m*/kg’); both expressions are dimensionally right, the
second being the gravitational acceleration. R
Bai 1.2 — Problem 1.2

Dién tich 1a tich: sai s6 twong dbi cong lai. &. = 0,05/21,50 =~ 0,23%, &, = 0,05/8,20 ~
0,61%, nén s ~ 0,84%.

The area is a product: relative uncertainties add. e, = 0.05/21.50 = 0.23%, e» = 0.05/8.20 =
0.61%, so es = 0.84%.

S=21,50 - 8,20 =176,3 cm?; AS = 0,84% - 176,3 = 1,5 cm?,
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§=21.50-820=176.3 cm?’; AS = 0.84% - 176.3 = 1.5 cm°.

Chu vi 12 téng: sai sb tuyét d6i cong lai. P = 2(a + b) = 59,4 cm, AP = 2(0,05 + 0,05) =
0,2 cm.

The perimeter is a sum: absolute uncertainties add. P = 2(a + b) = 59.4 cm, AP = 2(0.05 +
0.05) = 0.2 cm.

Vay S =176,3 £ 1,5 cm? (chit sb dau cua sai s6 14 1 nén gitr hai chir sé) vaP=59,4+0.2
cm.

Hence S = 176.3 + 1.5 cm? (the first digit of the uncertainty is 1, so two figures are kept) and P =
594+02cm. m

Bai 1.3 — Problem 1.3
Thé tich V=9,0 - 6,5 - 3,6 =210,6 m°.
The volume is V=9.0-6.5-3.6 =210.6 m°>.

Khéi luong m = pV = 1,2 - 210,6 = 253 kg, bac d6 16n 10* kg.
The mass ism =pV =1.2-210.6 =253 kg, of order 10° kg.

S4 hoce sinh: 253/50 = 5.
Number of students: 253/50 = 5.

Ba kich thudc nhan vdi nhau, mdi kich thudc sai 10%, nén ev = 3 - 10% = 30%, &m =
30% (p coi chinh xac), Am = 76 kg.

Three dimensions multiply, each 10% uncertain, so ey = 3 - 10% = 30% and e, = 30% (p taken
exact), Am = 76 kg.

Vay khdi luong khi ¢& 2,5-102 kg, bang khoang 5 hoc sinh, bat dinh c& 30%.
Hence the air weighs about 2.5-10° kg, roughly 5 students, uncertain by about 30%. ®
Bai 1.4 — Problem 1.4
bit f=C-k*m® T = (MT2)*M°.
Set f= C-kmP: T = (MT?)*MP.
1.T:-1=-2a,néna=1/2.M:0=a+b,nénb=-1/2.
T:-—1=-2a,soa=12 M:0=a+b,sob=-1/2.
f=CvV(k/m)

(a) k khong d6i: f oc m™2. Khéi lugng gap 4 nén f giam 2 lan: f=3,2/2 = 1,6 Hz
(a) k unchanged: f ocm™?. The mass is four times larger so f halves: f = 3.2/2 = 1.6 Hz.
(b) k gdp d6i nhan fvoi V2: f=1,6 - V2 =2,3 Hz
(b) Doubling k multiplies fby N2: f= 1.6 -N2 = 2.3 Hz.
Vay f= CV(k/m); (a) f~ 1,6 Hz; (b) = 2,3 Hz.
Hence = CN(k/m); (a) f~ 1.6 Hz; (b) f~2.3 Hz. m
Bai 1.5 — Problem 1.5
Thoi gian roi that 1a t — T nén s = Yg(t — 1)% Ly can: Vs = V(g/2) (t — 7).
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The true fall time is t — tso s = %g(t — 1)°. Taking the root: s = \/(g/2)-(t - 7).

Vs =(g/2)t—V(g/2)t
bay la duong théng Y=aX+bvsiX=t Y ="1s, hé sb géc a= \/(g/2), hé s6 chian b =
—art.
This is a line Y = aX + b with X = t, Y = s, slope a = \(g/2) and intercept b = —a.
Binh phuong téi thiéu trén sau diém: a = 2,204 m"?/s, b = —0,266 m">.
Least squares on the six points: a = 2.204 m'?/s, b = —0.266 m'”.

g=2a% t=-b/a

g=2-2204>=971 m/s*; t=—0,266/2,204 cho [t| = 0,12 s.
g=2-2204=9.71 m/s’°; t=—(—0.266)/2.204 = 0.12 s.
V& s theo t2: (t — 1)* = t2 — 21t + 12 chira s6 hang bac nhat theo t nén s theo t* khong la
duong thang, va dudng tot nhat qua cac diém c6 hé s6 goc g/2 sai. Tinh duoc g ~ 7,98
m/s2, thap hon 18%.
Plotting s against °: (t — ©)* = * — 2tt + ©° contains a term linear in t, so s against I is not a
line, and the best line through the points has a wrong slope g/2. It gives g = 7.98 m/s*, 18% low.
Vay g~ 9,71 m/s? vat=0,12s.
Hence g=9.71 m/s* andt= 0.12s. W

Bai 1.6 — Problem 1.6
p=06- 8,35-107 / (m - (12,70-103)*) = 7785 kg/m3.
p=6-835103/(x- (12.70-10°)°) = 7785 kg/m’,

€= &m+ 3&d

Panme: en = 0,01/8,35 = 0,12%, €4 = 0,01/12,70 = 0,079%, nén g, = 0,12 + 0,24 = 0,36%,
Ap = 28 kg/m?.

Micrometer: en = 0.01/8.35 = 0.12%, ¢4 = 0.01/12.70 = 0.079%, so €, = 0.12 + 0.24 = 0.36%, Ap
= 28 kg/m’.

Thudce kep: €4 = 0,02/12,70 = 0,157%, €, = 0,12 + 0,47 = 0,59%, Ap = 46 kg/m>.

Calipers: ¢4 = 0.02/12.70= 0.157%, ¢, = 0.12 + 0.47 = 0.59%, Ap = 46 kg/m’.

Can 0,001 g: em = 0,012%, &, = 0,012 + 0,24 = 0,25%: giam chut it vi dudong kinh (liy
thira 3) chi phdi.

Balance at 0.001 g: en = 0.012%, ¢, = 0.012 + 0.24 = 0.25%: only a slight fall because the
diameter (power 3) dominates.

Vay p = (7,79 £ 0,03)-10° kg/m® v6i panme; (7,79 + 0,05)-10° véi thude kep; can tét hon
chi dua & vé 0,25%.

Hence p = (7.79 + 0.03)-10° kg/m> with the micrometer, (7.79 + 0.05)-10° with the calipers, the
better balance only brings € to 0.25%. W

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 41



Vat 11 10 cho Ga choi / Olympiad Physics for Grade 10

Bai 1.7 — Problem 1.7
bit P = C-p?A®v¢; [P] = ML*T>.
Set P = C-p?Abve; [P] = ML’T.

I.M:1=a.T: -3=-c,nénc=3.

:2=-3a+2b+c=-3+2b+3,nénb=1.
M:1=a T:—3=-c,soc=3.L:2~=

—3a+2b+c=-3+2b+3 s0b=1.
P = CpAv3

T m6 hinh: C = P/(pAv?) = 6,0/(1,2 - 0,20 - 125) = 0,20.
From the model: C = P/(pAv?) = 6.0/(1.2 - 0.20 - 125) = 0.20.

Tuabin 16n: P = 0,20 - 1,2 - 1,8 - 8,0° = 221 W. Céch khac theo ti 1&: (1,8/0,20) -
(8,0/5,0)* =9 - 4,096 = 36,9 14n 6,0 W, cling =221 W.

Large turbine: P = 0.20 - 1.2 - 1.8 - 8.0° = 221 W. By ratios: (1.8/0.20) - (8.0/5.0)> = 9 - 4.096 =
36.9 times 6.0 W, also= 221 W.

Ban kinh x1,5 thi A o 12 tang 1,5% = 2,25 lan, nén P ting 2,25 lan.
Radius x1.5 makes A or? grow 1.57 = 2.25 times, so P grows 2.25 times.

Vay P = CpAv?, tuabin 16n cho khoang 221 W; ban kinh x1,5 cho P x2,25.
Hence P = CpAV, the large turbine gives about 221 W; radius %1.5 gives P x2.25. &

Bai 1.8 — Problem 1.8

(a) Mot to day khoang 0,1 mm, nho hon nhiéu so voi do chia 1 mm: sai sb tuong ddi c&
500%. Po N t& chong 1én thi sai sé tuyét dbi cua H khong d6i (0,1 cm), con H tang N 1an,
nén sai s6 twong dbi giam N 1an.

(a) One sheet is about 0.1 mm thick, far below the 1 mm division: relative uncertainty about

500%. For N sheets stacked, the absolute uncertainty of H stays (0.1 cm) while H grows N times,
so the relative uncertainty falls N times.

(b) d = H/500 = 0,101 mm; &4 = en = 0,1/5,05 = 1,98%; Ad = 0,1 cm/500 = 0,002 mm.
Vay d= (0,101 + 0,002) mm.

(b) d = H/500 = 0.101 mm; eq = en = 0.1/5.05 = 1.98%,; Ad = 0.1 cm/500 = 0.002 mm. So d =
(0.101 £ 0.002) mm.

p=m/(abH), g =€m+ €+ € + €n

(c) p=2,50/(0,210 - 0,297 - 0,0505) = 794 kg/m>. &m = 0,40%, €2 = 0,5/210 = 0,24%, &, =
0,5/297 = 0,17%, eu = 1,98%; téng g = 2,79%, Ap =22 kg/m’.

(c) p = 2.50/(0.210 - 0.297 - 0.0505) = 794 kg/m’. em = 0.40%, e. = 0.5/210 = 0.24%, e» =
0.5/297 = 0.17%, e = 1.98%, total e, = 2.79%, Ap = 22 kg/m>.

(d) Hai ram: H= 10,10 cm, & = 0,99%; m = 5,00 kg, em = 0,20%; €, = 0,20 + 0,24 + 0,17
+ 0,99 = 1,60%.

(d) Two reams: H = 10.10 cm, ex = 0.99%,; m = 5.00 kg, en = 0.20%;, ¢, = 0.20 + 0.24 + 0.17 +
0.99 = 1.60%.
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Vay d = (0,101 + 0,002) mm; p = (7,9 £ 0,2)-10 kg/m?, trong d6 chiéu cao ram chiém
khoang 71% sai sd; hai ram dua ¢, vé 1,60%.
Hence d = (0.101 + 0.002) mm; p = (7.9 + 0.2)-10° kg/m?, of which the ream height supplies
about 71% of the uncertainty; two reams bring ¢, to 1.60%. W

Bai 1.9 — Problem 1.9
(a) Cac dai lugng H, vo, g, A c6 [H] =L, [vo] = LT, [g] = LT?2 [A] = L': bon dai luong,
hai don vi doc 1ap (L, T), nén c6 hai to hop khong thir nguyén.
(a) The quantities H, vo, g, A have [H] = L, [vo] = LT, [g] = LT?, [A] = L!: four quantities and
two independent units (L, T), so two dimensionless groups.

Mli=Hg/ve? Ila=2Avo? /g
Kiém: [Hg/vo?] = L-LT2/(L*T?) = 1 va [Ave¥g] = L"-L2T%(LT?) = 1. Theo nguyén li
dong dang IT; = f(IL,), tirc H = (vo¥/g)-f(n).
Check: [Hg/vo’] = L-LT?/L°T?) = 1 and [ivi’/g] = L'-L’T?/(LT?) = 1. By the principle of
similarity I1; = f(I1>), that is H = (vo’/2)-f(n).
(b) Thi nghiém 1 ¢6 n = 0,010 - 400/9,8 ~ 0,408. Thi nghiém 2 can cung n: A'-100 =
0,010 - 400, nén A' = 0,040 m".
(b) Experiment 1 has n = 0.010 - 400/9.8 = 0.408. Experiment 2 needs the same n: 1"-100 = 0.010
400, so A' = 0.040 m™.
Cung n nén cung f, va H/H = (vo'/vo)* = 1/4: H'= 17,1/4 = 4,28 m.
The same n gives the same f, and H'/H = (vo'/vy)* = 1/4: H' = 17.1/4 = 4.28 m.
(c) Khong can: Ho = vo*/(2g) = 400/19,6 = 20,4 m. Ti s6 17,1/20,4 =~ 0,84: can lam giam
khoang 16%.
(c) Without drag: Hy = vi*/(2g) = 400/19.6 = 20.4 m. The ratio 17.1/20.4 = 0.84: drag lowers the
height by about 16%.
Vay M' = 0,040 m!, H' = 4,28 m; can lam giam do cao khoang 16%.
Hence ' = 0.040 m!, H' = 4.28 m; drag lowers the height by about 16%. ®

Bai 1.10 — Problem 1.10
@F=Cn*v:M:1=a.T: 2=-a—c,nénc=1.L: 1=—a+b+c=-1+b+1,nénb
=1.
(a)F:C-n"r”v“:M'l =q. T -2=-a—-c¢soc=1.L:1=—-a+b+c=—-1+b+1 sob=1.
F=Cnrv
(b) Can bang trong luc mg = 6mnrv voi m = (4/3)ar’pu:
(b) Balance weight mg = 6znrv with m = (4/3)xrp.:
v = 2pngr? / (M)
Véir=3,0-10m: v=2-1000 - 9,8 - 9,0-10'%/(9 - 1,8:10) = 0,109 m/s.
Withr =3.0:-10° m: v =2-1000-9.8 - 9.0-107"°/(9 - 1.8-107) = 0.109 m/5s.
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(¢)Re=1,2-0,109 - 6,0-10°/1,8-10” = 0,44, nho hon 1 nén cong thirc dung dugc. Thay
v & (b) vao Re: Re = 4pnprg r’/(9?); dat Re = 1:

(c)Re=1.2-0.109 - 6.0:-10°/1.8:107° = 0.44, below 1 so the formula applies. Putting v of (b) into
Re: Re = 4pwpag r*/(9°); set Re = 1:

r3 =9n?/ (4pnpxg)
r=0,040 mm, va v = 0,19 m/s tai do.
r=0.040 mm, and v = 0.19 m/s there.

(d) Véir=1,0 mm, v = 6,6 m/s (ttr vi du vé luc can bac hai): Re = 1,2 - 6,6 - 2,0-10
3/1,8-107° = 880 > 1, nén dung lyc can bac hai F = CpSv? chir khong dung F = 6mnrv.

(d) For r = 1.0 mm, v = 6.6 m/s (from the quadratic-drag example): Re = 1.2 - 6.6 - 2.0-10
3/1.8:107° = 880 > 1, so the quadratic drag F = CpSV? applies, not F = 6mnrv.

Vay F = Cnrv; giot 0,030 mm roi véi v = 0,109 m/s (Re = 0,44); cong thic nay dung
dugc dén r = 0,040 mm.

Hence F = Cnrv, a 0.030 mm drop falls at v = 0.109 m/s (Re = 0.44); the formula holds up to r =
0.040 mm. m

Bai 1.11 — Problem 1.11

(a) T2 = (4n%/g)(L + r) cho mdi chiéu dai. Trir hai phuong trinh:
(a) T? = (47°/g)(€ + r) for each length. Subtract the two equations:
T12 — T2? = (41?/g) (Y1 — ¢2)
r triét tiéu. Tur do:
r cancels. Hence:
g =4m*(¢1—£2) / (T1* — T2?)
(b) T1 = 40,44/20 = 2,022 s, T> = 20,66/20 = 1,033 s; T1> — T»?> = 3,021 5%, do d6 g = 4n* -
0,750/3,021 = 9,80 m/s.
(b) T1 = 40.44/20 = 2.022 s, T> = 20.66/20 = 1.033 s; T — T = 3.021 s°, so g = 4n° -
0.750/3.021 = 9.80 m/s°.
Sai s6: A(L1 — £2) = 0,004 m, £ = 0,53%. AT = 0,1/20 = 0,005 s, A(T?) = 2TAT: 0,0202 va
0,0103 s, cong 0,0305 s2, € = 1,0%. Tong &g = 1,5%, Ag~ 0,15 m/s.

Uncertainty: A(€; — €3) = 0.004 m, ¢ = 0.53%. AT = 0.1/20 = 0.005 s, A(T?) = 2TAT: 0.0202 and
0.0103 52, sum 0.0305 s°, ¢ = 1.0%. Total eg = 1.5%, Ag = 0.15 m/s’.

(c) €1 — €2 = 0,100 m 1am s6 hang dau bang 0,004/0,100 = 4%; T:2 — T»? nho ciing lam sb
hang sau 16n; tong &, ~ 14%. Hai chiéu dai gin nhau 1am sai s6 bi phong to ¢& 9 lan.

(c) {1 — €> = 0.100 m makes the first term 0.004/0.100 = 4%; the small T;* — T»* enlarges the
second, total e, = 14%. Two close lengths magnify the uncertainty about 9 times.

(d) Tur ¢ riéng: g = 4n* - 1,000/2,0222 =~ 9,66 m/s?, thap hon (b) khoang 1,4% vi thiéu r.
Mirc 1éch ndy ciing c& & ctia (b), nén & sai sd thoi gian 0,1 s phuong phép hai chiéu dai
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chua vuot dugce cach thong thuong; n6é cé 1gi khi /€ 16n hoac khi thoi gian do chinh xac
hon.

(d) From {; alone: g = 4n° - 1.000/2.022° = 9.66 m/s’, about 1.4% below (b) because r is
omitted. This offset is comparable to &g of (b), so at a timing error of 0.1 s the two-length method
does not beat the ordinary one; it pays when r/C is large or the timing is more accurate.

Vay g=9,80 + 0,15 m/s? (¢ = 1,5%); chon > gﬁn €1 lam g, tang 1én c& 14%.
Hence g = 9.80 + 0.15 m/s’ (e = 1.5%); choosing (> close to { raises &g to about 14%. M

Bai 1.12 — Problem 1.12
(a) t=C-R%p°S [p] =ML!'T2 T: 1 =-2¢,nénc=-12.M:0=b+c,nénb=1/2.L: 0 =
a—3b—-c=a—-32+1/2,néna=1.
(a) t = C-Rp"p; [p] = ML'T?. T: 1 =-2¢c,s0c=—1/2.M: 0=b+c,sob=1/2.L: 0=a— 3b
—c=a—-32+1/2 soa=1.

t=CRV(p/p)

(b) \/(p/p) = \/(1000/105) =0,1 s/m, nén C=9,2-10°/(1,0-10> - 0,1) = 0,92.
(b) N(p/p) = N(1000/10°) = 0.1 s/m, so C = 9.2-10°/(1.0-10° - 0.1) = 0.92.

(c) Theo ti 16 t o RAp: t = 9,2-10° - 3 - V(10%/(3,0-10%) = 9,210 - 3 - 1,826 = 5,04- 10"
S.
(c) By ratios t « RANp: t = 9.2-10° - 3 -N(10°/(3.0-10°)) = 9.2-107 - 3 - 1.826 = 5.04-10"* s.

(d) R/t = 3,0-10%/(5,04-10%) = 6,0 m/s va V(p/p) = V(3,0-10*/1000) ~ 5,5 m/s: cing c&, vi
R/t =(p/p)/C.

(d) R/t = 3.0-10°3/(5.04-10%) = 6.0 m/s and \(p/p) = N(3.0-10*/1000) = 5.5 m/s: the same scale,
since R/t = \(p/p)/C.

Vay t = CRV(p/p) v6i C = 0,92; bot 3,0 mm & 3,0-10* Pa xep sau khoang 5,04-10 s.
Hence t = CRN(p/p) with C = 0.92; a 3.0 mm bubble at 3.0-10° Pa collapses in about 5.04-10* s.
[ |
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Chuong 2. Pong hoc chat diém chuyén dong thang — Chaprer 2.

One-dimensional kinematics

Muc tiéu chwong — Chapter objectives

* Phan biét o dich chuyén voi quang duong, van tde trung binh voi tdc do trung binh,
va tinh dung ting dai luong tir do thi.
Tell displacement from distance travelled and average velocity from average speed, and
compute each correctly from a graph.

« Dung bbn phuong trinh ctia chuyén dong thang bién doi déu va chon phuong trinh
khong chira dai lwong dé khong cho.
Use the four equations of uniformly accelerated motion and pick the one that leaves out the
quantity the problem does not give.

« Giai roi ty do va ném thang dimg bang mot phuong trinh duy nhét cho ca dudng 1én
1an duong xudng.
Solve free fall and vertical throws with a single equation covering both the rise and the fall.

« Lap diéu kién gip nhau, bién luan nghiém phuong trinh bac hai, va chuyén sang hé
quy chiéu gan mot vat dé rat gon bai toan.
Set up the meeting condition, discuss the roots of a quadratic, and switch to the frame of one
body to shorten a problem.

« X1r Iy chuyén dong nhiéu giai doan véi gia téc doi theo bac thang, ndi cac giai doan
bang van tdc va vi tri ¢ nut.
Handle multi-stage motion with step-wise acceleration, joining the stages through the
velocity and position at each node.

2.1. Hé quy chiéu, d6 dich chuyén va quing dwong — Reference frame,

displacement and distance

Chuyén dong théng duoc khao sat trén mot truc Ox, vat chuyén dong coi la chat diém:
kich thudc cta nd nhé so voi quing dudng nd di. Chi sb m (mean) dit cho gia tri trung
binh, vi du vm; chi s6 0 dat cho gia tri tai thoi diém ban dau. Gia tri g = 9,8 m/s? trir khi
dé cho khac. Khi xét chuyén dong thang dimg, truc Oy hudng 1én.

One-dimensional motion is studied along an axis Ox, and the moving body is treated as a
particle: its size is small compared with the distance it covers. The subscript m (mean) marks an
average value, for example vy, the subscript 0 marks the value at the initial instant. Take g = 9.8
m/s® unless stated otherwise. For vertical motion the axis Oy points up.

PINH NGHIA 2.1 (Hé quy chiéu) / DEFINITION 2.1 (Reference frame) — Hé quy chiéu
gdm vat 1am mdc, truc toa do gin véi vat mbc, gde thoi gian va ddng hd. Toa do x cia chit
diém 14 sb do dai s6 cua doan tir géc O t&i chét diém, duong theo chiéu duong cua tryc va am
theo chiéu nguoc lai.

A reference frame consists of a reference body, a coordinate axis attached to it, a time origin and a
clock. The coordinate x of a particle is the signed distance from the origin O to the particle, positive in
the positive direction of the axis and negative in the opposite direction.
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PINH NGHIA 2.2 (P dich chuyén) / DEFINITION 2.2 (Displacement) — D¢ dich
chuyén ctia chit diém tir thoi diém t; dén t 12 Ax = x2 — x1. bay la dai luong dai s6: Ax >0
khi chit diém dich theo chiéu duong, Ax < 0 khi dich ngugc chiéu duong. N6 chi phu thudc
vi tri ddu va vi tri cudi, khong phu thudc dudng di.

The displacement of a particle from time t; to t; is Ax = x> — x,. It is a signed quantity: Ax > 0 when
the particle moves in the positive direction, Ax < 0 when it moves against it. It depends only on the
initial and final positions, not on the path.

PINH NGHIA 2.3 (Quing dudng) / DEFINITION 2.3 (Distance travelled) — Quang
duong s 1a tong do dai cac doan chit diém di di qua trong khoang thoi gian xét. Quing duong
khong am va khong giam theo thoi gian.

The distance travelled s is the total length of the stretches the particle has passed over in the interval
considered. It is never negative and never decreases with time.

TINH CHAT 2.4 (P$ dich chuyén va quing dwong) / PROPERTY 2.4 (Displacement
versus distance) — Vi moi chuyén dong thang, |Ax| <'s. Dau bang xay ra khi va chi khi chat
diém khong dbi chiéu chuyén dong trong khoang thoi gian xét.

For any rectilinear motion, |Ax| <s. Equality holds if and only if the particle does not reverse its
direction of motion in the interval.

Chirng minh. / Proof.

Chia khoang thoi gian thanh cic doan nhé sao cho trong mdi doan chat diém khong doi
chiéu. Do dich chuyén ca khoang la téng dai s cua cac do dich chuyén nhd, con quang
duong 1a tong cac gi tri tuyét dbi cua ching.

Split the interval into pieces in each of which the particle keeps its direction. The total

displacement is the algebraic sum of the small displacements, while the distance is the sum of
their absolute values.

Gia tri tuyét doi cuia mot tong khong vuot quéa tong cac gia tri tuyét ddi, va hai vé bang
nhau khi moi s6 hang cing dau, tirc chat diém khong dbi chiéu.

The absolute value of a sum never exceeds the sum of the absolute values, and the two are equal
when all the terms have the same sign, that is, when the particle never reverses. R

NHAN XET / REMARK — Hai vat cung vi tri dau va cudi thi c6 cung do dich chuyén, du
di bang duong nao. Mot vong khép kin cho Ax = 0 nhung s > 0.

Two bodies with the same initial and final positions have the same displacement, whatever their paths.
A closed round trip gives Ax = 0 but s > 0.

LOI HAY GAP / COMMON MISTAKE — L4y quing dudng lam d6 dich chuyén khi vat
d6i chiéu: nguoi di 120 m vé phia dong roi 45 m vé phia tdy c6 Ax =75 m, con s = 165 m.
Using distance in place of displacement when the body reverses: a walker going 120 m east then 45 m
west has Ax = 75 m but s = 165 m.

2.2. Van toc, toc do va gia toc — Velocity, speed and acceleration

PINH NGHIA 2.5 (Vén tdc trung binh va tdc d§ trung binh) / DEFINITION 2.5
(Average velocity and average speed) — Van tdc trung binh trong khoang thdi gian At 13 v
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= Ax/At, dai lugng dai $6 cung dau v6i Ax. Tdc do trung binh 1a s/At, lu6n khong am. Hai dai
luong nay bang nhau vé do 16n chi khi chat diém khong doi chiéu.

The average velocity over a time interval At is v, = Ax/At, a signed quantity with the sign of Ax. The
average speed is s/At and is never negative. The two have equal magnitude only when the particle
does not reverse.

PINH NGHIA 2.6 (Van toc tire thoi) / DEFINITION 2.6 (Instantaneous velocity) — Van
tdc tirc thoi tai thoi diém t 1 gia tri ma van tdc trung binh v tién tdi khi khoang thoi gian At
bét du tir t dan t&i 0. Trén do thi x—t, n6 14 hé s6 goc cua tiép tuyén tai diém dang xét.

The instantaneous velocity at time t is the value that the average velocity v, approaches as the interval
At starting at t shrinks to 0. On an x—t graph it is the slope of the tangent at the point in question.

v = Ax/At khi At dan t&i 0 (2.1)

Hinh 2.1 cho thiy giéi han niy véi x = t* (x tinh bang mét, t bang gidy). T diém t =2 s,
cac cat tuyén nditdit=4s,3s,2,5scohésd gbc 6; 5; 4,5 m/s, tic 1a van tdc trung binh
trén cac khoang At=2s,1s,0,5s. H¢ sb gbc giam dan vé 4 m/s, ding béng 2ttait=2s:
Ax/At = (4At + A)/At = 4 + At, tién t&i 4 khi At dan t6i 0.

Figure 2.1 shows this limit for x = % (x in metres, t in seconds). From the point t = 2 s, the
chords reaching tot = 4 s, 3 s, 2.5 s have slopes 6, 5, 4.5 m/s, the average velocities over At = 2

s, 1's, 0.5 s. The slope falls towards 4 m/s, which is 2t at t = 2 s: for the interval At after t = 2 s,
Ax/At = (44t + AFP)/At = 4 + At, which tends to 4 as At tends to 0.

16 1

12 1

x (m)

t(s)

Hinh 2.1. Cat tuyén cua x = t2 xuat phat tir t = 2 s tién t6i tip tuyén; sb ghi canh duong 14 hé s6
goc, don vi m/s
Figure 2.1. Chords of x = t* starting at t = 2 s approach the tangent, the number beside each line is its
slope in m/s

PINH NGHIA 2.7 (Gia téc) / DEFINITION 2.7 (Acceleration) — Gia toc trung binh 13 an
= Av/At. Gia tdc tirc thoi 13 gid tri am tién t6i khi At dan t6i 0; trén do thi v—, n6 1 hé s6 goc
ctia tiép tuyén. Pon vi m/s%. Trong chuyén dong thing, a 1a dai luong dai sd.

The average acceleration is a, = Av/At. The instantaneous acceleration is the value a,, approaches as
At tends to 0; on a v—t graph it is the slope of the tangent. Its unit is m/s”. In rectilinear motion a is a
signed quantity.
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a = Av/At khi Atdan t&i 0 (2.2)

TINH CHAT 2.8 (Nhanh dén va chim dan) / PROPERTY 2.8 (Speeding up and slowing
down) — Chuyén dong nhanh dan khi v va a cung ddu (tbc d6 ting); cham dan khi v va a
nguoc dau (téc d6 giam). Dau ciia a mot minh khong cho biét nhanh dan hay cham dan.

The motion speeds up when v and a have the same sign (the speed grows) and slows down when they
have opposite signs (the speed falls). The sign of a alone does not tell which.

Vit ném thang dimg 1én c¢6 a = —g < 0 sudt hanh trinh. Khi di 1én, v > 0 nén cham dan;
khi di xubng, v < 0 nén nhanh dan.

A body thrown straight up has a = —g < 0 throughout. On the way up v > 0, so it slows down, on
the way down v < 0, so it speeds up.

PINH LY 2.9 (Trung binh diéu hoa) / THEOREM 2.9 (Harmonic mean) — Chét diém di
hai quing duong bang nhau theo ciing mot chidu véi tée d6 vi rdi va (mdi quing chuyén dong
déu) thi tbc d6 trung binh ca quéng 1a trung binh diéu hoa cua vi, va:

A particle covers two equal distances in the same direction at speeds v then v (each stretch at
constant speed). Its average speed over the whole path is the harmonic mean of v; and v;:

Vm = 2v1v2/(Vv1 + v2) (2.3)

Chirng minh. / Proof.

Goi mdi quing dai s. Thoi gian hai quing 1a s/vi va s/va. Toc dd trung binh bang tong
quing duong chia tong thoi gian:

Let each stretch have length s. The two times are s/vi and s/v.. The average speed is total
distance over total time:

vm=2s/(s/vi+s/v2) =2/(1/vi+ 1/v2) = 2vivz/(V1 + V2)

HE QUA 2.10 (Quing bing nhau, thoi gian biang nhau) / COROLLARY 2.10 (Equal
distances, equal times) — Vi n quing dudng bang nhau di v6i cac toc do vi, ..., v, tbe do
trung binh 12 n/(1/v1 + ... + 1/va). V6i n khoang thoi gian bang nhau, téc d6 trung binh 1a
trung binh cong (vi + ... + vo)/n.

For n equal distances at speeds vy, ..., v, the average speed is n/(1/v; + ... + 1/v,). For n equal time
intervals it is the arithmetic mean (v; + ... + v,)/n.

Chirng minh. / Proof.

Quéng bang nhau: ldp lai phép tinh cua dinh 1y trén véi n quing, tong thoi gian 1a s(1/v:
+ ...+ 1/vn) con tong quang 1a ns.

Equal distances: repeat the calculation above with n stretches; the total time is s(1/v; + ... +
1/vy) and the total distance is ns.

Thoi gian bang nhau, mdi doan kéo dai t: tong quing dudng 13 (vi + ... + vo)t, tong thoi
gian 1a nr, chia ra trung binh cdng.

Equal times, each lasting t: the total distance is (vi + ... + v,)t and the total time is nt, which
gives the arithmetic mean. W
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PHAI THUQC / MEMORISE — Quing bang nhau: trung binh diéu hoa. Thoi gian bang
nhau: trung binh cong. Téc do trung binh KHONG phai 1a trung binh cong cac toc do khi
quing duong bang nhau.

Equal distances: harmonic mean. Equal times: arithmetic mean. The average speed is NOT the
arithmetic mean of the speeds when the distances are equal.

LOI HAY GAP / COMMON MISTAKE — L4y (v1 + v2)/2 cho hai nira quing duong: di
30 km/h nira ddu va 60 km/h nira sau cho tdc do trung binh 40 km/h, khong phai 45 km/h.
Taking (vi + v2)/2 for two half-distances: 30 km/h over the first half and 60 km/h over the second give
an average speed of 40 km/h, not 45 km/h.

PHAN TICH / ANALYSIS — Dé cho tdc do theo timg nira quing dudng nhung nira sau lai
chia theo thoi gian. Ghi rd dai lwong nao dugc chia déu: quéing bang nhau thi trung binh diéu
hoa, thoi gian bang nhau thi trung binh cong. Tong quing AB khong cho nén phai tu triét
tiéu.

The speeds are given for each half of the distance, but the second halfis split by time. State which
quantity is split evenly. equal distances call for the harmonic mean, equal times for the arithmetic
mean. The length AB is not given, so it must cancel.

VI DU 2.1 (Phéan biét Ax va s) / EXAMPLE 2.1 (Displacement versus distance) — Ngudi
chay trén duong thang di 120 m vé phia dong trong 30 s, nghi 10 s, rdi chay 45 m vé phia tay
trong 15 s. Tinh d6 dich chuyén, quang duong, van toc trung binh va toc d6 trung binh trén ca
55s.

A runner on a straight track goes 120 m east in 30 s, rests for 10 s, then runs 45 m west in 15 s. Find
the displacement, the distance travelled, the average velocity and the average speed over the whole 55
s.

Loi giai. / Solution.

1. Chon truc Ox huéng dong, géc tai chd xuét phat. Vi tri cudi: x =120 — 45 =75 m nén
Ax =75 m.
Take Ox pointing east with the origin at the start. The final position is x = 120 — 45 = 75 m,
so dx =75 m.

2. Chat diém d6i chiéu nén quing duong 1a tong hai doan: s = 120 + 45 = 165 m.
The particle reverses, so the distance is the sum of the two stretches: s = 120 + 45 = 165 m.

3. Thoi gian c4 hanh trinh: At =30+ 10 + 15 =55 s. Nghi 10 s van tinh vao At.
Total time: At = 30 + 10 + 15 = 55 5. The 10 s rest counts towards At.

vm = Ax/At, téc do trung binh = s/At
Van tdc trung binh 1a 75/55 = 1,36 m/s theo chiéu dong; tbc do trung binh 1a 165/55 =
3,00 m/s. Vay hai dai lugng khac nhau vi nguoi chay doi chiéu.
The average velocity is 75/55 = 1.36 m/s eastward; the average speed is 165/55 = 3.00 m/s.
Hence the two differ because the runner reverses. B

Vi DU 2.2 (Hai kiéu chia: theo quing va theo thoi gian) / EXAMPLE 2.2 (Two kinds of
split: by distance and by time) — O t6 chay tir A dén B. Nira dau quéing duong di véi toe do
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30 km/h. Véi nira quang dudng con lai, nira thoi gian dau di voi 40 km/h, nira thoi gian sau di
v6i 60 km/h. Tim téc d6 trung binh trén ca quing AB.

A car runs from A to B. It covers the first half of the distance at 30 km/h. Over the second half, it
drives at 40 km/h for the first half of the time and at 60 km/h for the second half of the time. Find the
average speed over the whole of AB.

Loi giai. / Solution.
1. Ntra quing sau chia theo thoi gian bang nhau nén téc do trung binh trén nira d6 1a
trung binh cong: (40 + 60)/2 = 50 km/h.
The second half'is split into equal times, so its average speed is the arithmetic mean: (40 +
60)/2 = 50 km/h.

2. Ca quang gdm hai nira quing duong bang nhau véi toc do trung binh 30 km/h va 50
km/h, nén dung trung binh diéu hoa:
The whole path is two equal distances at average speeds 30 km/h and 50 km/h, so the
harmonic mean applies:

Vm = 2v1v2/(v1 + v2) (2.3)

3. Thay s bang don vi km/h: 2-30-50/(30 + 50) = 3000/80 = 37,5. Kiém tra voi AB =
120 km: nira ¢du mét 2 h, nira sau 60 km v6i 50 km/h mat 1,2 h, tong 3,2 h, va
120/3,2 = 37,5 km/h.

Substituting in km/h: 2-30-50/(30 + 50) = 3000/80 = 37.5. Check with AB = 120 km_: the first
half takes 2 h, the second half of 60 km at 50 km/h takes 1.2 h, total 3.2 h, and 120/3.2 =
37.5 km/h.

Vay toc do trung binh trén ca quing AB 13 37,5 km/h, khong phu thudc do dai AB.
Hence the average speed over the whole of AB is 37.5 km/h, independent of the length of AB. W

2.3. Do thi chuyén dong thé'ing — Graphs of rectilinear motion

TINH CHAT 2.11 (Y nghia hé s goc) / PROPERTY 2.11 (Meaning of the slope) — Trén
db thi x—t: hé s goc cuia doan thing ndi hai diém 13 vén tdc trung binh giita hai thoi diém ay;
hé sb goc cua tiép tuyén 1a van tdc tirc thoi. Trén dd thi v—t, hé sb goc cua tiép tuyén 1a gia toc
tirc thoi. P thi x—t thang ing véi van toc khong ddi; d6 thi v—t thang tmg véi gia toc khong
doi.

On an x—t graph, the slope of the segment joining two points is the average velocity between those
instants, and the slope of the tangent is the instantaneous velocity. On a v—t graph, the slope of the
tangent is the instantaneous acceleration. A straight x—t graph means constant velocity; a straight v—t
graph means constant acceleration.

PINH LY 2.12 (Dién tich duéi do thi v—t) / THEOREM 2.12 (Area under the v—t graph)
— Do dich chuyén trong khoang thoi gian tir t; dén t> bang dién tich dai s6 giéi han boi d6 thi
v—t, truc thoi gian va hai duong thing dimg t = t1, t = t»: phan ndm trén truc t tinh dwong, phan
nam dudi tinh Am. Tuong tu, dién tich dai s6 dudi dd thi a—t bang do bién thién van tdc Av.
The displacement between t; and t; equals the signed area bounded by the v—t graph, the time axis and
the vertical lines t = t;, t = t2: area above the t axis counts as positive, area below as negative.

Likewise, the signed area under an a—t graph equals the change in velocity Av.
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Chirng minh. / Proof.

Chia khoang thoi gian thanh cac doan At; du ngén dé van tbc trong mdi doan xem nhu
khong d6i, bang vi. Khi d6 @6 dich chuyén trong doan 13 viAt;, chinh 1a dién tich hinh chi
nhat cao vi, rong At;, mang dau cua vi.

Divide the interval into pieces At; short enough for the velocity in each to be taken as constant,

vi. The displacement in that piece is viAt;, the area of a rectangle of height vi and width At,
carrying the sign of vi.

Ax = viAt1 + v2At2 + ... + VAt (2.4)

Chia cang min thi tong cac hinh chir nhét cang sat mién dudi do thi. Khi v khong doi
timg doan hodc bién dbi tuyén tinh, mién dy 13 hinh chir nhat, tam giac, hinh thang va
phép cong cho két qua ding. Lap luan cho a—t gidng hét, voi a va Av thay cho v va Ax.
The finer the division, the closer the sum of rectangles hugs the region under the graph. When v
is constant on pieces or varies linearly, the region is a rectangle, triangle or trapezium and the
sum is exact. The argument for a—t is identical, with a and Av in place of v and Ax. &

NHAN XET / REMARK — Dién tich dai s6 cho d¢ dich chuyén; quing dudng 14 tong cac
dién tich lay gia tri tuyét ddi, tirc dién tich dudi do thi [v~t. Khi doc db thi v—t, tim trudc cac
thoi diém db thi cit truc t: d6 1a cac lac ddi chiéu va 1a chd phai tach mién.

The signed area gives displacement; the distance travelled is the sum of the areas taken as absolute
values, the area under the |v|—t graph. When reading a v—t graph, first locate where it crosses the t
axis. those are the instants of reversal and the places where the region must be split.

Hé s6 goc cho Dién tich du6i dd thi cho

The slope gives The area under it gives

van toc v khong c6 ¥ nghia vat i

the velocity v no physical meaning
v—t gia toc a d6 dich chuyén Ax
vt the acceleration a the displacement Ax
a—t do giat, ngoai chuong trinh d6 bién thién van téc Av
a—t the jerk, beyond the course the change in velocity Av

PHAI THUQC / MEMORISE — H& s6 goc di xudng mét bac: x—t = v—t = a—t. Dién tich
di 1én mét bac: a—t = v—t = x—t. Pon vi kiém tra: m/s nhan s ra m, m/s? nhan s ra m/s.

Slope steps down one level: x—t = v—t = a—t. Area steps up one level: a—t = v—t = x—t. Unit check:
m/s times s gives m, m/s’ times s gives m/s.

LOI HAY GAP / COMMON MISTAKE — Doc van tdc tir 46 cao cua do thi x—t thay vi tur
d6 dc: hai vat cit nhau trén x—t 13 gap nhau, khong phai ciing van tdc; van téc bang nhau khi
hai tiép tuyén song song.

Reading velocity from the height of an x—t graph instead of its steepness: two curves crossing on x—t
means the bodies meet, not that their velocities are equal; the velocities are equal where the tangents
are parallel.
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PHAN TiCH / ANALYSIS — D0 thi v—t gdm b6n doan thang. Héi vé d6 dich chuyén thi
lay dién tich dai sd; hoi vé quing duong thi tach tai chd v ddi dau. Gia tbc timg giai doan 1a
hé sb gbc. Vi tri luc ddi chiéu can cong thém toa do ban dau xo.

The v—t graph has four straight pieces. For displacement take the signed area, for distance split where
v changes sign. The acceleration in each stage is the slope. The position at reversal needs the initial
coordinate xy added.

Vi DU 2.3 (Poc dd thi v—t, tach mién tai chd doi ddu) / EXAMPLE 2.3 (Reading a v—t
graph, splitting at the sign change) — Chét diém chuyén dong thang, lic t=0 & xo =5 m.
D6 thi v—t ¢ Hinh 2.2: v ting déu tir 0 dén 8 m/s trong 4 s, gitt 8 m/s dén t = 10 s, giam déu t6i
—4m/sdt=13s, roi gitt —4 m/s dént=16s. Tim gia tbe tung giai doan, thoi diém va vi tri
d6i chiéu, do dich chuyén, quing dudng, van tdc trung binh va tdc do trung binh trong 16 .

A particle moves in a straight line, at xo = 5 m when t = 0. The v—t graph in Figure 2.2: v rises
uniformly from 0 to 8 m/s in 4 s, stays at 8 m/s until t = 10 s, falls uniformly to —4 m/s at t = 13 s, then
stays at —4 m/s until t = 16 s. Find the acceleration in each stage, the instant and position of reversal,
the displacement, the distance travelled, and the average velocity and average speed over the 16 s.

Loi giai. / Solution.

1. Gia toc 12 hé s6 goc: a=8/4 =2 m/s> (0-4s),a=0 (4-105), a = (—4 — 8)/3 = —4 m/s?
(10-13s),a=0(13-16s).
Acceleration is the slope: a = 8/4 = 2 m/s? (0-4s), a =0 (4-10s), a = (—4 — 8)/3 = —4 m/s*
(10-13s), a =0 (13-16 s).

2. B thi cat truc t khi 8 — 4(t — 10) = 0, tirc t = 12 s: vat d6i chiéu lic nay.
The graph crosses the t axis when 8 — 4(t — 10) = 0, that is at t = 12 s: the particle reverses
then.

3. Dién tich cac mién: 04 s: (1/2)-4-8 =16 m; 4-10s: 6:8 =48 m; 10-12 s: (1/2)-2:8 =
8 m (duong); 12-13 s: (1/2)-1:4 =2 m (am); 13—-16 s: 3-4 =12 m (am).
Areas: 0—4 s: (1/2)4-8 = 16 m; 4—105: 6-8 =48 m; 10-12 s: (1/2)-2-8 = 8 m (positive); 12—
13 5:(1/2)1-4 =2 m (negative);, 13—16 s: 3-4 = 12 m (negative).
4. Pén lac d6i chidu da di 16 + 48 + 8 = 72 m theo chiéu duong nén vi tri lax =5+ 72 =
77 m.
By the reversal the particle has gone 16 + 48 + 8 = 72 m in the positive direction, so x = 5
+72=77m.
5. Do dich chuyén: Ax =72 — 2 — 12 = 58 m. Quing dudng: s =72 +2 + 12 = 86 m.
Displacement: Ax =72 — 2 — 12 = 58 m. Distance: s =72+ 2+ 12 = 86 m.
Van toc trung binh 1a 58/16 = 3,625 m/s; tdc do trung binh 1a 86/16 = 5,375 m/s. Vay vat
d6i chiu tai t=12 s & x =77 m, va két thuc tai x = 63 m.
The average velocity is 58/16 = 3.625 m/s; the average speed is 86/16 = 5.375 m/s. Hence the
particle reverses att = 12 s at x = 77 m and ends at x = 63 m. W
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4 48 m

v (m/s)
[\S)

16 m 8 m

_n 12m
2 2m

o 2 4 6 8 10 12 14 16
t(s)
Hinh 2.2. D6 thi v—t cta Vi du 2.3; mién xanh la d6 dich chuyén duong, mién cam 1a 4m, s6 ghi
1a dién tich tinh bang mét
Figure 2.2. The v—t graph of Example 2.3; blue regions are positive displacement, orange regions
negative, numbers are areas in metres

LOI HAY GAP / COMMON MISTAKE — Cong dién tich moi mién d& dwoc do dich
chuyén ma khong d6i du phan dudi truc t. Voi Vidu 2.3 dap sdsaila72+2+12=86m
cho Ax.

Adding the areas of all regions to get the displacement without giving the part below the t axis a
minus sign. In Example 2.3 the wrong answer is 72 + 2 + 12 = 86 m for Ax.

2.4. Chuyén dong thé'ing bién d6i déu — Uniformly accelerated motion

PINH NGHIA 2.13 (Chuyén dong thing bién dbi déu) / DEFINITION 2.13 (Uniformly
accelerated motion) — Chuyén dong thang bién d6i déu 1a chuyén dong thing c6 gia toc a
khong d6i. DO thi v—t 1a mot dudng thing c6 hé s6 goc a.

Uniformly accelerated motion is rectilinear motion with constant acceleration a. Its v—t graph is a
straight line of slope a.

PINH LY 2.14 (B6n phuwong trinh ciia chuyén dong bién d6i déu)/ THEOREM 2.14
(The four equations of constant acceleration) — Véi chuyén dong thang co gia téc a khong
ddi, van toc vo va toa dd xo 6 t = 0, bdn phuong trinh sau lién hé x, v, t, a (mdi phuong trinh
thiéu dung mot dai lugng, xem bang bén dudi cac cong thirc):

For rectilinear motion with constant acceleration a, velocity vy and coordinate xo at t = 0, the
following four equations link x, v, t and a (each lacks exactly one quantity, see the table below the

formulas):
v=vp+ at (2.5)
X = Xo + Vot + at?/2 (2.6)
vZ —vo? = 2a(X — Xo) (2.7)
x —Xo = (vo + v)t/2 (2.8)
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Chirng minh. / Proof.

Phuong trinh (2.5): gia toc khong ddi nén a = (v — vo)/t dung v6i moi khoang, suy ra v =
vo t at.

Equation (2.5): the acceleration is constant, so a = (v — vg)/t holds over every interval, giving v
=w t+ at.

Phuong trinh (2.8): d6 thi v—t 1a duong thang nén mién dudi né (Hinh 2.3) 1a hinh thang
c6 hai ddy vo, v va chiéu cao t. Theo dinh 1y vé dién tich, x — xo = (vo + V)t/2.

Equation (2.8): the v—t graph is a straight line, so the region under it (Figure 2.3) is a trapezium
with parallel sides vo, v and height t. By the area theorem, x — xo = (vo + v)t/2.

Phuong trinh (2.6): thay v tir (2.5) vao (2.8): x — xo = (2vo + at)t/2 = vot + at?/2.
Equation (2.6): substitute v from (2.5) into (2.8): x — xo = (2vo + at)t/2 = vot + at’/2.

Phuong trinh (2.7): 1t t = (v — vo)/a tir (2.5) r6i thay vao (2.8):
Equation (2.7): take t = (v — vo)/a from (2.5) and put it into (2.8):

X — X0 = (Vo + v)(v —vo)/(2a) = (v2 — vo?)/(2a)

d6 déc a/slope a

R

Ax = dién tich / area

Hinh 2.3. D) thi v—t ctia chuyén dong bién d6i déu: mién dudi duong thing 1a hinh thang, dién
tich béng do dich chuyén
Figure 2.3. The v—t graph of uniformly accelerated motion: the region under the line is a trapezium
whose area is the displacement

. Khong chira . L s
Phwong trinh g Dung khi dé khong cho
] Does not :
Equation . Use when the problem omits
contain
vV =vo+at X — Xo quang duong
v =+ at X = X the displacement
X = Xo + Vot + at?/2 v van toc cudi
x =x9 + vot + at’/2 the final velocity
v? — vo® = 2a(X — Xo) . thoi gian
vV — v’ = 2a(x — xg) the time
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. Khong chira . e aX 1A
Phwong trinh g Dung khi dé khong cho
] Does not :

Equation . Use when the problem omits
contain

X — X0 = (Vo + V)t/2 gia toc
a .

X —Xx9=(vo+V)t/2 the acceleration

PHAI THUQC / MEMORISE — Bén phuong trinh (2.5) dén (2.8) va quy tic chon: gach
tén dai luong dé khong cho va khong hoi, roi 1dy phuong trinh thiéu ding dai luong ay.
The four equations (2.5) to (2.8) and the selection rule: strike out the quantity the problem neither
gives nor asks, then take the equation that lacks exactly that quantity.

HE QUA 2.15 (Quiing dwdng trong cic khoing thoi gian bang nhau) / COROLLARY
2.15 (Distances in equal time intervals) — Chia chuyén dong bién ddi déu thanh cac khoang
thoi gian bang nhau 7 lién tiép thi hiéu hai quing dudng ké nhau khong ddi va bang at2. Néu
xudt phat tir nghi, cac quang di dugc trong cac khoang t lién tiép tile 1:3:5: ..., va tong
quing tir dau ti 1& voi binh phuong thoi gian.

Divide uniformly accelerated motion into consecutive equal time intervals t. the difference between
successive distances is constant and equals at®. Starting from rest, the distances in consecutive
intervals T are in the ratio 1 : 3 : 5 : ..., and the total distance from the start is proportional to the
square of the time.

Chirng minh. / Proof.
Quing dudng trong khoang thir n, tir (n — 1)t dén nr, 14 hiéu hai gié tri caa (2.6):
The distance in the n-th interval, from (n — 1)t to nz, is the difference of two values of (2.6):

Sn = VvoT + (2n — 1)at?/2 (2.9)

Hiéu sn+1 — sn = at?, khong phu thudc n. Khi vo=0, sp ti l€ véi2n — 1, tkec 1 : 3 :5: ...
Téng n khoang dau la (1 +3 + ... + (2n — 1))at¥2 = n%at¥/2, ti 18 voi n*

The difference sy+1 — s, = at’ does not depend on n. For vo = 0, s, is proportional to 2n — 1, that
is 1 :3:5: .. The first n intervals add up to (1 + 3 + ... + 2n — 1))at’/2 = n’ar’/2,
proportional to n°. B

HE QUA 2.16 (Thoi gian qua cic doan bing nhau) / COROLLARY 2.16 (Time through
equal stretches) — Vat xuét phat tir nghi, chuyén dong bién d6i déu qua cac doan duong
bang nhau lién tiép. Néu doan thir nht mat t; thi doan thir n mat

A body starts from rest and moves with constant acceleration through consecutive equal stretches. If
the first stretch takes t;, the n-th stretch takes

th = t1(vVn —V(n — 1)) (2.10)
Chirng minh. / Proof.
Goi mdi doan dai £. Tur (2.6) véi vo = 0, thoi gian di n doan dau 1a Tn = \/(2n€/a), nén Tn
= tl\/n.

Let each stretch have length {. From (2.6) with vo = 0, the time for the first n stretches is T, =
\N(2nt/a), so T, = ti\n.
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Thoi gian riéng cua doan thtr n 14 hiéu Ta — Tat = ti(¥n — V(n — 1)).
The time of the n-th stretch alone is the difference T, — T-1 = t(\n—m—-1). m

HE QUA 2.17 (Van toc & giira thoi gian va giita quing dwong) / COROLLARY 2.17
(Velocity at mid-time and at mid-path) — Trong chuyén dong bién d6i déu tir van tbc vo
dén v (vat khong d6i chiéu), van tdc tai thoi diém chinh giira 13 (vo + v)/2 va bang vén tbc
trung binh. Van tc tai vi tri chinh giita quing dudng 1a

In uniformly accelerated motion from v to v (the body does not reverse), the velocity at the middle
instant is (vo + v)/2 and equals the average velocity. The velocity at the middle of the path is

v = V((vo? + v2)/2) (2.11)
Chirng minh. / Proof.

Giira thoi gian: (2.5) cho vi = vo + a(t/2) = (vo + v)/2, dung bang vm theo (2.8).
Mid-time: (2.5) gives vi = vo + a(t/2) = (vo + v)/2, which is v, by (2.8).

Giira quing: goi vx 1 van téc & trung diém. Ap dung (2.7) cho nira dau va nira sau, mi
ntra dai Ax/2:

Mid-path: let vy be the velocity at the midpoint. Apply (2.7) to the first and second halves, each
of length Ax/2:

Vi — Vo2 = aAX = V2 — vy?

Suy ra 2vi? = vo? + v2.

Hence 2vi2 = v’ +1°. 1

NHAN XET / REMARK — Vi (vo? + v2)/2 > ((vo + v)/2)? (hiéu bang ((v — v0)/2)?), van tbc
& gitra quang duong luon khong nhé hon van tdc & giita thoi gian, diu bang chi khi v = vo.
Vat nhanh dan di nira quing ddu mat nhiéu thoi gian hon nira quing sau, nén dén giita quang
n6 da qua hon nua thoi gian.

Since (vi> +V*)/2 > ((vo + v)/2)? (the difference is (v — vg)/2)?), the velocity at mid-path is never less
than at mid-time, with equality only for v = vy. A body speeding up spends longer on the first half of
the path than on the second, so it reaches mid-path after more than half the time.

LOI HAY GAP / COMMON MISTAKE — Ap dung (2.5) dén (2.8) cho mét chuyén dong
c6 gia téc d6i giita chimg (phanh rdi nha phanh, hai giai doan a khac nhau): mdi giai doan
phai viét phuong trinh riéng, ndi bang vén tdc va toa do tai nut.

Applying (2.5) to (2.8) to a motion whose acceleration changes midway (braking then releasing, two
different values of a): each stage needs its own equations, joined through the velocity and coordinate
at the node.

LOI HAY GAP / COMMON MISTAKE — Quén d4u ciia a khi cham dan: xe di theo chiéu
duong va hdm phanh c6 a < 0. Dung a > 0 trong (2.7) cho v? 16n hon v¢?, vo 1y.

Forgetting the sign of a when slowing down: a car moving in the positive direction and braking has a
< 0. Using a > 0 in (2.7) would give v’ larger than vy, which is absurd.

VI DU 2.4 (Chon phwong trinh thiéu dai lwgng chwa biét) / EXAMPLE 2.4 (Pick the
equation that lacks the unknown) — Vat xuat phat tir nghi, chuyén dong nhanh dan déu. No
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di qua hai diém A va B cach nhau 60 m trong 4,0 s, va van tdc tai B 1a 20 m/s. Tim vén tdc tai
A, gia toc, va khoang cach tir chd xudt phat dén A.

A body starts from rest and speeds up uniformly. It passes two points A and B 60 m apart in 4.0 s, and
its velocity at B is 20 m/s. Find the velocity at A, the acceleration, and the distance from the starting
point to A.

Loi giai. / Solution.
1. Chon chiéu duong theo chuyén dong. Giita A va B biét quing duong, thoi gian va ve;
chua biét a nén dung phuong trinh thiéu a, tirc (2.8):
Take the positive direction along the motion. Between A and B the distance, the time and v
are known and a is not, so use the equation without a, (2.8):

xB — XA = (va + vB)t/2 (2.8)

2. Suy rava =2-60/4 —20 =10 m/s.
Hence vy = 2:60/4 — 20 = 10 m/s.

3. Gia tdc tir (2.5) giita A va B: a = (20 — 10)/4 = 2,5 m/s2.
The acceleration from (2.5) between A and B: a = (20 — 10)/4 = 2.5 m/s°.

4. T chd xuat phat (v = 0) dén A, dé khong cho thoi gian nén dung (2.7): OA = va%/(2a)
=100/5 =20 m.
From the start (v = 0) to A the time is not given, so use (2.7): OA = v4*/(2a) = 100/5 = 20 m.

Vay va = 10 m/s, a= 2,5 m/s?> va OA =20 m.
Hencevi=10m/s,a =2.5m/s’ and OA =20m. W

PHAN TICH / ANALYSIS — Nguoi quan sat ding yén, cac toa troi qua trude mat. Diém 6
dau doan tau di nhitng doan béng nhau, mdi doan béng chiéu dai mot toa, ké tir lic nghi. D6
dung 1a tinh hubng cta (2.10), nén khong can giai ting toa.

The observer stands still while the coaches pass. The head of the train covers equal stretches, each the
length of one coach, starting from rest. This is exactly the situation of (2.10), so there is no need to
treat each coach separately.

Vi DU 2.5 (Cac doan dwdng bing nhau lién tiép) / EXAMPLE 2.5 (Consecutive equal
stretches) — Poan tau c¢6 cac toa dai 20 m bat dau chuyén dong nhanh dan déu tir nghi.
Ngudi quan sat ding ngang dau toa thir nhit; toa thir nhat di qua trude mat ngudi do trong 4,0
s. Tim gia toc cta tau, thoi gian toa thir 9 di qua, va vén toc tau khi toa thir 9 vira di qua hét.

A train with coaches 20 m long starts from rest and speeds up uniformly. An observer stands level
with the front of the first coach, the first coach passes him in 4.0 s. Find the acceleration of the train,
the time the 9th coach takes to pass, and the speed of the train as the 9th coach finishes passing.

Loi giai. / Solution.
1. Pau toa 1 di 20 m tir nghi trong 4,0 s: a = 20/t;2=2-20/16 = 2,5 m/s?.
The firont of coach 1 covers 20 m from rest in 4.0 s: a = 2€/t/°> = 2:20/16 = 2.5 m/s°.
2. Thoi gian toa thir 9 theo (2.10): to = 4(N9 — V8) = 4(3 — 2V2) ~ 0,686 s.
The time of the 9th coach by (2.10): to = 4(N9 — \8) = 4(3 — 2N2) = 0.686 s.
3. Sau 9 toa tau di di 180 m, va biét a, quing duong nén ding (2.7): v =(2-2,5-180) =
30 m/s. Kiém tra: thoi gian 9 toa 12 4\9 = 12 s va 2,5-12 = 30 m/s.
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After 9 coaches the train has gone 180 m; with a and the distance known, use (2.7): v =
N(2:2.5:180) = 30 m/s. Check: the time for 9 coaches is 49 = 12 s and 2.5-12 = 30 m/s.

Viy a= 2,5 m/s?, toa thit 9 qua trong khoang 0,69 s va vén toc tau luc dy 1a 30 m/s.
Hence a = 2.5 m/s?, the 9th coach passes in about 0.69 s and the speed of the train at that
moment is 30 m/s. W

NHAN XET / REMARK — Toa thir 9 chi mat khoang 1/6 thoi gian ciia toa thir nhat
(0,686/4 ~ 0,17). Ti sb thoi gian cac toa lién tiép 1a 1 : 0,41 : 0,32 : 0,27 : ..., giam dan nhu
1/(¥n + N(n — 1)); cong thirc nay ciing cho thdy véi moi n thoi gian toa ludn dwong va nhod
dan.

The 9th coach takes only about 1/6 of the time of the first (0.686/4 = 0.17). The times of successive
coaches are in the ratio 1 : 0.41 : 0.32 : 0.27 : ..., falling like 1/(Nn + N(n — 1)), since (\N\n — (n —
D)An +\m - 1)) = 1.

2.5. Roi twr do va ném thang dimg — Free fall and vertical throws

PINH LUAT 2.18 (Roi tu do) / LAW 2.18 (Free fall) — O gin mit dét, néu bé qua luc can
ctia khong khi thi moi vét roi voi ciing mot gia tc hudng xudng g ~ 9,8 m/s?, khong phu
thudc khoi lugng va hinh dang. Pham vi: 46 cao nho so véi ban kinh Trai Dit; lyc can khong
khi bé so v&i trong luong.

Near the ground, if air resistance is neglected, every body falls with the same downward acceleration
g~ 9.8 m/s’, independent of mass and shape. Scope: heights small compared with the radius of the
Earth; air resistance small compared with the weight.

Chon truc Oy hudng 1én, géc & mat dat hodc diém ném. Khi d6 gia tdc cia moi vat chi
chiu trong lyc 13 a = —g trong sudt hanh trinh, ca luc 1én 1an lac xudng, nén (2.5) dén
(2.8) &p dung nguyén ven voi a = —g. Mot vat tha roi 1a truong hop vo = 0.

Take the axis Oy pointing up, with origin at the ground or at the point of launch. The

acceleration of any body acted on by weight alone is a = —g throughout, going up and coming
down alike, so (2.5) to (2.8) apply unchanged with a = —g. A dropped body is the case vy = 0.

HE QUA 2.19 (Ném thing ditng) / COROLLARY 2.19 (Vertical throw) — Vit ném
thang dtng 1én tir yo voi van tde vo > 0 thi y = yo + vot — gt¥/2 va v = vo — gt. VAt 1én cao nhét
sau t = vo/g, d0 cao cuc dai so voi chd ném la H= vo?/(2g); thoi gian di xuéng béng thoi gian
di 1én va van tdc khi trd lai chd ném 1a —vo.

A body thrown straight up from yo with velocity vo > 0 has y = yo + vot — gt’/2 and v = vy — gt. It
reaches its highest point after t = vo/g, the maximum height above the launch point is H = vy*/(2g); the
time to come down equals the time to go up, and the velocity on returning to the launch point is —vy.

y = yo + vot — gt?/2 (2.12)
tien = vo/g, H=v0%/(2g) (2.13)
Chirng minh. / Proof.

Piém cao nhit c6 v = 0: tir (2.5) véia=—-g, 0=vo— gtnén t = vo/g. PJ cao cuc dai tu
(2.7): 0 — v¢*> = —2gH, tirc H = v¢*/(2g).
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At the highest point v = 0: from (2.5) with a = —g, 0 = vo — gt so t = vo/g. The maximum height
from (2.7): 0 — vy’ = —2gH, so H = v¢*/(2g).

Vé chd ném: y = yo cho vot — gt¥2 = 0, nghiém t = 0 va t = 2vo/g, gap d6i thoi gian 1én.
Khi d6 v = vo — 2vo = —vo.

Return to the launch point: y = yo gives vot — gt*/2 = 0, with roots t = 0 and t = 2vy/g, twice the
time up. Thenv =vp— 2vo = —vo. B

HE QUA 2.20 (Hai lin qua cing mjt d9 cao) / COROLLARY 2.20 (Two passes through
one height) — Vat ném 1én tir mat dat véi vo qua do cao h (0 < h < H) hai 1dn, mét lan di 1én,
mdt 1an di xudng, véi cung tée do V(vo? — 2gh). Khoang thoi gian giita hai lan qua la

A body thrown up from the ground with vy passes the height h (0 < h < H) twice, once going up and
once coming down, with the same speed N(vi> — 2gh). The time between the two passes is

At = 2V (vo? — 2gh)/g (2.14)
Chirng minh. / Proof.
Tir (2.7) tai d6 cao h: v = vo? — 2gh, nén v = +V(ve? — 2gh), ddu + khi 1én, ddu — khi
xuéng.

From (2.7) at height h: v = vi? — 2gh, so v = =N(vo? — 2gh), plus going up and minus coming
down.

Van tdc dbi tir +u sang —u v6i gia tdc —g mét thoi gian 2u/g theo (2.5), u = V(vo? — 2gh).
The velocity changes from +u to —u at acceleration —g, which takes 2u/g by (2.5), with u = (v¢?
—2gh). &

NHAN XET / REMARK — Mot phuong trinh (2.12) mé ta ca dudng 1én 1an duong xudng,
ké ca khi vat bay qua chd ném vé phia dudi (y < yo). Giai y = h cho hai nghiém t, hai nghiém
13 hai lan qua dg cao h; nghi€ém am bi loai, nghi€ém duong 16n hon thoi gian bay 1a vat da
cham dét.

The single equation (2.12) describes the rise and the fall, even when the body passes below the launch

point (y < yg). Solving y = h gives two roots t, the two passes through height h; a negative root is
rejected, and a root beyond the flight time means the body has already landed.

NHAN XET / REMARK — Téc d6 cham dat cua vat ném tir do cao h véi tbe do vo 1a V(ve?
+ 2gh) cho moi huéng ném thang dung, 1én hay xudng: (2.7) chi chita vo% Ném 1én rdi roi vé
chd ném, vat co diing van tdc —vo va tir d6 gidng hét ném xudng; hai bai c6 thoi gian khéac
nhau va tdc do cudi nhu nhau.

The impact speed of a body thrown from height h with speed vy is N(vi* + 2gh) for any vertical
direction, up or down, because (2.7) contains only vi’. Thrown up, the body returns to the launch
point with velocity exactly —vy and from there is identical to a body thrown down; the two problems
have different times and the same final speed.

PHAN TICH / ANALYSIS — Vit bay 18n rdi roi xudng dit, dé hoi thoi gian cham dat.
Khong tach hai doan. Pat gbc & mit dat, truc hudng 1én, viét (2.12) v6i yo =30 m va dit y =
0; hai nghiém trai d4u, ldy nghiém duong.

The body rises and then falls to the ground, and the time to land is asked. Do not split into two stages.
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Put the origin at the ground, the axis up, write (2.12) with yo = 30 m and set y = 0, the two roots have
opposite signs, so take the positive one.

Vi DU 2.6 (Mot phwong trinh cho cé 1én va xudng) / EXAMPLE 2.6 (One equation for
the rise and the fall) — Tir néc nha cao 30 m, ném thing dimg mot qua bong 1én véi van tdc
12 m/s. B6 qua luc can, g = 9,8 m/s%. Tim d9 cao cuc dai so voi mat dat, thoi gian roi cham
dat va toc d6 khi cham dat.

From the roof of a house 30 m high a ball is thrown straight up at 12 m/s. Ignore air resistance, g =

9.8 m/s’. Find the maximum height above the ground, the time to reach the ground and the speed on
impact.

Loi giai. / Solution.
1. Goc & mit dat, Oy huéng 1én: yo = 30 m, vo = 12 m/s, a = —9,8 m/s.
Origin at the ground, Oy upward: yo = 30 m, vo = 12 m/s, a = —9.8 m/s°.
2. D06 cao cuc dai: H=144/(2-9,8) = 7,35 m trén néc nha, tirc 30 + 7,35 = 37,3 m so voi
mat dat.

Maximum height: H = 144/(2-9.8) = 7.35 m above the roof, that is 30 + 7.35 = 37.3 m above
the ground.

3. Cham dat khiy = 0: 30 + 12t — 4,9t = 0, tirc 4,9t — 12t — 30 = 0. Biét thirc 144 + 588
=732, \732 = 27,06, nént= (12 +27,06)/9,8 = 3,99 s (nghi€ém am loai).
It lands wheny = 0: 30 + 12t — 4.9¢ = 0, i.e. 4.9¢ — 12t — 30 = 0. The discriminant is 144
+ 588 = 732,732~ 27.06, so t = (12 + 27.06)/9.8 = 3.99 s (the negative root is rejected,).

4. Tdc @6 lac cham dat tir (2.7), khong can t: v2 = 144 + 2-9,8:30 = 732, v ~ 27,1 m/s.
Kiém tra bang (2.5): 12 — 9,8-3,985 ~ —27,05 m/s, diu 4m 13 huéng xudng.
Speed on impact from (2.7), without t: v* = 144 + 2-9.8:30 = 732, v= 27.1 m/s. Check with
(2.5): 12 — 9.8:3.985 = —27.05 m/s, the minus sign meaning downward.

Vay bong 1én cao nhét 37,3 m, cham dat sau khoang 3,99 s voi tdc do khoang 27,1 m/s.
Hence the ball peaks at 37.3 m, lands after about 3.99 s, and hits at about 27.1 m/s. W

Vi DU 2.7 (Dit thoi gian roi lam 4n) / EXAMPLE 2.7 (Take the time of fall as the
unknown) — Vit roi tu do tir 40 cao H Xuéng dat. Trong 2,0 s cudi cung trudc khi cham dat,
vat di duoc quing dudng bang 3/4 H. Tinh H va thoi gian roi, g = 9,8 m/s2.

A body falls freely from height H to the ground. In the last 2.0 s before impact it covers a distance
equal to 3/4 of H. Find H and the total time of fall, g = 9.8 m/s”.

Loi giai. / Solution.
1. Goi thoi gian roi 1a T. Quing duong ca quang: H = gT%2. Quing dudng dén lic T — 2
la g(T —2)%2.

Let the time of fall be T. The whole distance: H = gT?/2. The distance fallen by time T — 2 is
(T — 2)°/2.

2. Phan con lai trong 2 s cudi 1a 3H/4, nén phan di roi trude d6 1a H/4:
The last 2 s cover 3H/4, so the part already fallen before is H/4:

g(T—2)?/2=(1/4)-gT?/2

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 61



Vat 11 10 cho Ga choi / Olympiad Physics for Grade 10

3. LAy can hai vé (cd hai dwong viT>2): T—2=T/2,nén T =4s.
Take square roots (both sides positive since T>2): T—2=T/2, s0 T =4 s.

4.H=9,8-16/2 = 78,4 m. Kiém tra: trong 2 s dau vat roi 4,9-4 = 19,6 m = H/4.
H=293816/2 =784 m. Check: in the first 2 s the body falls 4.9-4 = 19.6 m = H/4.

Vay vét roi trong 4 s tir d0 cao 78,4 m.
Hence the body falls for 4 s from a height of 78.4 m. ®

PHAI THUQC / MEMORISE — Roi ty do tir nghi: v = gt, s = gt?/2, v2 = 2gs. Ném 1én: 1én
cao nhat sau vo/g, do cao vo¥(2g), thoi gian ca di 1n vé 2vo/g.

Free fall from rest: v = gt, s = gt’/2, v’ = 2gs. Thrown up. highest point after vo/g, height vi*/(2g),
round-trip time 2vy/g.

LOI HAY GAP / COMMON MISTAKE — Téch ném 1én va roi xudng thanh hai bai rdi
cong quing dudng nham: di 1én H, di xuéng H + 30 m; ding quén vt roi thdp hon chd ném.
Chon truc va diu mot lan, dung mdt phuong trinh.

Splitting the throw into a rise and a fall and then adding distances wrongly: up H, down H + 30 m; do
not forget the body lands below the launch point. Fix the axis and signs once and use a single
equation.

2.6. Hai vat gip nhau va chuyén dong nhiéu giai doan — Meeting problems and

multi-stage motion

PINH NGHIA 2.21 (Chuyén dong twong d6i mét chiéu) / DEFINITION 2.21 (One-
dimensional relative motion) — Vi hai chéat diém 1 va 2 trén cung mot truc, chuyén dong
ctia 2 dbi voi 1 (hé quy chiéu gin véi 1) duoc mo ta boi hiéu: toa do tuong ddi x21 = x2 — X1,
van toc twong ddi va1 = va — v, gia tdc twong ddi az1 = a» — a1. Hai vt gip nhau khi x2; = 0.
For two particles 1 and 2 on the same axis, the motion of 2 relative to 1 (the frame attached to 1) is
described by differences: relative coordinate x:; = x> — x;, relative velocity vo; = v» — vy, relative
acceleration ax; = a> — a;. The two meet when x2; = 0.

PINH LY 2.22 (Gia téc bang nhau) / THEOREM 2.22 (Equal accelerations) — Néu hai
chat diém c6 cung gia toc thi chuyén dong tuwong ddi cua chung 1a chuyén dong déu: x»1 =
x21(0) + v21(0)-t. Hai vt ném thang dimg cung ltic, hodc mot vat tha va mot vat ném, chua
cham dét, thudc truong hop nay.

If two particles have the same acceleration, their relative motion is uniform: x2; = x21(0) + v21(0)-t.
Two bodies thrown vertically at the same moment, or one dropped and one thrown, before either
lands, fall under this case.

Chirng minh. / Proof.

Trir (2.6) viét cho vat 2 va vat 1 v6i clng a, cac s6 hang at?/2 triét tiéu:

Subtract (2.6) written for body 2 and body 1 with the same a; the terms at’/2 cancel:
X2 — X1 = (X20 — X10) + (V20 — v10)t

Vé phai 1a ham bac nhét cta t, tic chuyén dong déu vé&i van tde vao — vio.

The right side is linear in t, that is uniform motion with velocity vzo — vio. R
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TINH CHAT 2.23 (Gip nhau va khoing ciach nhé nhat) / PROPERTY 2.23 (Meeting
and minimum separation) — Diéu kién gip nhau: x»1(t) = 0 12 phwong trinh bac hai 4n t khi
ax1 # 0. Biét thirc u? — 2a21x21(0) dwong: gip nhau hai 1dn; bang 0: cham dang mot lan, ngay
lac van tdc twong d6i bang 0; am: khong gip. Khi khong gip, khoang cach nhé nhét dat luc
v21=0va béng |X21(0) - V21(0)2/(2a21)|.

Meeting condition: x21(t) = 0 is a quadratic in t when a; # 0. The discriminant v’ — 2a1x2:(0), with u
= vy,(0): positive, they meet twice; zero: exactly one touch, at the instant when the relative velocity is

0; negative: they never meet. When they do not meet, the minimum separation occurs when vz; = 0

and equals |x21(0) — v21(0)*/(2a2;)).

Chirng minh. / Proof.

Viét x21(t) = xo + ut + bt?/2 véi xo, u, b 1a toa do, van tdc, gia tdc tuong ddi ban dau (b#
0), r6i hoan thanh binh phuong:

Write x21(t) = xo + ut + bt’/2 with xo, u, b the initial relative coordinate, velocity and
acceleration (b # 0), and complete the square:

x21 = (b/2)(t + u/b)? + xo — u?/(2b)

Gia tri cuc tri xo — u%/(2b) dat lic t = —u/b, tlrc lac v21 = u + bt = 0. Phuong trinh x2; = 0
c6 nghiém khi va chi khi (t + u/b)?> = —(2/b)(xo — u?/(2b)) khong am, tirc biét thirc u? —
2bxo > 0; bang 0 thi nghiém kép tai va1 = 0.

The extreme value xo — u’/(2b) occurs at t = —u/b, that is when v2; = u + bt = 0. The equation
x21 = 0 has a solution if and only if (t + u/b)’ = —(2/b)(xo — u’/(2b)) is not negative, that is if the
discriminant u> — 2bxo > 0; when it is 0 the root is double, at v2; = (0. R

TINH CHAT 2.24 (Néi céc giai doan) / PROPERTY 2.24 (Joining the stages) — Chuyén
d6ng nhiéu giai doan: chia tai moi thoi diém gia toc doi. Mdi giai doan dung (2.5) dén (2.8)
véi a cua giai doan do; van tdc va toa do cudi giai doan nay la diéu kién dau cua giai doan
sau. Gia toc co thé nhay, van tdc va toa do khong nhay.

Multi-stage motion: split at every instant where the acceleration changes. Each stage uses (2.5) to
(2.8) with its own a; the velocity and coordinate at the end of one stage are the initial conditions of the
next. The acceleration may jump; the velocity and coordinate do not.

PHAN TiCH / ANALYSIS — Hai vét cuing chiu gia toc —g, nén theo dinh Iy vé gia toc bang
nhau chuyén dong tuong ddi 1a déu. Trude khi viét hai phwong trinh béc hai, hiy thi: ngay
lac B duge ném, A di roi 5 m va ¢ van tde 10 m/s hudéng xuéng; khoang cach 75 m, van tde
dén gan nhau 12 40 + 10 = 50 m/s.

Both bodies share the acceleration —g, so by the equal-accelerations theorem their relative motion is
uniform. Before writing two quadratics, try this: at the instant B is thrown, A has fallen 5 m and
moves down at 10 m/s; the gap is 75 m and the closing speed is 40 + 10 = 50 m/s.

Vi DU 2.8 (Hiéu hai chuyén dong cung gia toc 1a chuyén dong déu) / EXAMPLE 2.8
(Two motions with equal acceleration differ by uniform motion) — Vat A tha roi tir dinh
thap cao 80 m. Sau 1,0 s, vat B dugc ném thang dimg tir chan thap 1én véi van toc 40 my/s.
Lay g = 10 m/s2. Hai vat gip nhau lac ndo, & do cao bao nhiéu, va lac 4y mdi vat dang di 1én
hay di xudng?
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Body A is dropped from the top of a tower 80 m high. After 1.0 s, body B is thrown straight up from
the foot of the tower at 40 m/s. Take g = 10 m/s’. When and at what height do they meet, and is each
body moving up or down then?

Loi giai. / Solution.

1. Gbc & chan thap, Oy 1én, gbc thoi gian ltc tha A. A: ya =80 — 5t2. Bbatdautirt = 1
s:yg =40(t— 1) — 5(t— 1)~
Origin at the foot of the tower, Oy up, time zero when A is dropped. A: y4 = 80 — 5¢°. B
startsatt = 15s: yg =40(t— 1) — 5(t — 1)°.

2. Khai trién y = 40t — 40 — 5t* + 10t — 5 = 50t — 45 — 5t2. Cho ya = ys, cac s hang t?
triét tiéu:
Expand yg = 40t — 40 — 5¢ + 10t — 5 = 50t — 45 — 5¢°. Setting y4 = ys, the t* terms cancel.:

80 =50t — 45

3.Suyrat=2,5s,d0 caoy=80—5-6,25=48,75 m. Cach kia: lac t = 1 s khoang cach
75 m, van tdc dén gén nhau 50 m/s, mat 1,5 s, tic t=2,5 s.
Hencet=25sandy =80 — 5625 =48.75 m. The other way.: att = 1 s the gap is 75 m,
the closing speed 50 m/s, taking 1.5 s, sot = 2.5 s.

4. Van tbc lac gap: va=—10-2,5=-25m/s (xuéng); vg =40 —10-1,5 =25 m/s (Ién).
Vit B chua t6i dinh (dinh sau 4 s) nén 1ap luén hop 1€.
Velocities at the meeting: va = —10-2.5 = =25 m/s (down),; vg = 40 — 10-1.5 = 25 m/s (up).
B has not yet reached its peak (which comes after 4 s), so the argument holds.
Vay hai vat gdp nhau sau 2,5 s ¢ d0 cao 48,75 m; A di xuéng, B di Ién, cung tbe do 25
m/s.

Hence they meet after 2.5 s at a height of 48.75 m; A moves down and B up, both at 25 m/s. R

80 1

ap nhau / meet
(2,55; 48,75 m)

20

t(s)

Hinh 2.4. D thi y—t cua Vi du 2.8: hai parabola cit nhau tai t=2,5 s
Figure 2.4. The y—t graph of Example 2.8: the two parabolas intersect att = 2.5 s

PHAN TICH / ANALYSIS — Ba giai doan 13 rang: ting tdc, chay déu, him. D¢ dit gidi
han van tdc, nén can biét tau co dat gi6i han iy hay khong trude khi chia giai doan. Thir tinh
hudng khong c6 gidi han dé so sanh.

Three stages are obvious: speeding up, cruising, braking. The problem sets a speed limit, so one must
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know whether the train reaches the limit before splitting into stages. Try the case with no limit for
comparison.

Vi DU 2.9 (Ting téc, chay déu, him) / EXAMPLE 2.9 (Speed up, cruise, brake) — Tau
dién chay gitta hai ga cach nhau 2.400 m: tang tde véi gia tdc 0,8 m/s2, chay déu khi dat tdc
d6 giéi han 20 m/s, rdi him véi gia toe 1,2 m/s? dé dimg dung & ga sau. Tinh thoi gian di hét
quing duong. Néu bo gidi han toc do thi thoi gian ngin nhét 13 bao nhiéu?

An electric train runs between two stations 2,400 m apart: it speeds up at 0.8 m/s’, cruises on
reaching the speed limit of 20 m/s, then brakes at 1.2 m/s” to stop exactly at the second station. Find
the time for the whole run. With no speed limit, what is the shortest possible time?

Loi giai. / Solution.

1. Giai doan 1: t; = 20/0,8 = 25 s, s1 = 20%/(2-0,8) = 250 m. Giai doan 3: t3 =20/1,2 =
16,67 s, s3 =400/2,4 = 166,7 m.
Stage 1: t; = 20/0.8 = 25 s, s; = 20°/(2-0.8) = 250 m. Stage 3: t3 = 20/1.2 = 16.67 s, 53 =
400/2.4 = 166.7 m.

2. Giai doan 2 di quang s> = 2400 — 250 — 166,7 = 1983,3 m v&i 20 m/s, mat t, = 99,17
S.
Stage 2 covers s> = 2400 — 250 — 166.7 = 1983.3 m at 20 m/s, taking t> = 99.17 s.

3. Téng thoi gian: 25 + 99,17 + 16,67 =~ 140,8 s.
Total time: 25 + 99.17 + 16.67 = 140.8 s.

4. Khong gidi han: chi con tang tdc roi ham, dat toc do cuc dai v tai diém ndi. Quang
duong:
No limit: only speeding up then braking, with the peak speed v at the junction. The distance:

S=v2%/(2a1) +v%/(2a2) = v2=2S/(1/a1+ 1/az)

5. Thay s6: 1/0,8 + 1/1,2 = 1,25 + 0,8333 ~ 2,0833, nén v2 = 4800/2,0833 = 2304 va v =
48 m/s. Thoi gian T = v(1/a1 + 1/a2) = 48-2,0833 = 100 s.
Substituting: 1/0.8 + 1/1.2 = 1.25 + 0.8333 = 2.0833, so v’ = 4800/2.0833 = 2304 and v =
48 m/s. The time is T = v(l/a; + 1/a;) = 48-:2.0833 = 100 s.

Vay v6i gi6i han 20 m/s, tau mét khoang 140,8 s; khong gidi han thi ngan nhat 13 100 s,
voi toe d6 cuc dai 48 m/s.

Hence with the 20 m/s limit the run takes about 140.8 s; with no limit the shortest time is 100 s,
at a peak speed of 48 m/s. W

PHAN TiCH / ANALYSIS — Hai xe cung di theo mot chiéu, xe sau nhanh hon. Trong hé
quy chiéu gin xe B (xe trudc) chi co xe A chuyén dong, voi van téc 18 m/s huéng vé B, chay
cham dan khi phanh. Cau hoi 'c6 va cham khong' thanh 'xe A c6 dimg lai (trong hé nay) trudc
khi di hét khoang cach d khong'.

The two cars travel in the same direction and the rear one is faster. In the frame attached to car B (the
front one) only car A moves, at 18 m/s towards B, and it decelerates when it brakes. The question 'is
there a collision' becomes 'does A come to rest (in this frame) before covering the gap d'.
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Vi DU 2.10 (Hé quy chiéu gin xe phia truwéc) / EXAMPLE 2.10 (The frame of the car
ahead) — Xe A chay déu 30 m/s, phia trudc cach d 1a xe B chay déu cung chiéu 12 m/s. Tai
thoi diém phat hién B, nguoi 1ai A mat 0,5 s phan tng rdi phanh véi gia toc 3 m/s? (khong
d6i). Tim d nho nhat dé khong va cham. Néu d = 60 m thi va cham xay ra lac nao ké tir khi
phat hién, va van tdc tuong dbi khi va cham 1a bao nhiéu?

Car A drives at a steady 30 m/s, with car B a distance d ahead going the same way at a steady 12 m/s.
At the moment A's driver notices B, there is a 0.5 s reaction time before braking at a constant 3 m/s".
Find the smallest d that avoids a collision. If d = 60 m, when does the collision occur after the driver
notices B, and what is the relative velocity at impact?

Loi giai. / Solution.
1. Hé quy chiéu gin B: A ¢6 van toc twong di u =30 — 12 = 18 m/s. Trong 0,5 s phin
g A tién gan 18-0,5 =9 m.
In B's frame, A has relative velocity u = 30 — 12 = 18 m/s. During the 0.5 s reaction A
closes 18:0.5 = 9 m.

2. Khi phanh, gia toc twong ddi 1a —3 m/s?; van toc tuong ddi vé 0 sau khi di thém
u?/(2-3) = 324/6 = 54 m theo (2.7).
While braking, the relative acceleration is —3 m/s’; the relative velocity reaches 0 after a
further u?/(2-3) = 324/6 = 54 m by (2.7).

3. Khong va cham khi d > 9 + 54 = 63 m, nén d nho nhét 1a 63 m (A vira kip cham t6i B
v6i van tc tuong dbi 0).
No collision requires d > 9 + 54 = 63 m, so the smallest d is 63 m (A just reaches B with
relative velocity 0).

4. Vi d = 60 m: sau thoi gian phan ung khoang céch con 51 m. Goi 1 1a thoi gian phanh
dén khi va cham: 18t — 1,512 =51, thc 1> — 12t + 34 =0, 1= 6 — \2 = 4,59 s (liy
nghiém nho, 1an gip dau).

For d = 60 m: after the reaction time the gap is 51 m. Let t be the braking time until impact:

18t— 1.50 =51 ie.?? — 121+ 34=0,7=6 — N2~ 4.59 5 (take the smaller root, the first
meeting).

5. Van tdc twong ddi lic va cham: 18 — 3t = 3v2 ~ 4,24 m/s. Thoi diém ké tir liic phat
hién: 0,5 + 4,59 = 5,09 s.
Relative velocity at impact: 18 — 3t = 3\2 = 4.24 m/s. Time since the driver noticed B: 0.5 +
4.59=5.09s.

Vay d nho nhét 12 63 m. Véi d = 60 m va cham xay ra sau khoang 5,09 s voi van tde
tuong ddi khoang 4,24 m/s.
Hence the smallest d is 63 m. For d = 60 m the collision occurs after about 5.09 s at a relative
velocity of about 4.24 m/s. R

NHAN XET / REMARK — Khoang cich an toan ting theo binh phuong vén toc twong ddi
(u?/(2a)) nhung chi ting bac nhat theo thoi gian phan Gng (u-ty). Véiu= 18 m/s, cit 0,5 s
phan tng chi bét 9 m, con giam u xudng mot nira bét téi 40,5 m.

The safe gap grows with the square of the relative velocity (u’/(2a)) but only linearly with reaction
time (u-t,). Withu = 18 m/s, cutting a 0.5 s reaction saves just 9 m, whereas halving u saves 40.5 m.
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PHAN TiCH / ANALYSIS — Xe buyt c6 hai giai doan (ting toc roi déu) nén phwong trinh
gip nhau ciing ¢6 hai dang. Thir giai doan 1 trudc: néu biét thirc 4m thi ngudi chua dudi kip
trong giai doan d6, chuyén sang giai doan 2 véi diéu kién dau ldy o niit t = 8 s.

The bus has two stages (speeding up then steady), so the meeting equation has two forms as well. Try
stage 1 first: if its discriminant is negative the runner has not caught up in that stage, so move on to
stage 2 with initial conditions taken at the node t = 8 s.

VI DU 2.11 (Phuong trinh gip nhau theo tirng giai doan) / EXAMPLE 2.11 (The
meeting equation stage by stage) — Nguoi chay déu 6 m/s dudi theo xe buyt dang dung yén
cach 40 m phia truée. Pung luc 4y xe buyt ting toc voi gia téc 0,5 m/s? cho dén khi dat 4 m/s
10i chay déu. Ngudi d6 co dudi kip khong, & ddu va luc nao? Véi khoang cach ban dau nao
thi ngudi dudi kip khi xe con dang ting toc?

A runner at a steady 6 m/s chases a bus standing 40 m ahead. At that instant the bus accelerates at 0.5
m/s’ until it reaches 4 m/s, then goes at a steady speed. Does the runner catch it, and where and

when? For what initial gap does the runner catch it while it is still accelerating?

Loi giai. / Solution.

1. Chon géc & chd ngudi chay lac t = 0. Giai doan 1 (0 <t<8§'s, xe dat 4 m/s sau 4/0,5 =
8 5): Xxe = 40 + 0,25t%, Xngusi = 6t.
Origin at the runner's position at t = 0. Stage 1 (0 <t <8 s; the bus reaches 4 m/s after 4/0.5
=85): Xpus = 40 + 0.25F, Xrunner = 6L.

2. Gap nhau: 0,25t> — 6t + 40 = 0, biét thitc 36 — 40 = —4 < 0 nén chua gap trong giai
doan 1. Tai t = 8 s: xe & 56 m, nguoi ¢ 48 m, hon nhau 8 m.
Meeting: 0.25¢° — 6t + 40 = 0, discriminant 36 — 40 = —4 < 0, so no meeting in stage 1. At t
= 8 s the bus is at 56 m, the runner at 48 m, 8§ m apart.

3. Giai doan 2 (t> 8 s): Xxe = 56 + 4(t — 8), Xnguoi = 6t. Gdp nhau: 6t =24 + 4t, nén t = 12
s, tai x = 72 m.

Stage 2 (t>85): Xpus = 56 + 4(t — 8), Xrunner = 6. Meeting: 6t =24 + 4t, sot =12 s atx =
72 m.

4. V&i khoang cach ban dau d, tai t =8 s xe & d + 16, ngudi & 48. Nguoi bat kip trong
giai doan 1 khi d + 16 <48, tc d < 32 m (khoang cach giam subt giai doan 1 vi van
tdc xe ludn dudi 6 m/s).

For an initial gap d, at t = 8 s the bus is at d + 16 and the runner at 48. The runner catches
itin stage 1 ifd + 16 <48, i.e. d <32 m (the gap shrinks throughout stage 1 because the bus
speed stays below 6 m/s).

Vay véi d = 40 m ngudi chay dudi kip sau 12 s & 72 m so véi chd xuét phat; diéu kién dé
duodi kip khi xe con tang toc 1a d < 32 m.

Hence for d = 40 m the runner catches the bus after 12 s, 72 m from the start, catching it while it
still accelerates requires d <32 m. W
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100 1
xe dat 4 m/s / bus at 4 m/s

80 (8s; 56 m)
g 601 xe buyt/ bus \ gdp nhau / meet
v nguoi chay / runner (12's; 72 m)

40

20 A
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Hinh 2.5. D) thi x—t cta Vi dy 2.11: dudng thang ctia nguoi chay cit duong cua xe buyt ¢ giai
doan xe chay déu
Figure 2.5. The x—t graph of Example 2.11: the runner's line cuts the bus's curve in the steady stage of
the bus

LOI HAY GAP / COMMON MISTAKE — Giai phuong trinh gip nhau cta giai doan 1 rdi
dung ludn cho moi t: nghiém tim dwoc phai ndm trong khoang thdi gian cua giai doan d6, néu
khong phai bo va sang giai doan sau.

Solving the stage-1 meeting equation and using it for all t: the root found must lie inside the time
range of that stage, otherwise discard it and go to the next stage.

LOI HAY GAP / COMMON MISTAKE — Quén rang hai vit c6 gia tbc khéc nhau thi
chuyén dong tuong d6i KHONG déu. Cong thirc t = d/va; chi dung khi ax; = 0.

Forgetting that bodies with different accelerations have non-uniform relative motion. The formula t =
d/var holds only when az; = 0.

2.7. Gia toc thay doi theo bic thang — Step-wise acceleration

PINH NGHIA 2.25 (Gia tdc bac thang) / DEFINITION 2.25 (Step-wise acceleration) —
Gia tdc bac thang 13 gia téc c6 gia tri khong ddi trén timg khoang thoi gian lién tiép va nhay
tir gid tri ndy sang gié tri khac tai cac thoi diém nat. D6 thi a—t 1a cac doan nam ngang.
Step-wise acceleration is an acceleration that is constant on each of several consecutive time intervals
and jumps from one value to another at the node instants. Its a—t graph consists of horizontal
segments.

PINH LY 2.26 (Tinh lién tuc tai nit) / THEOREM 2.26 (Continuity at the nodes) — Vi
gia toc bac thang (hitu han), van tc v(t) 1a duong gap khuc lién tuc va toa do x(t) lién tuc. Bd
thi x—t gdm céc cung parabol ndi nhau tai niit voi ciing tiép tuyén, vi v lién tuc.

For a finite step-wise acceleration, the velocity v(t) is a continuous broken line and the coordinate x(t)
is continuous. The x—t graph consists of parabolic arcs joined at the nodes with a common tangent,
because v is continuous.
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Chirng minh. / Proof.

Trong khoang ngan At quanh nut, do bién thién van téc khong vugt qua amaxAt, VOi amax
1a gi4 tri 16n nhét cua |al. Khi At dan t6i 0, d6 bién thién dy dan téi 0, nén v khong c6
budc nhay.

Over a short interval At around a node, the change in velocity does not exceed amaxAt, where amax
is the largest value of |a|. As At tends to 0 this change tends to 0, so v has no jump.

Cung céch lap luan v6i d6 dich chuyén, khong vuot qué |v]maxAt. Hé s6 goc ctia x—t chinh
1a v, lién tuc nén hai cung parabol c6 cung tiép tuyén tai nit.

The same reasoning for the displacement, which cannot exceed |v|mauAt. The slope of x—t is v,
which is continuous, so the two parabolic arcs share a tangent at the node. W

PHAN TiCH / ANALYSIS — Lap bang nut t, v, x. Ttr nat trudce, mdi giai doan cho v sau
bing v trude cong aAt va x sau bang x trudc cong vAt cong aAt¥/2. Mubn tim quing duong,
tim trong timg giai doan xem v ¢6 d6i ddu khong (v = 0 13 luc dbi chiéu), roi cong gié tri tuyét
ddi céac doan.

Make a table of nodes t, v, x. From each node, a stage gives the later v as the earlier v plus aAt and
the later x as the earlier x plus vAt plus aAt’/2. For the distance travelled, check in each stage whether
v changes sign (v = 0 is a reversal), then add the absolute values of the pieces.

Vi DU 2.12 (L4p bang niit cho gia toc bac thang) / EXAMPLE 2.12 (A node table for
step-wise acceleration) — Chét diém chuyén dong thang, lic t =0 ¢ x = 0 v6i van toc —4
m/s. Gia toc: +3 m/s? trong 0-2 s; 0 trong 2—5 s; —2 m/s? trong 5-8 s; +1 m/s? trong 8—12 s.
Tim van tdc va toa dd 6 t= 12 s, cac thdi diém ddi chiéu cung vi tri tuong ung, va quang
duong di dugce trong 12 s.

A particle moves in a straight line; at t = 0 it is at x = 0 with velocity —4 m/s. Its acceleration is +3
m/s’ for 0-2 s; 0 for 2-5 s; =2 m/s for 5-8 s; +1 m/s’ for 8—12 s. Find the velocity and coordinate at t
= [2 s, the instants of reversal with the corresponding positions, and the distance travelled in 12 s.

Loi giai. / Solution.

1. Giai doan 1 (0-2s): v=—4+3-2=2m/s; x =—4-2 + 3-4/2 = =2 m. Van tdc d6i dau:
—4+3t=0chot=4/3s,x=—4-(4/3)+ 1,5-(16/9) =—8/3 = 2,67 m.
Stage 1 (0-2s):v=—4+32=2m/s; x =—4-2+ 34/2 = =2 m. The velocity changes sign:
—4 +3t=0givest=4/3s,x=—4(4/3) + 1.5:(16/9) = —8/3=—2.67 m.

2. Giai doan 2 (2-5 s): v =2 m/s khong d6i; x =—2 +2-3 =4 m.
Stage 2 (25 s): v =2 m/s constant; x = —2 + 2:3 =4 m.

3. Giai doan 3 (5-8s): v=2—-2(t—5)bang O lict=6s,x=4+2-1—1-1=5m. Pén't
=8s:v=2—-6=-4m/s,x=4+2-3—(1/2):2°9=1m.
Stage 3 (5-8s):v=2—-2(t—5)isOatt=6s,x=4+21—1'1=5m Att=8s:v=2—06
=—4m/s,x=4+23—(1/2)2:9=1m.

4. Giai doan 4 (8-12s): v=—4+1-4=0;x=1—-4-4+ (1/2)-16 = =7 m. Van tdc chi
cham 0 & cudi khoang, khong d6i chiéu.
Stage 4 (8—12s):v=—4+14=0;,x=1—44+ (1/2)-16 = —7 m. The velocity only
reaches 0 at the end of the interval, with no reversal.
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5. Quéing duong: doan tir 0 dén —8/3 (di 8/3 m); tir —8/3 dén 5 (di 5 + 8/3 =23/3 m); tr 5
dén —7 (di 12 m). Téng s = 8/3 +23/3 + 12 =67/3 =223 m.
Distance: from 0 to —8/3 (8/3 m); from —8/3 to 5 (5 + 8/3 =23/3 m); from 5 to —7 (12 m).
Total s = 8/3 +23/3+12=67/3=22.3m.
Viay & t =12 s vat dimng tai x = —7 m; vat doi chiu 6t=4/3s (x ~—2,67m) vat=6s (x
= 5 m); quang duong khoang 22,3 m, con do dich chuyén la —7 m.

Hence at t = 12 s the particle is at rest at x = —7 m, it reverses att = 4/3 s (x = —2.67 m) and t =
6s (x =5 m), the distance is about 22.3 m and the displacement is —7 m. B

a (m/s?)

v (m/s)
Lo

0 2 4 6 s 10 12

t(s)
Hinh 2.6. D) thi a—t, v—t va x—t ctia Vi du 2.12 trén cung tryc thoi gian: a nhay, v gy khic, x
tron

Figure 2.6. The a—t, v—t and x—t graphs of Example 2.12 on a common time axis: a jumps, v has corners,
X is smooth

NHAN XET / REMARK — Ba db thi & Hinh 2.6 lién hé chat: chiéu déc cua v—t doc tir a—t,
chiéu déc cua x—t doc tir v—t. Dinh va day ctia x—t ndm dung tai cac diém v—t cit tryc t (t = 4/3
s vat=6s), diéu co thé kiém bang mét trudc khi tinh.

The three graphs of Figure 2.6 are tightly linked: the slope of v—t is read from a—t, the slope of x—t
from v—t. The peaks and troughs of x—t sit exactly where v—t crosses the t axis (t = 4/3 s and t = 6 s),
something that can be checked by eye before any calculation.

PHAN TICH / ANALYSIS — Oc vit bung ra c¢6 van toc 2,0 m/s hudng 1én (bang van toc
thang lac d6) va sau do chi chiu trong luc. Hai viéc khac nhau: thoi gian cham san 1a viéc cia
hé quy chiéu thang, con d6 dich chuyén va quing dudng so v4i mit dat phai tinh trong hé quy
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chiéu gin mit dit. Lam ca hai rdi d6i chiéu bang chuyén dong cua san.

The screw that comes loose has velocity 2.0 m/s upward (the velocity of the lift at that moment) and
afterwards feels only gravity. Two separate jobs: the time to reach the floor belongs to the lift frame,
while displacement and distance relative to the ground must be computed in the ground frame. Do
both and cross-check with the motion of the floor.

Vi DU 2.13 (Cung mt su kién trong hai h¢ quy chiéu) / EXAMPLE 2.13 (One event in
two frames) — Thang may dang di 1én véi van toc 2,0 m/s va ting tbc déu vai gia te 1,2
m/s2. Dung lac d6 mot con dc vit bung khoi tran thang, trin cach san 2,5 m. Tim thoi gian ¢
vit roi t6i san, van tc ctia n6 d6i v6i san lic cham, va d dich chuyén cing quing dudng cua
n6 so voi mat dat. Liy g = 9,8 m/s2.

A lift is going up at 2.0 m/s and speeding up uniformly at 1.2 m/s’. At that instant a screw comes loose
from the ceiling, which is 2.5 m above the floor. Find the time for the screw to reach the floor, its
velocity relative to the floor on impact, and its displacement and distance travelled relative to the
ground. Take g = 9.8 m/s’.

Loi giai. / Solution.
1. Hé quy chiéu thang: ¢ vit c6 van tc tuong d6i ban dau 0 va gia toc twong ddi —g — a
=—(9,8 + 1,2) = —11,0 m/s? (hudng xudng).
Lift frame: the screw has initial relative velocity 0 and relative acceleration —g —a = —(9.8
+1.2) = —11.0 m/s* (downward).

2. Pixubng 2,5 m: 2,5 = (1/2)-11,0-t2, nén t = V(5/11) = 0,674 s. Van tdc twong dbi luc
cham: 11,0-0,674 =~ 7,42 m/s hudng xudng.
Falling 2.5 m: 2.5 = (1/2)-11.0-F, so t = N(5/11) = 0.674 s. Relative velocity on impact:
11.0:0.674 = 7.42 m/s downward.

3. H¢ quy chiéu mat dat, Oy lén, géc tai vi tri oc vit lac bung: y =2,0t —4,9t>. Tait =
0,674 s:y = 1,348 — 2,227 =~ —0,879 m, do dich chuyén 0,879 m hudng xudng.
Ground frame, Oy up, origin at the screw's position when it comes loose: y = 2.0t — 4.9¢. At
t=0.674s:y=1348 — 2.227 = —0.879 m, a displacement of 0.879 m downward.

4. Oc vit con di lén truge khi roi: 1én thém vo?/(2g) = 4/19,6 = 0,204 m (mét 0,204 s,
ngan hon 0,674 s nén co xay ra). Quang duong s = 0,204 + (0,204 + 0,879) ~ 1,29 m.
The screw still rises before falling: a further vo’/(2g) = 4/19.6 = 0.204 m (taking 0.204 s,
shorter than 0.674 s, so it does happen). Distance s = 0.204 + (0.204 + 0.879) = 1.29 m.

5. Pdi chiéu: san di 1én 2,0-0,674 + 0,6:0,674% ~ 1,621 m; b¢ vit ha 0,879 m; tong 1,621
+0,879 = 2,50 m, dung bang khoang cach trin va san.

Cross-check: the floor rises 2.0-0.674 + 0.6-0.674° = 1.621 m; the screw drops 0.879 m, the
sum 1.621 + 0.879 = 2.50 m equals the ceiling-to-floor distance.
Vay bc vit cham san sau khoang 0,674 s voi van tde tuong doi khoang 7,42 m/s; so voi
mit dat n6 dich chuyén 0,879 m xubng va di quing duong khoang 1,29 m.
Hence the screw reaches the floor after about 0.674 s at a relative velocity of about 7.42 m/s;
relative to the ground it is displaced 0.879 m downward and travels about 1.29 m.

LOI HAY GAP / COMMON MISTAKE — Tinh quing dudng ¢ vit bang |d6 dich
chuyén|. Vat ném 1én rdi roi qua diém dau thi quing dudng 16n hon |Ax|; phai cong doan di
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1én va doan di xudng riéng.
Taking the distance travelled to be |displacement|. A body thrown up that then falls past its starting
point has a distance larger than |Ax|; the rise and the fall must be added separately.

NHAN XET / REMARK — Véi hé nhidu vat, hé quy chiéu cta vat nay 1am mat di ca gia
téc 1an van toc chung. Trong Vi du 2.13, trin va san c6 cung gia toc 1,2 m/s? nén van toc ban
dau 2,0 m/s ciia thang khong anh hudng thoi gian roi twong d6i; nd chi anh hudéng quéng
dudng so v6i mat dat.

With several bodies, the frame of one of them removes the common velocity as well as the common
acceleration. In Example 2.13 the ceiling and the floor share the acceleration 1.2 m/s’, so the initial
lift velocity 2.0 m/s does not affect the relative time of fall; it only affects the distance relative to the
ground.

2.8. Bang chién lwgc va thuat nglv — Strategy table and terminology

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Di hai nira quang duong véi hai

toc d9, hoi tée do trung binh Trung binh diéu hoa (2.3)
Two half-distances at two speeds, Harmonic mean (2.3)
average speed asked

2.2

Do thi v—t ¢o phﬁn dudi truc t,
hoi quang duong
A v—t graph with a part below the t

Téach mién tai chd v doi déu, cong gia tri
tuyét d6i 23

axis, distance asked Split where v changes sign, add absolute values

Biét quang duong va hai van toc,

khong c6 a X — X0 = (Vo + V)t/2 (2.8) 24
Distance and both velocities known, = x — X0 = (vo + )t/2 (2.6) )
noa

Vat tr nghi qua cac doan béng

nhau, héi thoi gian timg doan ta = t:(¥n — V(n — 1)) (2.10) 05
From rest through equal stretches, tn = t1(\/n = \/(n —1))(2.10) ’
time of each stretch asked

Ném 1én rdi roi, hoi thoi gian

cham dat Mot phuong trinh (2.12), a=—g Y
Thrown up then falls, time of One equation (2.12), a = —g )
landing asked

Hai vat cing chiu g, hoi luc gdgp ~ Chuyén dong tuong dbi déu: t = khoang

nhau cach/van tdc tuong ddi )3

Two bodies under g alone, meeting  Uniform relative motion: t = gap/relative
time asked velocity
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Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Tranh va cham, dubi kip, khoang
céch nho nhét Hé quy chiéu gin vat, va; = 0 (tinh chat 2.23)

Avoiding a collision, catching up, Frame of one body, v2; = 0 (property 2.23) 2.10
minimum gap

Co gidi han van tdc hodc gia tbc  Chia giai doan, ndi & nut, kiém nghiém nam

d6i theo giai doan trong khoang 29.911
Speed limit, or acceleration that Split into stages, join at nodes, check that the >
changes by stage root lies in the interval

Gia tdc cho bang db thi a—t bac \ , . N -
& ’ ) Béang nut t, v, x; tim v = 0 trong tung giai

than

Acceiration given by a step a—t doan 5 212
Node table t, v, x; look for v =0 in each stage

graph

Vat roi khoi vat chuyén dong c6  Hai hé quy chiéu, dbi chiéu béng chuyén

gia toc (thang may, xe) dong cua san )13

A body leaving an accelerating Two frames, cross-check with the motion of the

object (lift, vehicle) floor

Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

vat moc, truc toa dg, goc thoi gian

Hé quy chiéu Reference frame .
> Uy reference body, axis, time origin and clock
vat c6 kich thude nho so véoi quang duong
Chéat diém Particle (point mass) & ) , i
a body small compared with the distance it
travels
o . s6 do dai s6 vi tri trén truc
Toa do Coordinate , o -
signed position on the axis
A 2 . AX = x3 — X1, ¢6 ddu
Do dich chuyén Displacement 2 b0
Ax = x2 — xy1, signed
N . : tong do dai da di, khong am
Quang duong Distance travelled £ ¢ £ _
total length covered, never negative
z . Ax/At
an to inh A 1
Vian toc trung bi verage velocity /At
X an . uang duong chia thoi gian
Toc do trung binh Average speed d
; g £ SP distance divided by time
A : i6i han ctia Ax/At khi At dan t6i 0
Van toc tuc thoi Instantaneous velocity & :

limit of Ax/At as At tends to 0
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Av/At, don vi m/s?

Gia toc Acceleration
ML, unit m/s*

v va a cung dau
v and a of the same sign

Chuyén dong nhanh din ~ Speeding up

v va a ngugc dau

Chuyén dong cham dan  Slowing down .
y PNE Che & v and a of opposite signs

d6 ddc ciia duong trén db thi

Heé s6 goc Slope (gradient
P50 8 pe (¢ ) steepness of a line on a graph
£ i duong thang cham db thi tai mot diém
Tiép tuyén Tangent ] & i g che T
line touching the graph at one point
% doan ndi hai diém trén d6 thi
Cat tuyen Chord (secant) ’ L , :
segment joining two points of the graph
. A1 . 2viva/(vi + v
Trung binh di€u hoa Harmonic mean 1v2/(vi +v2)

ZV1VZ/(V1 + Vg)

Chuyén dong thang bién  Uniformly accelerated  chuyén dong thing c6 a khong ddi
d6i déu motion rectilinear motion with constant a

roi chi dudi tac dung cuia trong luc

Roi ty do Free fall
) falling under weight alone
ném 1én hogc xudng theo phuong thang
Ném thang ding Vertical throw diung
throw straight up or down
R . . . H = vo*/(2
bo cao cuc dai Maximum height 02 (2g)
H=vy/(2g)
A A Z. . . V21 =V2—V
Van toc tuong doi Relative velocity SR
V21 = V2 — Vi
x s , . a khong d6i timg khoang, nhdy tai nat
Gia toc bac thang Step-wise acceleration & ) £ , £ _ v
a constant on intervals, jumping at nodes
. thoi diém gia toc doi gid tri
Nut Node £ gla tn

instant at which the acceleration changes value

2.9. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 2.1/ Problem 2.1 — O t6 di tir A d&én B dai 180 km. M6t phin ba quéing dudng dau di
v6i te d6 20 km/h, hai phan ba con lai di voi tbe d6 60 km/h. Tinh thoi gian di hét AB va tbc
d6 trung binh. Téc d6 4y co bang trung binh cong cta 20 km/h va 60 km/h khong?

A car goes from A to B, 180 km apart. It covers the first third of the distance at 20 km/h and the
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remaining two thirds at 60 km/h. Find the time for the whole journey and the average speed. Is that
speed equal to the arithmetic mean of 20 km/h and 60 km/h?

Bai 2.2 / Problem 2.2 — O t6 chay 72 knv/h thi him phanh, chuyén dong chdm dan déu va
dirng sau khi di thém 40 m. Tinh gia tdc, thoi gian him va quing dudng xe di duogc trong gidy
cudi cung trude khi dimng.

A car travelling at 72 km/h brakes, decelerates uniformly and stops after a further 40 m. Find the
acceleration, the braking time, and the distance the car covers in the last second before stopping.

Bai 2.3 / Problem 2.3 — Ném mdt vt thing dung 1én tir mat dit véi van toc 24,5 m/s. Bo
qua luc can, g = 9,8 m/s?. Tim do cao cuc dai, thoi gian bay, va cac thoi diém vat & d6 cao 20
m.

A body is thrown straight up from the ground at 24.5 m/s. Ignore air resistance, g = 9.8 m/s’. Find the
maximum height, the flight time, and the instants at which the body is at a height of 20 m.

Bai 2.4 / Problem 2.4 — Vit chuyén dong thing v6i do thi v—t gdm ba doan: v ting déu tir 0
dén 6 m/s trong 3 s; gitt 6 m/s trong 4 s; giam déu vé 0 trong 2 s. Tim gia tdc timg giai doan,
quing duong ca chuyén dong, van tdc trung binh, va thoi diém vat di di duoc nira quing
duong.

A body moves in a straight line with a v—t graph of three pieces: v rises uniformly from 0 to 6 m/s in 3
s, stays at 6 m/s for 4 s, falls uniformly to 0 in 2 s. Find the acceleration in each stage, the total
distance, the average velocity, and the instant at which half the distance has been covered.

Mirc 2 — Hoc sinh gioi quéc gia — Level 2 — National olympiad

Bai 2.5 / Problem 2.5 — Mot vt roi tu do tir nghi di qua ctra s6 cao 1,8 m trong 0,10 s. Hoi
diém tha ¢ cao hon mép trén cira s6 bao nhiéu mét? Liy g = 9,8 m/s2.

A body falling freely from rest passes a window 1.8 m tall in 0.10 s. How many metres above the top
edge of the window was it released? Take g = 9.8 m/s”.

Bai 2.6 / Problem 2.6 — Vit chuyén dong cham din déu cho dén khi ding han. Trong gidy
dau tién vat di duoc 15 m, trong gidy cudi cung di dugc 0,5 m. Tinh gia tc, thoi gian chuyén
dong va tong quing duong vat di duoc.

A body decelerates uniformly until it stops. In the first second it covers 15 m and in the last second 0.5
m. Find the acceleration, the duration of the motion and the total distance covered.

Bai 2.7 / Problem 2.7 — Xe A khéi hanh tir nghi & diém O, chay nhanh dan déu véi gia toc
1,5 m/s2. Sau 6 s, xe B di qua O cung chiéu v&i xe A va chay déu v6i van tdc v. (a) Vi v =
15 m/s, B ¢6 dudi kip A khong? Khoang cach nho nhit giira hai xe 1a bao nhiéu va vao liic
nao? (b) Van tdc v nho nhat dé B dudi kip A 1a bao nhiéu? Khi d6 gip nhau luc nao, & dau?
Car A starts from rest at point O and speeds up uniformly at 1.5 m/s’. After 6 s, car B passes O in the
same direction as A at a steady velocity v. (a) For v =15 m/s, does B catch A? What is the minimum
separation of the cars and when does it occur? (b) What is the smallest v for B to catch A? When and
where do they then meet?

Bai 2.8 / Problem 2.8 — Tau dién di giita hai ga cach nhau 1.800 m trong dung 80 s: ting tdc
v6i gia toe 1,0 m/s?, chay déu, roi him véi gia toc 2,0 m/s? dé dimg ¢ ga sau. Tim toc do chay
déu v, va thoi gian cia ting giai doan.

An electric train travels between two stations 1,800 m apart in exactly 80 s: it speeds up at 1.0 m/s’,
cruises, then brakes at 2.0 m/s’ to stop at the second station. Find the cruising speed v and the
duration of each stage.
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Bai 2.9 / Problem 2.9 — Xe bit ddu tir nghi & x = 0 va chuyén dong thang theo chiéu duong
v6i gia toc phu thudc vi tri theo bac thang: a = 2,0 m/s? khi 0 < x < 100 m; a = —1,0 m/s? khi
100 m < x <250 m; a = 1,5 m/s? khi 250 m < x < 350 m. Tim téc do va thoi gian & mdi nit,
tde do trung binh trén ca 350 m, va cac vi tri tai d6 tde do béng 15 m/s.

A car starts from rest at x = 0 and moves along the positive direction with an acceleration that
depends on position in steps: a = 2.0 m/s* for 0 <x < 100 m; a = —1.0 m/s’ for 100 m < x < 250 m; a
= 1.5 m/s’ for 250 m < x < 350 m. Find the speed and the time at each node, the average speed over
the whole 350 m, and the positions at which the speed equals 15 m/s.

Bai 2.10 / Problem 2.10 — Vat A ném thing dimg 1én tir mat dat v6i van tc 29,4 m/s. Sau t
=2,0s, vat B ciing dugc ném tir chd ay vai cing vén toc 29,4 m/s. Liy g = 9,8 m/s2. (a) Hai
vat gdp nhau lic nao, & do cao nao, va van tdc mdi vat khi do? (b) Chirng minh cong thirc
téng quét cho thoi diém va do6 cao gap theo 1, tim diéu kién cua t dé gdp nhau trudc khi cham
dat. (c) V6i 1 nao hai vat gap nhau dung & ntra d6 cao cuc dai?

Body A is thrown straight up from the ground at 29.4 m/s. After t = 2.0 s, body B is thrown from the
same place at the same speed 29.4 m/s. Take g = 9.8 m/s*. (a) When and at what height do they meet,
and what are their velocities then? (b) Derive the general formulas for the time and height of the
meeting in terms of t, and find the condition on t for them to meet before landing. (c) For which t do
the bodies meet exactly at half the maximum height?

Bai 2.11 / Problem 2.11 — Thang cudn di 1én déu. Mot nguoi di 1én cting chiéu véi thang,
dém dugc 40 bac minh da budc hét khi 1én t6i dinh. Lan khac ngudi 4y di nhanh gép d6i, dém
duoc 48 bac. (a) Thang c6 bao nhiéu bac nhin théy duoc? (b) Néu nguoi éy di nguoc chiéu,
xudng thang dang 1én, véi tdc d6 nhur lan dau, thi dém dugc bao nhiéu bac khi téi chan thang?
Coi bac thang khong doi chidu dai va nguoi budc déu.

An escalator moves steadily upward. A person walking up with it counts 40 steps taken in reaching the
top. On another trip the person walks twice as fast and counts 48 steps. (a) How many steps does the
escalator show? (b) If the person walks the other way, down the rising escalator, at the speed of the
first trip, how many steps are counted on reaching the bottom? Assume the steps have constant length
and the person walks steadily.

Bai 2.12 / Problem 2.12 — Qué bong tha roi tir d6 cao 5,0 m xubng nén ctimg. Sau mdi lan
cham nén, téc do ngay sau va cham béng 0,80 1an téc do ngay trudc do. Bo qua lyc can, g =
9,8 m/s?. Tim thoi diém bong cham nén 1an thi ba, tong thoi gian bong nay cho dén khi dimg
han va téng quing dudng bong di duoc.

A ball is dropped from a height of 5.0 m onto a hard floor. After each impact the speed just after is
0.80 times the speed just before. Ignore air resistance, g = 9.8 m/s’. Find the instant of the third
impact, the total time the ball keeps bouncing until it comes to rest, and the total distance travelled.

2.10. Loi giai bai tu luyén — Solutions to practice problems

Bai 2.1 — Problem 2.1

1. M6t phan ba quing dudng 14 60 km, mat 60/20 = 3 h. Hai phan ba con lai 13 120 km,
mat 120/60 =2 h.
One third of the distance is 60 km, taking 60/20 = 3 h. The remaining two thirds is 120 km,
taking 120/60 = 2 h.
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2. Tong thoi gian 3 +2 = 5 h. Toc do trung binh bang tong quang dudng chia tong thoi
gian: 180/5 = 36 km/h.

Total time 3 + 2 = 5 h. The average speed is total distance over total time: 180/5 = 36 km/h.
Trung binh cong ciia 20 va 60 1a 40 km/h, khac 36 km/h vi hai quang di véi toc d6 khac
nhau khong bang nhau vé thoi gian. Vay xe mat 5 h va c6 tbc do trung binh 36 km/h.

The arithmetic mean of 20 and 60 is 40 km/h, different from 36 km/h because the two stretches
are not equal in time. Hence the car takes 5 h and its average speed is 36 km/h. W

Bai 2.2 — Problem 2.2
1. Bbi 72 km/h = 20 m/s. Chon chiéu duong theo chuyén dong: vo=20m/s, v=0, Ax =
40 m.
Convert 72 km/h = 20 m/s. Take the positive direction along the motion: vo = 20 m/s, v = 0,
Ax =40 m.
2. Chua biét t, a nén ding (2.7): 0 — 400 = 2a-40, suy ra a = —5 m/s.
Neither t nor a is known, so use (2.7): 0 — 400 = 2a-40, giving a = —5 m/s°.
3. Thoi gian ham theo (2.5): 0 =20 —5t, t=4s.
The braking time from (2.5): 0 =20 — 5t, t = 4 s.
4. Gidy cubi: chuyén dong nguoc thoi gian 1a chuyén dong nhanh dan déu tir nghi véi
gia téc 5 m/s?, quing di trong gidy dau ctia n6 1a (1/2)-5-1 =2,5 m.
Last second: run backwards in time, the motion is uniform speeding up from rest at 5 m/s’,
and its first second covers (1/2)-5-1 = 2.5 m.
Viy gia toc —5 m/s?, ham trong 4 s va trong gidy cudi xe di dugc 2,5 m.

Hence the acceleration is —5 m/s°, braking lasts 4 s, and in the last second the car covers 2.5 m.
|

Bai 2.3 — Problem 2.3
1. Do cao cuc dai theo (2.13): H = 24,5%/(2-9,8) = 600,25/19,6 = 30,6 m. Thoi gian 1én
24,5/9,8 = 2,5 s nén thoi gian bay 1a 5 s.
Maximum height from (2.13): H = 24.5%/(2-9.8) = 600.25/19.6 = 30.6 m. The time up is
24.5/9.8 = 2.5 s, so the flight time is 5 s.
2. D0 cao 20 m: 24,5t — 4,9t2 = 20, tic 4,9t — 24,5t + 20 = 0. Biét thirc 600,25 — 392 =
208,25, 208,25 = 14,43.
Height 20 m: 24.5t — 4.97 = 20, i.e. 4.9¢ — 24.5t + 20 = 0. The discriminant is 600.25 —
392 =208.25,N208.25 = 14.43.
3.t=(24,5+14,43)/9,8, cho t = 1,03 s (dang 1én) va t = 3,97 s (dang xuéng). Hiéu 2,95
s khop voi (2.14): 2-14,43/9,8 = 2,95 s.
t=(24.5+14.43)/9.8, giving t = 1.03 s (vising) and t = 3.97 s (falling). The difference 2.95 s
agrees with (2.14): 2-14.43/9.8 = 2.95 s.
Vay H = 30,6 m, bay 5 s, va vat & do cao 20 m luc 1,03 s va 3,97 s.
Hence H = 30.6 m, the flight lasts 5 s, and the body is at 20 m at 1.03 s and 3.97 s. R
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Bai 2.4 — Problem 2.4

1. Gia tbc 12 hé s6 goc: 6/3 =2 m/s%; 0; —6/2 = —3 m/s%
Acceleration is the slope: 6/3 =2 m/s; 0; —6/2 = —3 m/s°.
2. Quing dudng 1a dién tich: (1/2)-3:6 =9 m; 4-6 = 24 m; (1/2)-2:6 = 6 m. Tong 39 m.
Vit khong doi chiéu nén ciing 1 d6 dich chuyén.
The distance is the area: (1/2):3-6 = 9m; 4:6 =24 m; (1/2)-2-6 = 6 m. Total 39 m. The body
never reverses, so this is also the displacement.
3. Thoi gian ca hanh trinh 3 + 4 +2 =9 s, nén van tdc trung binh 39/9 =~ 4,33 m/s.
The whole trip lasts 3 + 4 + 2 = 9 s, s0 the average velocity is 39/9 = 4.33 m/s.
4. Mot nira quang duong 1a 19,5 m. Giai doan 1 cho 9 m, con thiéu 10,5 m di déu voi 6
m/s mét 10,5/6 = 1,75 s. Thoi diém 1a 3 + 1,75 = 4,75 s.
Half the distance is 19.5 m. Stage 1 gives 9 m, leaving 10.5 m at 6 m/s, which takes 10.5/6 =
1.75 5. The instantis 3 + 1.75 = 4.75 s.
Vay a = 2; 0; =3 m/s%, quing dudong 39 m, van tdc trung binh khoang 4,33 m/s, va nira
quang duong dat luc t =4,75 s.
Hence a = 2; 0; —3 m/s®, the distance is 39 m, the average velocity is about 4.33 m/s, and half
the distance is reached att = 4.75s. &

Bai 2.5 — Problem 2.5

1. Goi v 1a van tdc cua vat khi téi mép trén, chiéu duong huong xuéng. Qua ctra sO vat
chuyén dong nhanh dan déu voi gia toc g trong 0,10 s:
Let v be the velocity of the body at the top edge, positive downward. Through the window the
body speeds up uniformly with acceleration g for 0.10 s:

Ax = vt + gt?/2

2. Thay s6: 1,8 =v-0,10 +4,9-0,01, nén v = (1,8 — 0,049)/0,10 = 17,51 m/s.
Substituting: 1.8 =v-0.10 + 4.9-:0.01, sov = (1.8 — 0.049)/0.10 = 17.51 m/s.

3. TUr nghi téi mép trén: h = v¥/(2g) = 17,51%19,6 = 15,6 m. Kiém tra thoi gian:
17,51/9,8 = 1,79 s, hop ly.

From rest to the top edge: h =v*/(2g) = 17.51°/19.6 = 15.6 m. Check the time: 17.51/9.8 =
1.79 s, reasonable.

Vay diém tha cao hon mép trén ctra s6 khoang 15,6 m.
Hence the release point is about 15.6 m above the top edge of the window. R

Bai 2.6 — Problem 2.6

1. Gidy cudi: nhin nguoc thoi gian, vat nhanh dan déu tir nghi nén quing gidy dau cua
no la Jal-1%/2 = 0,5 m, suy ra |a| = 1 m/s%.
Last second: viewed backwards in time, the body speeds up from rest, so its first second
covers |a|-1°/2 = 0.5 m, giving |a| = 1 m/s°.

2. Gidy dau theo (2.9) véit=1s,n=1:s1=vo—[a[/2=15,nénvo=15+0,5=15,5
m/s.
First second by (2.9) witht=1s,n=1:s1=vo— |a|/2=15,s0vo=15+0.5=155m/s.
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3. Thoi gian ding: T = vo/ja] = 15,5 s (16n hon 1 s nén gidy dau va gidy cudi khong
chong nhau). Quang duong: vo¥/(2]a]) = 240,25/2 =~ 120,1 m.
Stopping time: T = vo/la| = 15.5 s (more than 1 s, so the first and last seconds do not
overlap). Distance: vo’/(2|a|) = 240.25/2 = 120.1 m.
Viy gia toc —1 m/s?, vt chuyén dong 15,5 s va di tong cong khoang 120,1 m.

Hence the acceleration is —1 m/s*, the body moves for 15.5 s and covers about 120.1 m in all. ™
Bai 2.7 — Problem 2.7

1. Gbc ¢ O, chiéu duong theo chuyén dong, t tinh tir Iic A khoi hanh: xa = 0,75t2 xg =
v(t—6) véit>6s. Hiéu d = xa — xg = 0,75t — v(t — 6).

Origin at O, positive along the motion, t from the start of A: x4 = 0.75F, x3 = v(t — 6) for t >
6 s. The difference d = x4 — xg = 0.75¢ — v(t — 6).

2.(a) Véiv =15:0,75t2 — 15t + 90 = 0 ¢ biét thirc 225 — 270 = —45 < 0, nén khong
gip. Khoang cach nho nhét khi véan tdc twong ddi bang 0, tirc 1,5t =15, t =10 s; khi
d6d=0,75-100—15-4=15m.

(a) Forv =15: 0.75¢ — 15t + 90 = 0 has discriminant 225 — 270 = —45 < 0, so they never
meet. The minimum separation occurs when the relative velocity is zero, 1.5t = 15, t = 10 s;
thend = 0.75-100 — 154 = 15 m.

3. (b) Piéu kién c6 nghiém: biét thirc ctia 0,752 — vt + 6v =013 v2 — 4-0,75-6v = v —

18v>0,nén v > 18 m/s.

(b) Condition for a root: the discriminant of 0.75° — vt + 6v = 0 is v’ — 4-0.75-6v =1* —
18v >0, sov>18 m/s.

4. V6iv =18 nghiém kép t =v/(2:0,75) =12 s, taix = 18:6 = 108 m (va 0,75-144 = 108

m, khép). Luc 4y van toc A 1a 1,5-12 = 18 m/s bang vén téc B, dung nhu tinh chét
2.23.

With v = 18 the double root is t = v/(2:0.75) = 12 s, atx = 18:6 = 108 m (and 0.75-144 =

108 m, consistent). A's velocity is then 1.5-12 = 18 m/s, equal to B's, as property 2.23 says.
Vay (a) khong gap, khoang cach nhé nhat 15 m Iic t = 10 s; (b) v nhé nhat 1a 18 m/s, gip
nhau lic t=12 s & cdch O 108 m.

Hence (a) they do not meet, the minimum separation is 15 m at t = 10 s, (b) the smallest v is 18
m/s, and they meet att = 12 s, 108 m from O. W
Bai 2.8 — Problem 2.8

1. Quing duong 1a dién tich hinh thang cua d6 thi v—t, tong thoi gian T = 80 s. Thoi gian
tang téc v/1, hdm v/2, déu T — 1,5v. Dién tich bang hinh chit nhat vT trir hai tam giac
thiéu:

The distance is the trapezium area of the v—t graph, total time T = 80 s. Speeding up takes

Vv/1, braking v/2, cruising T — 1.5v. The area equals the rectangle vI minus two missing
triangles:

S=vT —v2/(2a1) — v2/(2a2)

2. Thay s6: 1800 = 80v — 0,5v> — 0,25v> = 80v — 0,75v2, tiic 0,75v> — 80v + 1800 = 0.
Biét thirc 6400 — 5400 = 1000, V1000 ~ 31,62.
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3.

4.

Substituting: 1800 = 80v — 0.5V — 0.25v* = 80v — 0.75V°, i.e. 0.75v* — 80v + 1800 = 0. The
discriminant is 6400 — 5400 = 1000, N1000 = 31.62.

v =(80+31,62)/1,5, cho v~=32,25 m/s hoac v = 74,4 m/s. Vi 74,4 m/s thi tang tde
va ham da mat 1,5-74,4 ~ 111,6 s > 80 s, vo 1y, loai.

v=(80=+31.62)/1.5, givingv=32.25 m/s orv=74.4 m/s. For 74.4 m/s, speeding up and
braking alone would take 1.5-74.4 = 111.6 s > 80 s, absurd, so reject it.

Véi v =32,25m/s: tang tc 32,25 s, ham 16,13 s, chay déu 80 — 48,38 ~ 31,6 s
(duong, hop 1¢).

Forv =32.25m/s: speeding up 32.25 s, braking 16.13 s, cruising 80 — 48.38 <31.6 s
(positive, valid).

Vay téc d6 chay déu khoang 32,3 m/s (khoang 116 km/h); cac giai doan kéo dai 32,3 s;
31,6 s; 16,1 s.

Hence the cruising speed is about 32.3 m/s (roughly 116 km/h), the stages last 32.3 s, 31.6 s and
16.1s. =

Bai 2.9 — Problem 2.9

1.

M&i doan c6 a khong d6i theo thoi gian, nén ap dung (2.7) trong ting doan: v2 = vo? +
2aAx, thoi gian t = Av/a.

In each stretch a is constant in time, so apply (2.7) within it: vV = vy’ + 2aAx, and the time is
t=Av/a.

.DPoan 1 (0-100 m): v>=2-2-100 = 400 nén v = 20 m/s, t; = 20/2 = 10 s.

Stretch 1 (0-100 m): v’ = 2:2-100 = 400 so v = 20 m/s, t; = 20/2 = 10 s.

. Poan 2 (100-250 m): v =400 —2-1-150 = 100 nén v = 10 m/s, t, = (20 — 10)/1 = 10

S.
Stretch 2 (100-250 m): v’ = 400 — 2-1-150 = 100 so v = 10 m/s, t> = (20 — 10)/1 = 10 s.

. Poan 3 (250-350 m): v =100 + 2-1,5-100 = 400 nén v = 20 m/s, t3 = (20 — 10)/1,5 =

6,67 s.
Stretch 3 (250-350 m): v2 = 100 + 2-1.5-100 = 400 so v = 20 m/s, ts = (20 — 10)/1.5 = 6.67
S.

. Téng thi gian 10 + 10 + 6,67 = 26,67 s; téc d trung binh 350/26,67 = 13,1 m/s.

Kiém tra: toc d6 trung binh timg doan 1 (Vaiu + Veuwsi)/2 = 10; 15; 15 m/s, 13y trung
binh theo thoi gian (10-10 + 15-10 + 15:6,67)/26,67 = 13,1 m/s.

Total time 10 + 10 + 6.67 = 26.67 s, average speed 350/26.67 = 13.1 m/s. Check: the
average speed in each stretch is (Vsiar + Vena)/2 = 10, 15, 15 m/s, and weighting by time gives
(10-10 + 15-10 + 15:6.67)/26.67 = 13.1 m/s.

. Téc do 15 m/s: & doan 1 khi 225 =2-2-x, x = 56,25 m (lan 1, lac t = 7,5 s). O doan 2

khi 225 =400 — 2(x — 100), x = 187,5 m (1an 2, luc t = 10 + 5 = 15 s). O doan 3 toc
do chi tir 10 téi 20 m/s: 225 =100 + 3(x — 250), x = 291,7 m (lﬁn 3).

Speed 15 m/s: in stretch 1 when 225 = 2-2:x, x = 56.25 m (first time, at t = 7.5 s). In stretch
2 when 225 = 400 — 2(x — 100), x = 187.5 m (second time, att = 10 + 5 = 15 s). In stretch 3
the speed rises from 10 to 20 m/s: 225 = 100 + 3(x — 250), x = 291.7 m (third time).
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Vay tdc do tai cac nat 1a 20; 10; 20 m/s tai 100; 250; 350 m, cac thoi diém 10; 20; 26,67
s, toc d6 trung binh khoang 13,1 m/s, va téc d6 15 m/s xay ra tai x = 56,25 m; 187,5 m;
291,7 m.

Hence the speeds at the nodes are 20, 10, 20 m/s at 100, 250, 350 m, at times 10, 20, 26.67 s, the
average speed is about 13.1 m/s; and the speed is 15 m/s atx = 56.25m, 187.5m, 291.7 m. A

Bai 2.10 — Problem 2.10

1. Gbc & mat dat, Oy Ién, t tinh tir lac ném A. ya = vot — gt%/2, ys = vo(t — 7) — g(t — 1)%/2.
Origin at the ground, Oy up, t measured from the throw of A. y4 = vot — gt*/2, yg = vo(t — 1)
— g(t — t)°/2.

2. (b) Cho ya = ys: vot — g(2tt — 12)/2 = 0, cac sd hang t triét tiéu nén:
(b) Setting y4 = ys: vor — g(2tt — ©°)/2 = 0, the ¢* terms cancel, so:

t=vo/g+ 1t/2, h=vo?/(2g) — gt2/8

3. D6 cao h suy ra bang cach thay t vao ya: h = vot — gt¥/2 = vo?/(2g) — gt*/8. Hai vt chi
gip khi ca hai con bay: B duoc ném luc t =t va A cham dat lac 2vo/g, nén can 1<t <
2vo/g. Ca hai bat dang thirc cho cung diéu kién © < 2vo/g =6 s.

The height follows by putting t into y4: h = vot — gt*/2 = vo?/(2g) — gt*/8. The bodies meet
only while both are in flight: B is thrown at t = t and A lands at 2vy/g, so we need 1 <t <
2vo/g. Both inequalities give the same condition t < 2vy/g = 6 s.

4.(a) V6ivo=294m/s: vo/g=3s, H=vo?/(2g) =44,1 m. Thayt=2:t=3+1=4s,h
=44,1-9,8-4/8 =44,1 —4,9=392 m.

(a) With vo = 29.4 m/s: vo/g =3 s, H=v¢’/(2g) =44.1m. Fort=2:t=3+1=4s, h=
44.1 — 9.8-4/8 =44.1 — 4.9 =39.2 m.

5. Van toc lac gap: va = 29,4 — 9,8:4 =—9,8 m/s (xudng), vg = 29,4 — 9,8:2 =+9,8 m/s
(1én): cing téc d6, nguoc chiéu, ding vai tinh dbi xtmg quanh dinh cta quy dao.
Velocities at the meeting: va = 29.4 — 9.8'4 = —9.8 m/s (down), vg = 29.4 — 9.8-2 = +9.8
m/s (up): equal speeds, opposite directions, as the symmetry about the top of the path
demands.

6. (c) Ntra do cao cyc dai: h = H/2 nén g1%/8 = H/2, 12 = 4H/g = 4-44,1/9,.8 = 18, 1 = 3\2

~ 4,24 s (nh6 hon 6 s, hop 1¢).
(c) Half the maximum height: h = H/2, so gi%/8 = H/2, © = 4H/g = 4-44.1/9.8 = 18, 7 = 3\2
~4.24 s (less than 6 s, valid).

Vay (a) gap lac t =4 s ¢ d6 cao 39,2 m véi van tbc F9,8 m/s; (b)t=vo/g+ 12, h=

vo2/(2g) — g¥/8, didu kién 0 <t <6's; (c) T~ 4,24 s.

Hence (a) they meet at t = 4 s at a height of 39.2 m with velocities +9.8 m/s; (b) t = vo/g + ©/2, h

=vi’/(2g) — gt*/8, with condition 0 <t<6s, (c)t=4.24s. A

Bai 2.11 — Problem 2.11

1. Po téc d6 bang don vi 'bac trén gidy'. Thang chay 1én vai toc d6 w, nguoi di véi toe
d6 u dbi vai thang, N 13 sb bac nhin thay. Pdi véi mat dat nguoi di voi toe do u + w
nén mat thoi gian N/(u + w); s6 bac ngudi bude 1 u nhan thoi gian do:

Measure speeds in steps per second. The escalator runs up at w, the person walks at u
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relative to it, and N is the number of visible steps. Relative to the ground the person moves at
u + w and takes N/(u + w), the number of steps counted is u times that time:

n=uN/(u+w)=N/(1+r), r=w/u

2.(a) Lan 1: 40 = N/(1 +r) nén N = 40(1 + r). Lan 2 (tdc d6 2u): 48 = 2N/(2 + r). Thay
N: 48(2 +1)=80(1 +r), tirc 96 + 48r =80 + 80r, r = 0,5 va N =40-1,5 = 60 bac.

(a) Trip 1: 40 = N/(1 +r), so N =40(1 +r). Trip 2 (speed 2u): 48 = 2N/(2 + r). Substituting
N:48(2+r)=80(1 +r),ie 96+ 48r =80+ 80r, r =0.5and N = 40-1.5 = 60 steps.

3.(b) bi xuéng nguoc chiéu thang, tdc d6 d6i véi mat datlau—w = u(l —r)=0,5u>0,
nén nguoi tdi duge chan thang, mat thoi gian N/(u — w). S6 bac dém 1a u-N/(u — w) =
N/(1 —r)=60/0,5 = 120.

(b) Walking down against the escalator, the speed relative to the ground is u —w = u(l —r)
= 0.5u > 0, so the person does reach the bottom, taking N/(u — w). The count is u-N/(u — w)
=N/(1—r)=60/0.5=120.

Vay thang c¢6 60 bac nhin théy, va di nguogc chiéu nguoi do dém duoc 120 bac.

Hence the escalator shows 60 steps, and walking against it the person counts 120 steps. R

Bai 2.12 — Problem 2.12

1. Thoi gian roi 14n dau to = V(2h/g) = V(10/9,8) =~ 1,010 s, tdc do luc cham vo = gto. Sau
1an cham k, toc d6 bat 1én 1a e*vo vdi e = 0,8, nén 1an bay 1én rdi roi xudng tiép theo
kéo dai 2ekvo/g = 2ekt.

The first fall takes to = \N(2h/g) = \(10/9.8) = 1.010 s, with impact speed vo = gto. After
impact k the rebound speed is évo with e = 0.8, so the next flight up and down lasts 2e*vo/g
= 2ék.

2. Cham lan thir ba: t = to(1 + 2e + 2¢?) = 1,010-(1 + 1,6 + 1,28) = 1,010-3,88 =~ 3,92 s.
Third impact: t = to(l + 2e + 2¢°) = 1.010-(1 + 1.6 + 1.28) = 1.010-3.88 = 3.92 s.

3. Tong thoi gian 14 to cong cap sd nhan vo han 2te(e + 2 + ...) = 2toe/(1 — ¢), vay:

The total time is to plus the infinite geometric series 2ty(e + & + ...) = 2tpe/(1 — e), thus:
T=t(l+e)/(1—¢)
4. Thay e = 0,8: T = 9to ~ 9,09 s (hiru han du ¢ vo sé lan nay).
With e = 0.8: T = 9ty = 9.09 s (finite despite infinitely many bounces).

5. Quang dudng: sau 1an cham k, bong 1én cao e*h roi roi lai cing doan ay. Tong s =h

+2h(e®> +e*+...)=h(l +e?)/(1 —¢e*)=5-1,64/0,36 = 22,8 m.
Distance: after impact k the ball rises to €’*h and falls back through the same stretch. Total s
=h+2he+e+...)=hl+e)/[l —€&)=5164/0.36=22.8 m.
Vay bong cham nén 1an thir ba lac khoang 3,92 s, nay trong tong cong khoang 9,09 s va
di quang duong khoang 22,8 m.
Hence the ball hits the floor the third time at about 3.92 s, bounces for about 9.09 s in all, and
travels about 22.8 m. 1
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Chuong 3. Chuyén dong trong mét phang va tinh twong doi —

Chapter 3. Motion in a plane and relative motion

Muc tiéu chwong — Chapter objectives

« Tach chuyén dong trong mit phang thanh hai chuyén dong doc lap theo hai truc va
gidi tron ven bai toan ném ngang, ném xién, ném tur do cao, ném 1én mat nghiéng.
Split motion in a plane into two independent motions along two axes and solve horizontal,
oblique, elevated and inclined-plane projectile problems completely.

« Dung parabol an toan dé tim tdm xa 16n nhat, goc ném t6i wu va van toc nho nhat dé
vuot vat can.

Use the safety parabola to find the greatest range, the best launch angle and the least speed
that clears an obstacle.

« Cong van tdc theo Galileo va v& tam gidc van toc cho bai toan qua song, gié v4i may
bay, mua roi xién.
Add velocities in the Galilean way and draw velocity triangles for river crossings, aircraft in
wind and slanting rain.

« Tim khoang cach ngin nhat giita hai vat chuyén dong thang déu bang cach chuyén
sang hé quy chiéu gin véi mot vat.
Find the closest approach of two bodies in uniform motion by switching to the frame of one
of them.

« Lap lién hé van tdc giita cac vat ndi bang thanh ctng, ddy khong dan, rong roc.
Relate the velocities of bodies joined by rigid rods, inextensible strings and pulleys.

3.1. Vecto vi tri, van toc, gia toc trong méit phang — Position, velocity and

acceleration vectors in a plane

Chuyén dong trong mat phing duoc md ta bang hé truc Oxy gan v6i mat dat: Ox nam
ngang, Oy huéng 1én trén. Chat diém 6 vi tri (x, y) c¢6 vecto vi tri # ndi gbc O téi chat
diém. Chi s cia dai luong trung binh viét tb trong cau tiéng Viét va av trong ciu tiéng
Anh; cong thire trong khoi chung ding ky hiéu trung tinh. Liy g = 9,8 m/s® néu dé khong
cho khac, va bo qua luc can cta khong khi trir khi dé noi.

Motion in a plane is described in axes Oxy fixed to the ground: Ox horizontal, Oy pointing up. A
particle at (x, y) has position vector T joining the origin O to the particle. The subscript of an
average quantity is written tb in Vietnamese sentences and av in English ones; formulas in
shared blocks use neutral symbols. Take g = 9.8 m/s* unless the problem says otherwise, and
neglect air resistance unless it is mentioned.

PINH NGHIA 3.1 (Vén tdc trong mit phing) / DEFINITION 3.1 (Velocity in a plane)
— Do dich chuyén cua chit diém trong khoang thoi gian At 1a vecto A7 = 72 — 7 n6i vi tri
dau ti vi tri cubi. Van tde trung binh Ty, = A7/At cting hudng véi A7, Van tdc tirc thoi ¥ 1a
gi4 tri ma Uy tién t6i khi At dan téi 0; vecto ndy tiép tuyén v6i quy dao va co do 16n 1a te do
tire thoi v = V(vi2 + v,2).

The displacement over a time interval At is the vector AT = T2 — 74 from the initial to the final
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position. The average velocity V. = AT/At points along AT. The instantaneous velocity ¥ is the value

that Vay approaches as At tends to 0; it is tangent to the path and its magnitude is the instantaneous
speed v =W +v,7).

PINH NGHIA 3.2 (Gia toc trong miit phing) / DEFINITION 3.2 (Acceleration in a
plane) — Gia tdc trung binh dw = AV/At, v6i AV = ¥, — v 1a hiéu hai vecto van tdc. Gia tdc
tire thoi d 1a gia tri cua dw khi At dan t6i 0. Gia toc ciing huéng véi AV, nén néi chung khong
cung huéng voi v.

The average acceleration Q. = AV/At, where Av = U, — vy is the difference of two velocity vectors.

The instantaneous acceleration d is the value of G as At tends to 0. It points along AV, so in general

it does not point along v.

Thanh phan cua gia toc song song v&i ¥ lam d6i do 16n van tdc, thanh phan vudng goc
v6i ¥ 1am d6i huéng van tc. Vi vay mot chat diém chuyén dong déu (tbc d6 khong do6i)
trén dudng cong van co gia toc.

The component of acceleration parallel to v changes the speed; the component perpendicular to

U changes the direction. A particle moving at constant speed along a curve therefore still
accelerates.

PINH LUAT 3.3 (Nguyén ly dc lap ciia cac chuyén dong) / LAW 3.3 (Principle of
independence of motions) — Chuyén dong cta chat diém trong mit phing 1 téng hop cua
hai chuyén dong doc 1ap theo hai truc vudng goc. Toa dd va van tdc theo mdi truc chi phu
thudc vao gia tdc va diéu kién dau theo truc d6. Pham vi: hé quy chiéu quén tinh, hai tryc )
dinh.

The motion of a particle in a plane is the combination of two independent motions along two
perpendicular axes. The coordinate and velocity along each axis depend only on the acceleration and
initial conditions along that axis. Scope: an inertial frame with two fixed axes.

Co s¢ thuc nghiém: tha roi mot vién bi va ban ngang mot vién khac tr cung d6 cao ¢
cung luc, hai vién cham dat cung lic. Chuyén dong theo phuwong ngang khong lam thay
d6i chuyén dong theo phuong thiang ding.

Experimental basis: drop one ball and fire another horizontally from the same height at the same

instant; both reach the ground together. Motion along the horizontal does not alter motion along
the vertical.

Khi vecto gia toc khong doi, mdi truc 1a mot chuyén dong thang bién doi déu (Chuong
2). Hai truc hop thanh dang vecto:

When the acceleration vector is constant, each axis is uniformly accelerated motion (Chapter 2).
The two axes combine into vector form:

7 =70+ Vot + (1/2)adt? 3.1
U ="+ at (3.2)
VI DU 3.1 (Vén téc trung binh khac toc d9 trung binh) / EXAMPLE 3.1 (Average

velocity versus average speed) — Mot thiét bj bay khong ngudi 14i & d6 cao khong ddi, xuat
phat Iac t = 0 tai A(20 ; —10) m. N6 bay thiang déu t6i B(68 ; 26) m trong 8 s, r0i bay thang
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déu t6i C(68 ; —34) m trong 12 s. Tinh: a) van tdc trén mdi doan; b) van tdc trung binh va tdc
d6 trung binh trén ca hanh trinh AC; ¢) d6 16n gia tdc trung binh néu van tdc doi tir doan AB
sang doan BC trong 2 s.

A drone at constant height starts at t = 0 from A(20, —10) m. It flies in a straight line at constant
speed to B(68, 26) m in 8 s, then in a straight line at constant speed to C(68, —34) min 12 s. Find: a)
the velocity on each leg; b) the average velocity and average speed over the whole path AC; c) the
magnitude of the average acceleration if the velocity changes from leg AB to leg BC in 2 s.

Loi giai. / Solution.
1. Doan AB: A7 = (48 ; 36) m, nén Uag = (6 ; 4,5) m/s, d0 16n 7,5 m/s. Poan BC: A7 =
(0 ; —60) m, nén vpc = (0 ; —5) m/s, do 16n 5 m/s.
Leg AB: AT = (48, 36) m, s0 Vug = (6, 4.5) m/s, magnitude 7.5 m/s. Leg BC: A7 = (0, —60)
m, so Vgc = (0, —5) m/s, magnitude 5 m/s.

2. Toan hanh trinh: A7 = AC = (48 ; —24) m trong 20 s, nén U = (2,4 ; —1,2) m/s, d0 16n
V(2,42 + 1,2%) = 2,68 m/s, hudng xudng dudi truc Ox mot goc 26,6°. Quang dudng 1a
60 + 60 = 120 m, toc do trung binh 120/20 = 6 m/s.

Whole path: AT = AC = (48, —24) m in 20 s, 50 Vav = (2.4, —1.2) m/s, magnitude N@2.42 +
1.2°) = 2.68 m/s, directed 26.6° below the Ox axis. The distance travelled is 60 + 60 = 120
m, so the average speed is 120/20 = 6 m/s.

3. AV = Upc — UaB = (=6 ; —9.,5) m/s, |AD| = \/(36 +90,25) = 11,2 m/s, nén d6 16n gia tbc
trung binh 13 11,2/2 = 5,6 m/s2.

AV = Vpc — Vap = (-6, —9.5) m/s, |AD| = N(36 + 90.25) = 11.2 m/s, so the magnitude of the
average acceleration is 11.2/2 = 5.6 m/s°.

Vay van tde trung binh = 2,68 m/s trong khi tbc do trung binh 1a 6 m/s; do 16n gia tdc
trung binh = 5,6 m/s2.

Hence the average velocity is = 2.68 m/s while the average speed is 6 m/s; the magnitude of the
average acceleration is = 5.6 m/s’. R

LOI HAY GAP / COMMON MISTAKE — Ly tbc d6 trung binh bang d6 16n van téc
trung binh. Hai s6 nay chi bang nhau khi chat diém di theo dudng thang va khong doi chiéu; &
Vidu 3.1 chung 1a 2,68 m/s va 6 m/s.

Equating the average speed with the magnitude of the average velocity. The two agree only for
straight-line motion without reversal; in Example 3.1 they are 2.68 m/s and 6 m/s.

3.2. Chuyén dong ném ngang — Horizontal projectile motion

Vit duoc ném tir dd cao h so v&i miat dat voi van tde dau ¥y nim ngang. Chon géc OXs;
diém ném, Ox theo huéng ném, Oy huéng 1én. Theo Nguyén 1y doc lap, theo Ox vat
chuyén dong thang déu (ax = 0), theo Oy vat roi tu do khong vén tdc dau (ay = —g).

A body is thrown from height h above the ground with a horizontal initial velocity Vo. Take the
origin O at the launch point, Ox along the throw and Oy upwards. By the Principle of
independence, along Ox the body moves uniformly (ax = 0) and along Oy it falls freely from rest
(ay=—g).
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PINH LY 3.4 (Ném ngang) / THEOREM 3.4 (Horizontal projection) — Vat ném ngang
tr do cao h véi van tde dau vo co: toa do x = vot, y = —gt?/2; quy dao 1a nira parabol y =
—gx?/(2vo?); thoi gian roi t = V(2h/g); tAm xa L = voV(2h/g); khi cham dét vén tdc c6 do 16n v
=(vo® + 2gh) va tao v6i phuong ngang goc ¢ thoa tan ¢ = V(2gh)/vo.

A body thrown horizontally from height h with initial speed vo has coordinates x = vot, y = —gt*/2, its
path is a half parabola y = —gx*/(2vi’); the fall time is t = (2h/g); the range is L = vo\(2h/g); on
landing its speed is v = \(vi’ + 2gh) and it makes with the horizontal an angle ¢ such that tan ¢ =
N(2gh)/ve.

Chirng minh. / Proof.

Theo Ox: X = Vot va vx = vo. Theo Oy: y = —gt?/2 va vy = —gt. Khir t = x/vo khoi biéu thirc
cua y ta dugc phuong trinh quy dao.

Along Ox: x = vot and v« = vo. Along Oy: y = —gt’/2 and v, = —gt. Eliminating t = x/vo from y
gives the equation of the path.

Cham dit khi y = —h, ttrc gt?/2 = h, suy ra t = V(2h/g) va L = vot.
The body lands when'y = —h, i.e. gt/2 = h, so t = (2h/g) and L = vot.

Luc d6 [vy| = gt = V(2gh), nén v2 = vo + 2gh va tan ¢ = |[vy|/vx = V(2gh)/vo.
Then |v,| = gt = \(2gh), soV? = vo> + 2gh and tan ¢ = |vy|/vx = N(2gh)/vo. M

L = voV(2h/g) (3.3)

HE QUA 3.5 (Ném ngang xudng doc) / COROLLARY 3.5 (Horizontal throw down a
slope) — V4t ném ngang tir dinh déc nghiéng goc 0 so voi phuong ngang (déc di xubng theo
hudng ném) roi xudng dc sau thoi gian t = 2votan 0/g, tai diém cach chd ném doan { =
2vo*tan 0/(g cos 0) doc dbc. Van téc cham ddc luon thoa tan ¢ = 2tan 0, khong phu thudc vo.
A body thrown horizontally from the top of a slope of angle 6 to the horizontal (the slope falling away
in the direction of the throw) strikes the slope after t = 2votan 6/g, at a distance € = 2vg’tan 6/(g cos 6)
along the slope. The velocity at impact always satisfies tan ¢ = 2tan 6, whatever vy.

Chirng minh. / Proof.

Mit dbc co phuong trinh y = —x tan 0. Tai diém cham, y/x = —tan 0, ma y/x =
(—gt?/2)/(vot) = —gt/(2vo).

The slope has equation y = —x tan 0. At the point of impact y/x = —tan 0, while y/x =

(—gt’/2)/(vot) = —gt/(2v).

Suy ra t = 2votan 0/g. Khi d6 x = vot = 2vo’tan 0/g va £ = x/cos 0.
Hence t = 2votan 6/g. Then x = vot = 2v¢’tan 6/g and € = x/cos 6.

Cudi cung tan @ = gt/vo = 2tan 6.
Finally tan ¢ = gt/vo =2tan 6. A

NHAN XET / REMARK — Pudng kéo dai cia vecto van tdc tai mot diém bat ky cua quy
dao ném ngang cit dudong thang nim ngang qua diém ném tai diém c6 hoanh d6 x/2, tirc 1a
giita diém ném va hinh chiéu cua vat 1én dudng d6. Tinh chét nay suy tir tan ¢ = gt/vo va y =
—gt2/2: tiép tuyén lii mot doan |y|/tan ¢ = vot/2 = x/2.
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The backward extension of the velocity vector at any point of the horizontal-throw path meets the
horizontal line through the launch point at abscissa x/2, midway between the launch point and the
body's projection on that line. This follows from tan ¢ = gt/vo and y = —gt*/2: the tangent runs back a
distance |y|/tan ¢ = vot/2 = x/2.

PHAN TICH / ANALYSIS — Diém roi nim trén mat déc chu khong phai trén mat dét, nén
diéu kién cham 14 toa do cua vat thoa phuong trinh dudong dbc. Chon O & dinh déc, hai
phuong trinh chuyén dong cong mot phuong trinh doc cho ba 4n x, y, t. Khoang cach phai
tinh doc déc, khong phai theo phwong ngang.

The landing point lies on the slope, not on level ground, so the condition for impact is that the body's
coordinates satisfy the equation of the slope. With O at the top of the slope, two equations of motion
plus the slope equation give three unknowns x, y, t. The distance is wanted along the slope, not
horizontally.

ViDU 3.2 (Piém cham niam trén mat déc) / EXAMPLE 3.2 (Impact point on a slope) —
Tir dinh mot déc nghiéng 37° so voi phuong ngang, ngudi ta ném ngang mot vién da voi van
tbc 15 m/s, hudng ra phia déc di xudng. Tinh: a) thoi gian bay va khoang cach tir chd ném toi
chd roi, do doc dc; b) do 16n van tdc khi cham dbc, goc cuia nd voi phuong ngang va voi mit
dbc. Lay tan 37° = 0,754.

From the top of a slope at 37° to the horizontal a stone is thrown horizontally at 15 m/s, out over the
downhill side. Find: a) the time of flight and the distance from launch to landing, measured along the

slope; b) the speed at impact and its angle with the horizontal and with the slope. Take tan 37° =
0.754.

Loi giai. / Solution.
1. Dung H¢ qua 3.5 v6i1 6 =37°: t=2-15-0,754/9,8 = 2,31 s.
Use Corollary 3.5 with @ = 37°: t = 2-15-0.754/9.8 = 2.31 s.
2. Hoanh do x = vot = 15-2,31 = 34,6 m; doc ddc £ = x/cos 37° = 34,6/0,799 ~ 43,3 m.
The abscissa is x = vot = 15-2.31 = 34.6 m; along the slope € = x/cos 37°~= 34.6/0.799 =~ 43.3
m.

3. Van tde: vx = 15 m/s, vy = gt = 22,6 m/s, nén v = V(152 + 22,6%) ~ 27,1 m/s va tan ¢ =
22,6/15= 1,51, ¢ = 56,4°. Kiém tra: 2tan 37° ~ 1,51.
Velocity: ve = 15 m/s, vy = gt = 22.6 m/s, so v = N(15? + 22.6%) = 27.1 m/s and tan ¢ =
22.6/15=1.51, p = 56.4°. Check: 2tan 37°~= 1.51.
4. Goc giira van toe va mat doc 1a ¢ — 0 = 56,4° — 37° = 19,4°,
The angle between the velocity and the slope is ¢ — 0= 56.4° — 37° = 19.4°.
Vay vién d4 bay 2,31 s, roi cach chd ném = 43,3 m doc dbc, cham déc véi toe d6 = 27,1
m/s, nghiéng 56,4° so voi phuong ngang va 19,4° so v6i mat doc.
Hence the stone flies for 2.31 s, lands = 43.3 m from the launch point along the slope, and strikes
at=27.1 m/s, 56.4° below the horizontal and 19.4° to the slope. R
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y (m)

X (m)

Hinh 3.1. Ném ngang tir dinh dbc 37° vé6i vo = 15 m/s: vién da roi tai P, cach O doan £ ~ 43,3 m
doc déc.
Figure 3.1. Horizontal throw from the top of a 37° slope at vo = 15 m/s: the stone lands at P, a distance ¢
~43.3 m from O along the slope.

3.3. Chuyén dong ném xién — Oblique projectile motion

Vit duoc ném tir mat dat véi van toc dau ¥o hop véi phuong ngang goc a (0 < a < 90°).
Chon O & diém ném. Thanh phan dau: vox = vocos a, Voy = Vosin a. Theo Ox chuyén dong
thang déu, theo Oy chuyén dong thing bién ddi déu véi gia toc —g.

A body is thrown from the ground with initial velocity Vy at an angle o to the horizontal (0 < o <

90°). Take O at the launch point. Initial components: vox = vocos a, vo, = vosin a. Along Ox the
motion is uniform,; along Oy it is uniformly accelerated with acceleration —g.

PINH LY 3.6 (Ném xién) / THEOREM 3.6 (Oblique projection) — Vat ném xién tir mit
dat co: x = vocos a-t, y = vosin a-t — gt2/2; quy dao y = x tan o — gx¥(2vo2cos?a); thoi gian bay
T = 2vosin a/g; d cao cuc dai H = vo2sinZ0/(2g); tAm xa L = vosin 20/g.

A body thrown obliquely from the ground has x = vocos o-t, y = vesin a-t — gt*/2; path y = x tan o —
gx’/(2vi’cos’a), time of flight T = 2vesin a/g; maximum height H = vo’sin’o/(2g), range L = vi'sin
20/g.

Chirng minh. / Proof.

Hai phuong trinh toa d§ c6 ngay tir Nguyén 1y doc lap. Thay t = x/(vocos a) vao y dugc
phuong trinh quy dao.

The two coordinate equations follow at once from the Principle of independence. Substituting t =
x/(vocos a) into y gives the equation of the path.

Vit trd vé mat dat khi y =0, t#0: vosin a = gt/2, tic T = 2vosin o/g.
The body returns to the ground wheny = 0, t # 0: vosin a = gt/2, i.e. T = 2vysin o/g.

O diém cao nhat vy = vosin o — gt = 0, tc t = T/2. Thay vao y: H = vesin a-T/2 —
g(T/2)?/2 = vo*sina/(2g).
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At the highest point v, = vosin o — gt = 0, i.e. t = T/2. Substituting in y: H = vosin o-T/2 —
g(T/2)°/2 = vi’sin*a/(2g).
Tam xa L = vocos a-T = 2vo’sin a cos a/g = vo’sin 2a/g.

The range is L = vocos a-T = 2v¢’sin a. cos a/g = vo’sin 20/g. B
T = 2vosin a/g, H = vo?sin?a/(2g), L =vo?sin 2a/g (3.4)
y = X tan a — gx2/(2vo?cos2a) (3.5)

HE QUA 3.7 (Géc ném xa nhit trén mat dit) / COROLLARY 3.7 (Best angle on level
ground) — Vi vo cho trude, tAm xa trén mat dat 16n nhat 1a ve¥/g, dat khi a = 45°. Hai goc
ném phu nhau o va 90° — a cho cng tim xa.

For a given vy the greatest range on level ground is v,’/g, reached at a. = 45°. Two complementary
launch angles o. and 90° — o, give the same range.

Chirng minh. / Proof.

L = vo’sin 20/g va sin 2a < 1, ddu bang khi 2a = 90°.

L = vi’sin 2a/g and sin 2a < 1, with equality when 20. = 90°.

Vi sin(180° — 2a) = sin 2a nén thay a bang 90° — a thi L khong d6i.
Since sin(180° — 2a) = sin 2a, replacing o by 90° — o leaves L unchanged. W

TINH CHAT 3.8 (Téc d theo d cao) / PROPERTY 3.8 (Speed against height) — Téc
d6 ctia vat ném (xién, ngang hay thang dimg) & do cao y so véi diém ném thoa v2 = vo2 — 2gy,
khong phu thudc goc ném va khong phu thudc vét dang di 1én hay di xudng.

The speed of a projectile (oblique, horizontal or vertical) at height y above the launch point satisfies
V2 = v’ — 2gy, independent of the launch angle and of whether the body is rising or falling.

Chirng minh. / Proof.

v =vi? + vy? = voPcos?a + (vosin a — gt)? = vo? — 2g(vosin ot — gt?/2) = vo® — 2gy.

Vv = v +w? = vplcosPa + (vosin a — gt)? = vo? — 2g(vosin act — gt?/2) = v — 2gy. W
TINH CHAT 3.9 (Chuyén dong twong doi khi chi cé trong luc) / PROPERTY 3.9
(Relative motion under gravity alone) — Hai vét ciing chuyén dong chi duéi tic dung cia
trong lyc (ctng g) va con dang bay: vecto vi tri cta vat 2 d6i v6i vat 1 thay dbi déu, 721 =
721(0) + (Vo2 — Doi)t, VGi Vo1, Vo2 12 cac van te dau.
Two bodies moving under gravity alone (the same g) and still in flight: the position vector of body 2
relative to body 1 changes uniformly, 721 = 721(0) + (Vo2 — Voi)t, where Doy, oz are the initial
velocities.

Chirng minh. / Proof.

Véi mbi vat, 7i(t) = 7(0) + Doit + (1/2)gt2. Ly hiéu hai vat, sé hang (1/2)Gt> triét tiéu.
For each body, Ti(t) = 7(0) + Vot + (1/2)gt’. Subtracting, the term (1/2)gt’ cancels. ®

Trong hé quy chiéu roi tu do, moi vét chi chiu trong lyc déu chuyén dong thang déu;
nhiéu bai ném ddng thoi quy vé chuyén dong thang déu theo cach do.
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In a freely falling frame every body under gravity alone moves in a straight line at constant
velocity, which reduces many simultaneous-throw problems to uniform motion.

NHAN XET / REMARK — Hai goc phu nhau cho cing tim xa nhung thoi gian bay khac
nhau: T « sin o, nén T(a)/T(90° — &) = tan o. V6i a = 30° va 60°, thoi gian bay ti 16 1 : \3 va
do cao cuc daiti 1€ 1 : 3 (Hinh 3.3).

Complementary angles give the same range but different flight times: T ocsin o, so T(a)/T(90° — a) =

tan a. At o. = 30° and 60° the flight times are in the ratio 1 : N3 and the maximum heights in the ratio
1 : 3 (Figure 3.3).

VI DU 3.3 (Cong thirc ném xién) / EXAMPLE 3.3 (Oblique-projection formulas) — Cau
thii da qua bong tir mat dat véi van tée 20 m/s, hudng 53° so v6i phuong ngang. Tinh: a) thoi
gian bay, d¢ cao cuc dai, tam xa; b) van tde (do 16n) va do cao ctia bong sau 1,0 s; ¢) tde do
cua bong khi ¢ dg cao 5,0 m.

A player kicks a ball from the ground at 20 m/s, 53° above the horizontal. Find: a) the time of flight,

maximum height and range; b) the speed and height of the ball after 1.0 s, ¢) the speed of the ball
when it is 5.0 m high.

Loi giai. / Solution.

1. vox =20 cos 53° = 12,0 m/s, voy = 20 sin 53° = 16,0 m/s. Theo Pinh 1y 3.6: T =
2:16,0/9,8 = 3,26 s; H=16,0%/(2-9,8) = 13,0 m; L = 20*sin 106°/9,8 = 39,2 m.
voxr = 20 cos 53°= 12.0 m/s, voy = 20 sin 53°= 16.0 m/s. By Theorem 3.6: T = 2-16.0/9.8 =
3.26s; H=16.0°/(2-9.8) = 13.0 m; L = 20°-sin 106°/9.8 = 39.2 m.

2. Tait=1,0s:vx=12,0m/s, vy = 16,0 — 9,8 = 6,2 m/s, nén v = 13,5 m/s; d§ cao y =
16,0-1,0—-4,9~=11,1 m.
Att=1.0s: v =12.0m/s, vy = 16.0 — 9.8 = 6.2 m/s, so v= 13.5 m/s; the height is y =
16.0-1.0—4.9=11.1 m.

3. Theo Tinh chét 3.8: v = (202 — 2-9,8-5,0) = V302 =~ 17,4 m/s, bit ké bong dang 1én

hay xudng.
By Property 3.8: v =(20° — 2:9.8'5.0) =302 = 17.4 m/s, whether the ball is rising or
falling.

Vay T=3,26s, H= 13,0 m, L = 39,2 m; sau 1,0 s bong co tbe do ~ 13,5 m/s & dd cao ~

11,1 m; & dd cao 5,0 m tc d6 ~ 17,4 m/s.

Hence T=3.26s, H= 13.0 m, L = 39.2 m, after 1.0 s the ball moves at = 13.5 m/s at a height =

11.1 m; at 5.0 m height its speed is =~ 17.4 m/s. B

Vi DU 3.4 (H¢ quy chiéu roi tw do) / EXAMPLE 3.4 (Freely falling frame) — Tir cling
mot diém trén mat dat, cung lac ném hai qua bong: qua 1 voi 20 m/s, goc 60°; qua 2 véi 15
m/s, goc 30°, ca hai vé cung mot phia. Tinh khoang cach giira hai qua bong sau 1,0 s va sau
1,5 s, va goc ma duong ndi chung hop v6i phuong ngang.

From the same point on the ground two balls are thrown at once, both to the same side: ball I at 20
m/s, 60°; ball 2 at 15 m/s, 30°. Find the distance between the balls after 1.0 s and after 1.5 s, and the
angle the line joining them makes with the horizontal.
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Loi giai. / Solution.

Tinh thoi gian bay cua qua 2: T, = 2-15-sin 30°/9,8 = 1,53 s, nén ¢4 hai con bay ¢ t = 1,0
svat=1,5s; Tinh chit 3.9 dung duoc.

The flight time of ball 2 is T> = 2-15-sin 30°/9.8 = 1.53 s, so both balls are still airborne at t =
1.0s and t = 1.5 s; Property 3.9 applies.

1. Hiéu van toc dau: Bo1 — Do = (10,0 — 13,0 ; 17,3 — 7,5) = (-3.,0 ; 9,8) m/s, d6 16n =
10,3 m/s.

Difference of initial velocities: Vo1 — D> = (10.0 — 13.0, 17.3 — 7.5) = (=3.0, 9.8) m/s,
magnitude = 10.3 m/s.

2. Vi 712 = (Vo1 — Vo2)t nén khoang cach d = 10,3t: = 10,3 m khi t= 1,0 s va = 15,4 m khi
t=1,5s.
Since 712 = (Vo1 — Voo)t, the distance isd = 10.3t: = 10.3matt=1.0sand =154 mat t =
1.5s.

3. Buong ndi ludn song song voi (—3,0 ; 9,8): tan B = 9,8/3,0, B = 73° so v&i phuong
ngang; qua 1 ¢ phia trén va hoi lui so vdi qua 2.

The line joining the balls is always parallel to (—3.0, 9.8): tan f = 9.8/3.0, p = 73° to the
horizontal; ball 1 is above and slightly behind ball 2.

Vay hai qua cach nhau =~ 10,3 m sau 1,0 s va = 15,4 m sau 1,5 s; duong ndi gilr nguyén
phuong, hop véi phuong ngang goc = 73°.

Hence the balls are = 10.3 m apart after 1.0 s and = 15.4 m after 1.5 s; the line joining them
keeps its direction, at = 73° to the horizontal. W

y (m)

X (m)

Hinh 3.2. Ném xién v6i vo = 20 m/s, a = 53°: d6 cao cuc dai H = 13,0 m, tim xa L = 39,2 m.
Figure 3.2. Oblique projection with vo = 20 m/s, a. = 53°: maximum height H~= 13.0 m, range L =~ 39.2 m.
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y (m)

60°

X (m)

Hinh 3.3. Ném vdi vo =25 m/s: o= 30° va 60° cho clng tdm xa ~ 55,2 m; a = 45° (nét dit) cho
tm xa 16n nhat = 63,8 m.
Figure 3.3. Launch at vo = 25 m/s: a. = 30° and 60° give the same range = 55.2 m; o. = 45° (dashed)
gives the greatest range = 63.8 m.

LOI HAY GAP / COMMON MISTAKE — Dung T = 2vosin o/g va L = vosin 20/g khi
diém roi khong cing do cao voi diém ném. Hai cong thirc nay chi dung khi vat vé lai dung do
cao luc ném; ném tir 46 cao h phai gidi y = —h.

Using T = 2vysin a/g and L = v¢’sin 2a/g when the landing point is not level with the launch point.
These hold only when the body returns to its launch height; for a throw from height h solve y = —h.

LOI HAY GAP / COMMON MISTAKE — Cho rang & diém cao nhit van téc va gia tbc
déu bang 0. O diém cao nhat chi c6 vy = 0; vx = vocos a van khic 0 va gia toc van bang g,
huéng xudng.

Believing that at the highest point both velocity and acceleration are zero. At the top only v, = 0, v, =
vocos a is still non-zero and the acceleration is still g, pointing down.

3.4. Parabol an toan, ném tir d0 cao va ném lén mat nghiéng — Safety parabola,

elevated throws and throws onto a slope

Bai toan cuc tri ciia chuyén dong ném hoi: véi toe do vo cho trudc va gdec ném tiy chon,
nhitng diém nao ciia mit phang dén duoc, va dén diém niao d6 bang cach nao tiét kiém
nhat. Phuong trinh quy dao theo tan o cho mot 16i giai khong ding dao ham: coi t = tan a
1a 4n, dung 1/cos®o.= 1 + tan%a.

Extremal projectile problems ask: for a given speed vy and a free launch angle, which points of
the plane can be reached, and how to reach a given point most economically. The equation of the

path in terms of tan o gives a method that needs no calculus: treat t = tan o. as the unknown and
use 1/cos’a = 1 + tan’o.

PINH LY 3.10 (Parabol an toan) / THEOREM 3.10 (Safety parabola) — Véi téc 46 ném
vo, diém (x, y) v6i x > 0 dén duoc khi va chi khi y < vo¥/(2g) — gx¥(2vo?). Puong cong y =
vo2/(2g) — gx¥/(2vo?) 14 parabol an toan, dudng bao ctia moi quy dao cing toc d6 ném. Piém
nam trong parabol dén dugc bang hai goc ném, diém trén parabol bang ding mét goc véi tan
o = vo¥/(gx), diém ngoai parabol khong dén dugc.
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For launch speed vy, a point (x, y) with x > 0 can be reached if and only if y <vi’/(2g) — gx*/(2vd’).
The curve y = vi*/(2g) — gx*/(2v’) is the safety parabola, the envelope of all paths of the same launch
speed. A point inside the parabola is reached by two launch angles, a point on it by exactly one, with
tan a. = vi*/(gx), and a point outside cannot be reached.

Chirng minh. / Proof.
Piém (x, y) ndm trén quy dao goc a khi y = x tan o — gx?(1 + tana)/(2ve?). Pit t = tan a,
A = gx?/(2v¢?), phuong trinh thanh bac hai theo t:

The point (x, y) lies on the path of angle a when y = x tan a. — gx*(1 + tan’a)/(2ve®). Put t = tan o
and A = gx*/(2v¢®), the equation becomes a quadratic in t:

At2—xt+(y+A)=0

C6 gbc ném khi va chi khi phuong trinh c6 nghiém thuc: x? — 4A(y + A) > 0, tuc y <
x2/(4A) — A = vo?/(2g) — gx*/(2ve?).

A launch angle exists if and only if the equation has a real root: x> — 44A(y + A) > 0, i.e. y <
X*/(44) — A = vi*/(2g) — gx*/(2vi’).

Déu bang cho nghiém kép t = x/(2A) = vo*/(gx); ddu nho hon cho hai nghiém phan biét c6
tong 2vo*/(gx).

Equality gives a double root t = x/(24) = vo*/(gx), strict inequality gives two distinct roots with
sum 2v¢*/(gx). A

ymax(X) = vo®/(28) — gx*/(2vo?) (3.6)

HE QUA 3.11 (Ném tir @9 cao) / COROLLARY 3.11 (Throw from a height) — Ném tir
d6 cao h xubng mat dat nim ngang vai tbe d6 vo: tim xa 161 nhat 1a Luax = (vo/g)V(vo? + 2gh),
dat khi tan o = Vo/\/(vo2 + 2gh) <1, tirc o <45°. Tai tam xa 16n nhat, van toc lac cham dat
vudng goc vai van tde lac ném.

Throwing from height h to level ground at speed vo: the greatest range is Lyax = (v/g@)\N(vi® + 2gh),
reached when tan o. = voN(vi® + 2gh) < 1, i.e. a < 45°. At the greatest range the velocity at impact is
perpendicular to the launch velocity.

Chirng minh. / Proof.

Mit dat ing véi diém (x, —h). Theo Pinh 1y 3.10 diém nay dén duoc khi —h < vo?/(2g) —
gx/(2vo?), tirc x2 < vo*(vo? + 2gh)/g?. VA Xmax = (Vo/g)V(vo? + 2gh).

The ground corresponds to the point (x, —h). By Theorem 3.10 it is reachable when —h <v¢*/(2g)
— ox/(2vi?), i.e. X2 <vP(vi? + 2gh)/g’. Hence Xmax = (vi/e)N(vo® + 2gh).

Vé6i diém bién, tan o = voX(g Xmax) = vo/N(vo? + 2gh). Dit V = V(ve? + 2gh) 1a téc do lic
cham dt (Tinh chat 3.8); khi d6 sin a = vo/N(vo2 + V2), cos a = V/(vo? + V).

At the boundary point, tan o = vo*/(gXmax) = voN(vo> + 2gh). Let V = \(vi? + 2gh) be the landing
speed (Property 3.8); then sin o. = voN(vi? + V2) and cos a = VA©i + V).

Tich v6 hudng cua hai van toc 13 vo?cosZa — vosin a-V(voZsin®a + 2gh). Thay vao: sb hang

dau 13 vo?V¥/(vo2 + V2); vi vo’sin®a + 2gh = V¥(vo® + V?) nén sd hang sau ciing bang
voVZ/(vo®> + V?). Hiéu bang 0.
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The dot product of the two velocities is vicos’o. — vosin a~N(vo’sin*a + 2gh). Substituting: the
first term is vi’V/(vi* + V?); since vo’sina + 2gh = V*/(vi* + V?) the second term equals
v’ V2/(vi> + V?) as well. The difference is (. ®

PINH LY 3.12 (Ném trén miit nghiéng) / THEOREM 3.12 (Throw on an inclined plane)
— Vat ném tir diém O trén mit phiang nghiéng goc P so v6i phuong ngang (B > 0 dbc 1én, p <
0 dbc xudng) vai toe d6 vo, huéng hop véi phuong ngang goc a, roi lai mit nghiéng tai diém
cach O doan £ = 2vo?cos a sin(a — B)/(g cos?P). Gia tri 16n nhat Lmax = vo2/(g(1 + sin B)) dat
khi o = 45° + B/2, tic Vo 1a phan giac cua goc giita mit nghiéng va phwong thing ding hudng
1én.

A body thrown from a point O on a plane inclined at f to the horizontal (f > 0 uphill, < 0 downhill)
with speed v at angle a to the horizontal lands on the plane at a distance £ = 2vg’cos o sin(o. — p)/(g
cos’p) from O. The maximum Cpax = vi*/(g(1 + sin ) is reached when o. = 45° + /2, that is, when vy
bisects the angle between the plane and the upward vertical.

Chirng minh. / Proof.

Chon tryc theo mit nghiéng: gia toc g sin B xudng dbc, g cos p vudng goc mit. Pit u = a
— B 1a goc giita ¥o va mat nghiéng; thanh phan dau vocos u doc mat, vosin u vudng goc
mat.

Take axes along the plane: acceleration g sin f down the slope and g cos p into the plane. Let u

= a — J be the angle between Uy and the plane; the initial components are vocos u along the
plane and vosin u perpendicular to it.

Vit roi va trd lai mat nghiéng khi toa d6 vudng goc bang 0: T = 2vosin u/(g cos P).

The body leaves and returns to the plane when the perpendicular coordinate is 0: T = 2vosin u/(g

cos p).

Doc mit: £ = vocos u-T — (g sin B)T%2. Thay T:
Along the plane: € = vocos uT — (g sin B)T?/2. Substituting T:

£ = 2vo?sin u (cos u cos B — sin u sin ) /(g cos2f3) = 2ve2sin u cos(u + B)/(g
cos2f)

Viu + B = a, day la cong thirc can ching minh. Dung 2cos o sin(a — B) = sin(2o. — ) —
sin p < 1 — sin B, ddu bang khi 2a — B = 90°, ta c6 Lmax = voX(1 — sin B)/(g cos?p) =
vo?/(g(1 + sin B)).

Since u + f = a this is the stated formula. Using 2cos o sin(o. — f) = sin(2a. — ) —sin f <1 —
sin B, with equality when 2a — B = 90°, we get {max = vi’(1 — sin B)/(g cos’B) = vi*/(g(1 + sin
p).

Pmax = vo?/(g(1 + sin B)), a=45°+ /2 (3.7)

HE QUA 3.13 (Vuot vt cin v6i toc dd nhd nhat) / COROLLARY 3.13 (Clearing an
obstacle with the least speed) — DPé ném tir mit dat vuot qua dinh mot birc tuwong cao h,
cach diém ném d theo phuong ngang, téc do cin co thoa ve? > g(h + V(h? + d?)). Téc d6 nho
nhéit Gmg vai goc tan o = vo¥/(gd) = (h + V(h? + d?))/d.

To throw from the ground over the top of a wall of height h at horizontal distance d, the speed must
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satisfy vi© > g(h + N(h* + d°)). The least speed corresponds to the angle tan o. = vi*/(gd) = (h + (B> +
&))/d.

Chirng minh. / Proof.
Pinh tudng (d, h) phai ndm trong hodc trén parabol an toan: h < vo%/(2g) — gd¥(2ve?). Pat
Q = vo¥g > 0, bt ddng thirc thanh Q? — 2hQ — d? > 0, nghia 1a Q > h + V(h? + d?).
The top of the wall (d, h) must lie inside or on the safety parabola: h <v¢*/(2g) — gd’/(2vi*). Put
O = vo’/g > 0; the inequality becomes Q° — 2hQ — d* > 0, that is Q > h + N(h? + d°).
Gi4 tri nho nhat ing v6i diém nam ding trén parabol, khi d6 tan a = vo%/(gd) theo Pinh 1y
3.10.

The least value corresponds to the point lying exactly on the parabola, where tan o = vo*/(gd) by
Theorem 3.10. ®

y (m)

15°...90°

X (m)

Hinh 3.4. Cac qui dao ném véi vo =20 m/s & goc 15°, 30°, ..., 90° (vé hai phia) va dudng bao
cua chung, parabol an toan.
Figure 3.4. Paths with vo = 20 m/s at 15°, 30°, ..., 90° (to both sides) and their envelope, the safety
parabola.

NHAN XET / REMARK — Khi h =0, Hé qua 3.11 cho Limax = vo?/g va o = 45°, khép Hé
qua 3.7. Khi h ting, goc tdi wu giam dan: tir d cao 16n, thoi gian bay da dai sin nho do cao,
nén thanh phan ngang cta van tdc dau c6 loi hon thanh phan ding.

For h = 0, Corollary 3.11 gives Lua: = vo*/g and o. = 45°, agreeing with Corollary 3.7. As h grows the
best angle decreases: from a great height the flight is already long because of the height, so the
horizontal component of the initial velocity pays off more than the vertical one.

PHAN TICH / ANALYSIS — C6 ca d6 cao h 1an tim xa can cuc dai, va dé khong cho goc:
day 1a dau hiéu dung parabol an toan thay vi viét T va L theo o rdi tim cyc tri. Piém roi (x,
—h) cham bién parabol, nén chi can giai mot bat dang thirc theo x.

The height h and a maximum range are both present and no angle is given: the cue to use the safety
parabola instead of writing T and L in terms of a and optimising. The landing point (x, —h) touches
the parabola boundary, so one inequality in x is all that must be solved.
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Vi DU 3.5 (Géc tdi wu khi ném tir 9 cao) / EXAMPLE 3.5 (Best angle from a height) —
Tir ban cong cao 10 m, mot ngudi ném qua bong véi toe do 14 m/s, goc ném tuy chon. Tinh:
a) tam xa 16n nhét trén mat dat va goc ném tuong tmg; b) tim xa khi ném & 45°; ¢) thoi gian
bay va tdc d6 lac cham dét trong truong hop a).

From a balcony 10 m high a person throws a ball at 14 m/s, at any chosen angle. Find: a) the greatest
range on the ground and the corresponding launch angle; b) the range when thrown at 45°; ¢) the
flight time and impact speed in case a).

Loi giai. / Solution.
1. V=+(14*+2-9,810) = 14V2 = 19,8 m/s. H& qua 3.11: Linax = 14-19,8/9,8 = 20\2 =
28,3 m; tan o = 14/19.8 = 1/\2, a ~ 35,3°.
V=14 +29.810) = 142 = 19.8 m/s. Corollary 3.11: Lya = 14-19.8/9.8 = 20N2 = 28.3
m; tan o = 14/19.8 = IN2, a = 35.3°.

2. 0 45°: Voy = 14/72 = 9,90 m/s. Giai y =—10: 9,90t — 4,9t = 10, dugc t = 2,76 s; tam
xa 9,90-2,76 = 27,3 m, nho hon 28,3 m khoang 1,0 m.
At 45°: vgy = 14N2 = 9.90 m/s. Solving y = —10: 9.90t — 4.97 = —10 gives t = 2.76 s, the
range is 9.90-2.76 = 27.3 m, about 1.0 m less than 28.3 m.

3. Véi a~35,3° vi = l4cos a ~ 11,4 m/s nén t = L/vy =~ 28,3/11,4 ~ 2,47 s; toc d6 cham
dat bang V = 19,8 m/s.
At 0= 35.3°% vy = 14cos o= 11.4 m/s, sot = L/vy, = 28.3/11.4 = 2.47 s, the impact speed is V
~19.8 m/s.

Viy tdm xa 16n nhat ~ 28,3 m khi ném & = 35,3°; ném & 45° chi dugc ~ 27,3 m; trudng
hop tdi wu bay = 2,47 s va cham dat véi toe do = 19,8 m/s.

Hence the greatest range is = 28.3 m at = 35.3° a 45° throw gives only = 27.3 m, the optimal
throw flies = 2.47 s and lands at = 19.8 m/s. W

PHAN TICH / ANALYSIS — Bai hoi cuc dai ctia mot dai lugng do doc mét nghiéng, nén
chon tryc theo mat nghiéng: khi d6 gia tdc co hai thanh phan khong ddi va chuyén dong 1 hai
chuyén dong thang bién doi déu. Cong thirc ctia Pinh 1y 3.12 xtr 1y ca dbc 1én (B > 0) 13n ddc
xudng (B < 0).

The problem asks for a maximum of a quantity measured along an inclined plane, so choose axes

along the plane: the acceleration then has two constant components and the motion splits into two
uniformly accelerated motions. Theorem 3.12 covers both uphill (f > 0) and downhill (f < 0).

Vi DU 3.6 (Truc doc mit nghiéng) / EXAMPLE 3.6 (Axes along the slope) — Mot khau
sting nén ban bi tir diém O trén suwon nghiéng 30° so voi phuong ngang, téc d6 bi 12 m/s,
huéng ban tiiy chon trong mit phang thang dimg chira duong dbc nhat. Tim: a) khoang cach
16n nhét t6i diém roi va goc bin so véi phwong ngang néu ban 1én dc; b) cac dai lugng tuong
g néu bin xudng ddc; ¢) thoi gian bay cia vién bi & ciu a).

A pellet gun at a point O on a hillside inclined at 30° to the horizontal fires at 12 m/s in any direction
in the vertical plane containing the line of steepest slope. Find: a) the greatest distance to the landing
point and the angle of fire to the horizontal when firing uphill; b) the corresponding quantities when
firing downhill; c) the flight time of the pellet in part a).
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Loi giai. / Solution.

1. Ban 1én déc (B=30°): lmax = 12%/(9,8-(1 + 0,5)) = 9,80 m, o = 45° + 15° = 60°.
Uphill (B = 30°): tnax = 12°/(9.8:(1 + 0.5)) = 9.80 m, o = 45° + 15° = 60°.

2. Bin Xuéng déc (B=-30°): fmax = 12%/(9,8-(1 — 0,5)) = 29,4 m, 0. = 45° — 15° = 30° so
v6i phuong ngang, hudng xudng dudi theo chiéu dbc di xudéng, hudng ban nghiéng
1€n 30° trén dudng ngang.

Downhill (B = —30°): tnax = 12%/(9.8:(1 — 0.5)) = 29.4 m, o = 45° — 15° = 30° to the
horizontal, measured above the horizontal on the downhill side.

3. V&i cau a): goc gilra van toe dau va mat doc u = 60° — 30° =30°, nén T = 2-12-sin
30°/(9,8-cos 30°) = 1,41 s.

For part a): the angle between the launch velocity and the slope is u = 60° — 30° = 30°, so T
= 2-12-sin 30°/(9.8-cos 30°) = 1.41 s.
Vay ban 1én dbc xa nhat ~ 9,80 m voi goc 60°; bin xudng ddc xa nhit =~ 29,4 m véi goc
30° trén phuong ngang; thoi gian bay ¢ cau a) = 1,41 s.
Hence the greatest uphill distance is = 9.80 m at 60° downhill = 29.4 m at 30° above the
horizontal; the flight time in part a) is = 1.41s. &

y (m)

X (m)

Hinh 3.5. Ném 1én mat nghiéng = 30° v&i vo = 12 m/s & a = 60°: vecto vo 1a phan gidc goc gitra
mit nghiéng va phuong thing dimg, vién bi roi tai P cach O doan L ~ 9,80 m.
Figure 3.5. Throw onto an incline f = 30° at vo = 12 m/s and o. = 60°: the vector vo bisects the angle
between the slope and the vertical, and the pellet lands at P, a distance L = 9.80 m from O.

Vi DU 3.7 (Diém cao hon mit dit) / EXAMPLE 3.7 (A target above the ground) — Voi
chita chay dat trén mat dat phun nudc voi tdc do 16 m/s, nguoi diéu khién chon dugc goc
phun. Mot ngon Itra ¢ dg cao 8,0 m trén mat tuong théng ding. Tim: a) tam phun xa nhét trén
mat dat; b) khoang cach 16n nhit tir chan tudng t6i voi ma nudc van toi duge ngon lira, va
gdc phun khi do.

A fire hose on the ground sprays water at 16 m/s with a selectable angle. A fire burns at a height of

8.0 m on a vertical wall. Find: a) the greatest range of the jet on the ground; b) the greatest distance
from the foot of the wall to the hose at which the water still reaches the fire, and the spray angle then.
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Loi giai. / Solution.

1. Trén mit dat, Lmax = vo¥/g = 256/9,8 = 26,1 m (Hé qua 3.7).
On the ground, Lna: = vo’/g = 256/9.8 = 26.1 m (Corollary 3.7).

2. Piém can tdi c6 tung do y = 8,0 m. Theo Pinh 1y 3.10: 8,0 < 256/19,6 — 9,8x%/512,
tirc 9,8x%/512 < 13,06 — 8,0 = 5,06.
The target has y = 8.0 m. By Theorem 3.10: 8.0 <256/19.6 — 9.8x°/512, i.e. 9.8x°/512 <
13.06 — 8.0 = 5.06.

3.x2<5,06:512/9,8 = 264, Xmax = 16,3 m. Goc: tan a = vo*/(g Xmax) = 26,1/16,3 = 1,61, o
~ 58,1°.
x?<5.06-512/9.8 = 264, Xmax = 16.3 m. Angle: tan o = vi’/(gXmax) = 26.1/16.3 = 1.61, o=
58.1°.

Viy tdm phun xa nhét trén mat dat ~ 26,1 m; ngudi ctru hoa dung cach tudng téi da ~
16,3 m, phun ¢ goc = 58,1°.

Hence the greatest range on the ground is = 26.1 m; the firefighter may stand at most = 16.3 m
from the wall, spraying at = 58.1°. W

PHAN TICH / ANALYSIS — Tdc d6 nho nhét dé vuot vat can c6 hai vé: tim gid tri nho
nhit cta vo va tim goc tng voi nd. Pinh tuong 13 mot diém cb dinh (d, h); diéu kién vuot
tuong 14 quy dao di qua phia trén diém do, nén chi can xét diém nay trong hodc trén parabol
an toan.

Least speed to clear an obstacle has two parts: find the smallest vy and the angle that goes with it. The

top of the wall is a fixed point (d, h), clearing it means the path passes above that point, so it is
enough to require the point to lie inside or on the safety parabola.

Vi DU 3.8 (Téc d9 nho nhit qua vét cian) / EXAMPLE 3.8 (Least speed over an obstacle)
— Tir mat dat, mot nguoi ném qua bong qua b tudng cao 6,0 m, cach chd ném 10 m. a)
Tinh téc d6 ném nho nhat va géc ném tuwong tng; b) véi tée d6 15 m/s, tim khoang goc ném
dé bong qua duoc tudng.

From the ground a person throws a ball over a wall 6.0 m high, 10 m from the throwing point. a) Find

the least launch speed and the corresponding angle; b) at a speed of 15 m/s find the range of launch
angles that clears the wall.

Loi giai. / Solution.

1.Hé qua 3.13 v6ih=6,0m, d = 10 m: v¢* > 9,8-(6 + \/136) =9,8-17,66 = 173,1, vo,min
~ 13,2 m/s.

Corollary 3.13 withh = 6.0 m, d = 10 m: vi* > 9.8(6 + \/136) =9817.66=173.1, Vomin =
13.2 m/s.

2.tana = (6 + \/136)/10 ~ 1,766, a = 60,5°.
tan a. = (6 +\136)/10 = 1.766, o. = 60.5°.

3. Véivo=15m/s: A = gd*/(2vo?) = 9,8:100/450 = 2,178. Qu¥ dao di qua (10 ; 6) khi
2,178t — 10t + 8,178 = 0, biét thirc 10> — 4-2,178-8,178 ~ 28,8, hai nghiém t = 1,06
vat= 3,53, twong img 46,8° va 74,2°.

With vo = 15 m/s: A = gd*/(2v’) = 9.8:100/450 = 2.178. The path passes through (10, 6)

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 98



Vat 11 10 cho Ga choi / Olympiad Physics for Grade 10

when 2.178¢ — 10t + 8.178 = 0, the discriminant is 10° — 4-2.178-8.178 = 28.8, with roots t
~1.06andt=3.53 i.e 46.8°and 74.2°.

4. Tai x = 10 m, d6 cao cua quy dao 13 ham bac hai ctia t = tan a v&i hé sb cao nhat am:
—A 2+ 10t — A. D6 cao d6 > 6 m khi t nam giita hai nghiém.
At x = 10 m the height of the path is a quadratic in t = tan a with negative leading
coefficient: —A ¥ + 10t — A. It is > 6 m when t lies between the two roots.

Vay toc d6 nho nhét = 13,2 m/s véi goc = 60,5°; véi 15 m/s, bong qua tudng khi goc ném
nam trong khoang tir = 46,8° ti ~ 74,2°.

Hence the least speed is = 13.2 m/s at = 60.5° at 15 m/s the ball clears the wall for launch
angles between = 46.8° and = 74.2°. &

LOI HAY GAP / COMMON MISTAKE — Ném 1én mit nghiéng ma van 13y tim xa theo
phuong ngang L = ve*sin 2a/g, hoic do khoang cach OP bang hoanh d6 x. Diém roi nim trén
mat nghiéng, nén £ = x/cos B va thoi gian bay phai tinh tir diéu kién cham mit nghiéng.
Throwing onto an incline but still using the horizontal range L = vy’sin 2a/g, or measuring OP by the
abscissa x. The landing point lies on the slope, so € = x/cos § and the flight time must come from the
condition of meeting the slope.

PHAI THUQC / MEMORISE — Ném xién tir mit dat: T = 2vosin o/g, H = vosin®a/(2g), L
= vo’sin 20/g; quy dao y = x tan a — gx*/(2vo’cos’a); v2 = vo> — 2gy.

Oblique projection from the ground: T = 2vysin a/g, H = vy’sin‘a/(2g), L = vi’sin 2a/g; path y = x tan
o — gx’/(2vi’cos’a); VvV = vi’ — 2gy.

PHAI THUQC / MEMORISE — Parabol an toan y = vo¥(2g) — gx¥(2vo?); tai diém trén
parabol tan o = vo?/(gx). Ném Ién mit nghiéng B: Lmax = vo*/(g(1 + sin B)).

Safety parabola y = vi*/(2g) — gx*/(2vd’); at a point on it tan a. = vi*/(gx). Throw onto a slope B: Cyax =
vi*/(g(1 + sin ).

3.5. Cong van toc: qua song, gi6, mwa — Adding velocities: river crossings, wind and
rain

Van tbe phu thude hé quy chiéu. Ky hiéu 712 1a van tdc cua vat 1 ddi véi vat 2 (do trong
hé gin v6i vat 2). Tir $12 = —a1, d6i chibu chi s6 thi d6i ddu vecto. V&i thuyén, nudc va
bo, tiéng Viét dung chi sd t, n, b (Pm, Uub, Un), tiéng Anh dung b, w, s (boat, water,
shore): Vbw, Uws, Vbs.

Velocity depends on the reference frame. Write V> for the velocity of body 1 relative to body 2
(measured in the frame attached to body 2). From V1> = —V2i, swapping the subscripts reverses
the vector. For boat, water and shore, Vietnamese text uses the subscripts t, n, b (ﬁm, Vb, _13,;,)
and English text uses b, w, s (boat, water, shore): Dby, Uws, Ubs.

PINH LUAT 3.14 (Cong thirc cdng van toc Galileo) / LAW 3.14 (Galilean velocity
addition) — Van tdc cua vat 1 dbi voi vat 3 béng téng vecto ctia van tde vat 1 dbi vai vat 2
va van toc vat 2 dbi véi vat 3: V13 = D12 + U23. Pham vi: cac van tdc nho so véi tde do anh
sang, va vat 2 chuyén dong tinh tién ddi v4i vat 3. Néu vat 2 chuyén dong théng déu d6i voi
vat 3 thi gia téc cta vat 1 nhu nhau trong hai hé.
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The velocity of body 1 relative to body 3 equals the vector sum of the velocity of I relative to 2 and the

velocity of 2 relative to 3: V13 = V1> + V2. Scope: speeds small compared with the speed of light, and
body 2 moving without rotation relative to body 3. If body 2 moves uniformly relative to 3, the
acceleration of body 1 is the same in both frames.

V13 = V12 + V23, V12 = —V21 (3.8)
Trong bai toan qua séng, goi u la toc dd nude ddi véi b, v 1a toe do thuyén ddi véi nude
(do 16n c¢d dinh, hudng tuy chon), d 1a bé rong song. Van tde thuyén ddi véi bo 1a téng %
=1 + ¥. Do troi 1a khoang dich doc bo, tinh tir diém ddi dién diém xuét phat toi diém
dén.
In a river-crossing problem, let u be the speed of the water relative to the shore, v the speed of
the boat relative to the water (fixed magnitude, free direction) and d the width of the river. The

velocity of the boat relative to the shore is the sum V=U+7 The drift is the displacement along
the bank from the point opposite the start to the landing point.

PINH LY 3.15 (Bai toan qua song) / THEOREM 3.15 (River-crossing problem) — a)
Thoi gian qua song ngan nhét 1a d/v, khi ¥ vudng goc voi bo; do troi khi d6 1a ud/v. b) Néu v
> u, thuyén di thing toi diém ddi dién (do troi 0) khi sin 0 = u/v, véi 0 1a goc giita ¥ va duong
vudng goc bd nghiéng nguoc dong; thoi gian 1a d/AN(v2 — u?). ¢) Néu v < u, d tréi nhé nhét 1a
dV(u? - v?)/v, ddng thoi 1a lac quing duong nho nhét, bang ud/v; dat khi ¥ vudng goc véi V,
tirc U hop voi chidu nguge dong goc y ¢6 cos y = v/u, va thoi gian 1a du/(vV(u? — v2)).

a) The shortest crossing time is d/v, when v is perpendicular to the bank; the drift is then ud/v. b) If v
> u, the boat reaches the point directly opposite (zero drift) when sin 0 = u/v, where 0 is the angle
between v and the perpendicular to the bank, tilted upstream, the time is d/N(V' — ). ¢) If v < u, the
least drift is dN(u® — v))/v, which is also the least path length, equal to ud/v; it occurs when v is

perpendicular to V, i.e. U makes with the upstream direction an angle y with cos y = v/u, and the time

is du/(WN(u? — V).

Chirng minh. / Proof.

Chon Ox doc bd theo chiéu dong chay, Oy vudng goc bd. Néu ¥ nghiéng nguoc dong
gdc 0 so v6i Oy thi thanh phan ngang bd ciia van téc dbi véi bo 13 Vi = u — v sin 0, thanh
phan vudng goc bd 1 Vy = v cos 6.

Take Ox along the bank in the direction of the current and Oy perpendicular to the bank. If v is

tilted upstream by 0 from Oy, the component of the velocity relative to the shore along the bank
is Vx =u — v sin 0 and across the bank V, = v cos 6.

a) Thoi gian t = d/Vy = d/(v cos 0) nho nhét khi cos 0 16n nhat, tirc 6 = 0; khi d6 t = d/v va
do troi Vit =ud/v.

a) The time t = d/V, = d/(v cos 0) is least when cos 0 is greatest, i.e. 0 = 0, then t = d/v and the
drift is Vit = ud/v.

b) Do troi béng 0 khi V4 = 0, tic sin 0 = u/v, thuc hién dugc khi v > u. Khi d6 Vy = \/(Vz
—u?) vat=d/Vy.
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b) The drift is zero when Vy = 0, i.e. sin @ = u/v, possible when v > u. Then V, = N(? — u?) and t
=d/V,.

¢) Po troi bang d-tan v, véi y 13 goc giira Vva Oy. Mut cua V luén ndm trén duong tron
tdm & mat i, ban kinh v (Hinh 3.6b). Néu v < u, duong tron nam tron bén phai gdc; tia tir
gbc tién sat Oy nhat 1a tiép tuyén cua dudng tron. Tai do V vudbng goc vGi U, tam giac
vudng c6 canh huyén u, canh goc vudng v va V = vJ(u? — v?).

¢) The drift is d-tan y, where y is the angle between V and Oy. The tip ofV always lies on the

circle centred at the tip of U with radius v (Figure 3.6b). If v < u the circle lies entirely to the
right of the origin; the ray from the origin that comes closest to Oy is the tangent to the circle.

There V is perpendicular to U, and the right triangle has hypotenuse u, leg v and V = \(u? — 2.

Goc giita V va bo ¢6 sin bing v/u, nén cos y = v/u, tan y = V(u? — v?)/v. Do troi nho nhét
dV(u? — v?)/v, quing dudng d/cos y = du/v, thoi gian bang quing duong chia V.
The angle between V and the bank has sine v/u, so cos w = v/u and tan y = N? = V). The

least drift is d\N(u? — V2)/v, the path length is d/cos w = du/v and the time is the path length
divided by V.

(av>u (byv<u

Hinh 3.6. Tam gidc van tdc khi qua song, u la van tdc nude, v 1a van tbe thuyén ddi voi nuée, V
13 van toc ddi véi bo. (a) v > u: V vudng goc bo. (b) v <u: V 14 tiép tuyén ciia dudng tron ban
kinh v, vuong goc voi v.

Figure 3.6. Velocity triangles for a river crossing: u is the water velocity, v the boat velocity relative to
the water, V the velocity relative to the shore. (a) v > u: V is perpendicular to the bank. (b) v < u: V'is
tangent to the circle of radius v, perpendicular to v.

tmin=d/v; v>u:sin®=u/v; v<u:Smin=dV(u2—v2)/V, £min = du/v (3.9)

NHAN XET / REMARK — Thoi gian ngén nhit va d6 troi nhé nhit khong dat cing lic:
huéng cho thoi gian ngin nhét (vudng goc bd) cho do trdi ud/v, 16n hon do tréi nho nhat. Khi
v <u, d6 troi khong bao gio vé 0, du miii thuyén hudng nguoc dong thé nao.

The shortest time and the least drift do not occur together: the heading for the shortest time

(perpendicular to the bank) gives drift ud/v, larger than the least drift. When v < u the drift can never
be reduced to 0, however the bow is pointed upstream.
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VI DU 3.9 (Tam giac van toc qua song) / EXAMPLE 3.9 (Velocity triangle for a
crossing) — Song rong 120 m, nudc chay song song bd vai 3,0 m/s. Ca nd chay véi toe do
5,0 m/s d6i v6i nudce. Tim: a) thoi gian qua song ngan nhét va do troi twong tng; b) hudng
mili va thoi gian dé ca nd téi dung diém dbi dién; ¢) vao mua I nude chay 5,0 m/s, ca nd chi
chay 3,0 m/s d6i v6i nudc: do troi nho nhét, quang duong tuong tmg va thoi gian.

A river 120 m wide has water flowing parallel to the banks at 3.0 m/s. A motorboat travels at 5.0 m/s
relative to the water. Find: a) the shortest crossing time and the corresponding drift; b) the heading
and the time for the boat to reach the point directly opposite; c) in flood the water runs at 5.0 m/s and

the boat does only 3.0 m/s relative to the water: the least drift, the corresponding path length and the
time.

Loi giai. / Solution.

1. Cau a): miii vudng goéc bo, t =d/v =120/5,0 =24 s, 0 tréi ud/v =3,0-24 = 72 m.
Part a): bow perpendicular to the bank, t = d/v = 120/5.0 = 24 s, drift ud/v = 3.0-24 = 72 m.

2. Cau b): v>u, sin  =u/v = 0,6, 6 = 36,9° nghiéng nguoc dong; Vy = \/(25 -9)=4,0
m/s, t=120/4,0 = 30 s.
Partb): v > u, sin 0 =u/v = 0.6, 0= 36.9° tilted upstream; V, = \/(25 —9)=40m/s, t =
120/4.0 = 30 s.

3. Cauc): u=5,0m/s >v=23,0 m/s. Do tréi nhé nhét dV(u? — v3)/v = 120-4,0/3,0 = 160
m; quang duong du/v =120-5,0/3,0 =200 m; V = \/(25 —9)=4,0 m/s nén t = 200/4,0
=50 s. Miii hop voi chidu nguoc dong goc vy, cos y = 3/5, y =~ 53,1°.

Partc): u= 5.0 m/s >v = 3.0 m/s. The least drift is d\N(u? —v?)/v = 120-4.0/3.0 = 160 m; the
path is du/v = 120-5.0/3.0 = 200 m; V = N(25 = 9) = 4.0 m/s, so t = 200/4.0 = 50 s. The bow
makes with the upstream direction an angle y with cos y = 3/5, y= 53.1°.

Vay: a) 24 s, tréi 72 m; b) miii nghiéng nguoc dong 36,9° so véi duong vudng goc bo,
mat 30 s; ¢) troi nho nhat 160 m, di 200 m trong 50 s.

Hence: a) 24 s, drift 72 m; b) bow 36.9° upstream of the perpendicular, taking 30 s, c) least drift
160 m, a path of 200 m in 50 s. W

PHAN TICH / ANALYSIS — Hai chuyén bay trén cung quing dudng AB, mét luot di va
mot luot vé. Gi6 theo phuong AB lam luot di nhanh, luot vé cham; gié vudng goc AB phai
bu bang cach chéch miii may bay. Can so sanh ba trudng hop: khong gid, gi6 doc, gié ngang.
Van téc d6i véi mat dat phai nam theo AB, nén tam giac van tdc c6 mot canh biét trude
hudéng.

Two flights over the same distance AB, out and back. A wind along AB speeds the outbound leg and
slows the return; a wind perpendicular to AB must be offset by crabbing the aircraft. Three cases must
be compared: no wind, a headwind-tailwind pair, a crosswind. The velocity relative to the ground
must lie along AB, so the velocity triangle has one side of known direction.

VI DU 3.10 (Gi6 doc va gié ngang) / EXAMPLE 3.10 (Along-track wind and crosswind)
— May bay c6 toc do 250 km/h dbi voi khong khi, bay tir A téi B cach 600 km rdi bay vé A.
Tinh tong thoi gian bay va so sanh trong ba truong hop: a) khong ¢ gio; b) gié tée do 60
km/h thdi doc theo dudng AB; ¢) gid 60 km/h thdi vudng goc véi dudng AB (may bay ludn
bay dung theo duong AB).

An aircraft with airspeed 250 km/h flies from A to B, 600 km away, and back to A. Find the total flying
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time and compare three cases: a) no wind; b) a wind of 60 km/h blowing along the line AB; c¢) a wind
of 60 km/h blowing perpendicular to AB (the aircraft always flies exactly along AB).

Loi giai. / Solution.
1. Khong gi6: t =2-600/250 = 4,80 h.
No wind: t = 2:600/250 = 4.80 h.

2. Gi6 doc: mdt luot tde d6 250 + 60 = 310 km/h, lugt kia 250 — 60 = 190 km/h; t =
600/310 + 600/190 = 1,94 + 3,16 = 5,09 h.

Wind along AB: one leg at 250 + 60 = 310 km/h, the other at 250 — 60 = 190 km/h; t =
600/310 + 600/190 = 1.94 + 3.16 = 5.09 h.

3. Gi6 ngang: mdy bay chéch miii goc @ vdi sin ¢ = 60/250, ¢ ~ 13,9°; tbc do ddi véi
mat dat \/(2502 — 60?) = 242,7 km/h ca hai luot; t = 2-600/242,7 = 4,94 h.
Crosswind: the aircraft crabs by ¢ with sin ¢ = 60/250, ¢ = 13.9°; its ground speed is
N(250° — 60%) = 242.7 km/h on both legs; t = 2-600/242.7 ~ 4.94 h.

Vay 4,80 h (khong gi6), 5,09 h (gi6 doc), 4,94 h (gi6 ngang): gid doc lam chuyén khir hoi
lau nhat, gi6 ngang lau hon khong gid nhung it hon gié doc.

Hence 4.80 h (no wind), 5.09 h (along-track wind), 4.94 h (crosswind): the along-track wind
makes the round trip longest, and a crosswind lengthens the trip too but less. R

Vi DU 3.11 (Hai quan sat di dé xac dinh van téc) / EXAMPLE 3.11 (Two observations
fix the velocity) — Mot ngudi di xe dap thang vé phia Pong trong con mua. Khi xe chay 6,0
m/s, ngudi ay thdy hat mwa 1éch 30° so v6i phuong thang dung va dén tir phia trude; khi xe
chay 10 m/s, hat mua léch 45° so voi phuong thing dimg, ciing tir phia trude. Tim vén toc
cua hat mua di véi mat dat.

A cyclist rides due east in rain. At 6.0 m/s the cyclist sees the raindrops slanted 30° from the vertical

and coming from ahead, at 10 m/s the raindrops are slanted 45° from the vertical, also from ahead.
Find the velocity of the raindrops relative to the ground.

Loi giai. / Solution.

1. Goi van téc mua ddi v6i mat dat 1a (w ; —c), w vé phia Pong, ¢ huéng xubng. Vi xe
tbc 46 V vé phia Bong, van tbc mua ddi vai xe 1a (w—V;—c). Mua dén tur phia
trudc nghia la V > w, d6 lI¢éch thda tan 6 = (V — w)/c.

Let the rain velocity relative to the ground be (w, —c), w eastwards, ¢ downwards. For a

cycle moving east at V, the rain velocity relative to the cycle is (w — V, —c). Rain from ahead
means V > w, and the slant satisfies tan 6 = (V — w)/c.

2. Hai phuong trinh: (6 — w)/c = tan 30° ~ 0,577 va (10 — w)/c = tan 45° = 1. Trir vé: 4/c
=1-0,577=0,423, c = 9,46 m/s.
Two equations: (6 — w)/c = tan 30°= 0.577 and (10 — w)/c = tan 45° = 1. Subtracting: 4/c
=1—-0577=0.423, c= 9.46 m/s.

3.w=10-c=~0,54 m/s. Téc d6 mua V(9,462 + 0,542) = 9,48 m/s, 1éch khoi phuong
thang dimg goc arctan(0,54/9,46) ~ 3,2° vé phia Pong.
w = 10— ¢~ 0.54 m/s. The rain speed is N(9.46> + 0.54) = 9.48 m/s, off the vertical by
arctan(0.54/9.46) = 3.2° towards the east.

Vay hat mua roi voi tdc d6 ~ 9,48 m/s, gén nhu théng dang, 1éch = 3,2° vé phia Bong.
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Hence the raindrops fall at = 9.48 m/s, nearly vertically, tilted = 3.2° towards the east. W

LOI HAY GAP / COMMON MISTAKE — Cong d6 1on van tde thay vi cOng vecto, hoac
viét sai thir tu chi s6. Quy tic kiém tra: & vé phai, chi s trong lién ké nhau phai giéng nhau
(V12 + v23) va chi sb hai dau cho chi sb vé trai.

Adding speeds instead of vectors, or writing the subscripts in the wrong order. A check: on the right-
hand side the inner subscripts must match (vi> + v23) and the outer ones give the subscripts of the lefi-

hand side.

LOI HAY GAP / COMMON MISTAKE — Cho rang miii thuyén huéng t6i diém dbi dién

thi thuyén t6i diém d6. Mii thuyén cho van tdc d6i véi nudc; hudng di thuc 1a van tde dbi vai
bo, da cong véi van tdc nude.

Assuming that a boat whose bow points at the opposite point arrives there. The bow gives the velocity
relative to the water; the actual course is the velocity relative to the shore, which includes the water's

velocity.

PHAI THUQC / MEMORISE — Qua s6ng: tmin = d/v (miii vudng gbc bd). Néu v > u:
khong troi khi sin 6 = u/v. Néu v < u: troéi nho nhat dv(u? — v2)/v, dat khi v L V, cos Y = v/u.
River crossing: twin = d/v (bow perpendicular to the bank). If v > u: no drift when sin 6 = u/v. If v < u:
least drift dN( — V’)/v, reached when v 1L V, cos Y =V

3.6. Khoang cach ngin nhit giira hai vat chuyén dong — Closest approach of two

moving bodies

Hai vat chuyén dong thang déu nhung khong cting hudng thi khoang cach giira chiing d6i
theo thoi gian, vi ca hai quy dao déu chay. Chuyén sang hé quy chiéu gian voi vat 1 thi
vat 1 dimg yén & gbc, vat 2 chuyén dong thang déu v6i van téc B2 = U2 — U1 (Pinh luat
3.14). Bai toan hai vat thanh bai toan mot diém ding yén va mot diém chay doc mdt
duong thang.
Two bodies in uniform motion in different directions change their separation with time because
both of them move. In the frame attached to body 1, body 1 stays at the origin and body 2 moves
uniformly with velocity Vo1 = V> — U1 (Law 3.14). The two-body problem becomes a fixed point
and a point running along a straight line.

PINH LY 3.16 (Khoang cach ngin nhit) / THEOREM 3.16 (Closest approach) — Goi 7o
= (X0 ; yo) 1a vi tri cua vat 2 dbi voi vat 1 lac t= 0 va Va1 = (vy ; vy) la van tdc cua vat 2 d6i voi
vat 1. Khoang cach giita hai vat nho nhét tai tm = —(Xovx + yovy)/(vi2 + vy2) (néu tm > 0), va gia
tri nho nht 13 dmin = [Xovy — yovs|/N(Vi2 + v42). Néu tm < 0, khodng cach chi ting v&i t >0 va
nho nhat tai t = 0.

Let To = (xo, yo) be the position of body 2 relative to body I at t = 0 and V21 = (vs, v,) the velocity of
body 2 relative to body 1. The separation is least at t, = —(Xovx + yov,)/(vi’ + v,°) (if tu > 0), and the
least value is duwin = |x0vy — yovil/NE + vW2). If tw < 0 the separation only grows for t > 0 and is least
att = 0.
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Chirng minh. / Proof.

Trong hé gan vat 1, vat 2 ¢ 7(t) = 7o + ¥at, chay doc mot duong thang. Khoang cach t6i
gbc nho nhit & chan H cua dudng vudng goc ha tir gbe xudng dudng thang, noi 7(tm) L
va1.

In the frame of body 1, body 2 is at ¥(t) = 7o + Vat, running along a line. The distance to the

origin is least at the foot H of the perpendicular dropped from the origin to the line, where T'(tn)
1721

Piéu kién vudng goc: (xo + Vxt)vx + (Yo + Vyt)vy = 0, gidi ra tm.

The perpendicularity condition is (xo + vit)vx + (Vo + wit)vy, = 0; solving gives tn.

Hinh binh hanh dung trén 7o va 21 ¢6 dién tich |xevy — yovs|, cling bang ddy |21| nhan
dudng cao dmin. Chia hai vé cho |#21].

, which also equals the base |V2,| times the

The parallelogram on 79 and V> has area |xovy — yovx

dmin = [Xovy — Yovi|/V(Vi2 + vy2) (3.10)

NHAN XET / REMARK — Hai vat va cham khi dmin = 0 va tm > 0, nghia 1a 7o cling
phuong, nguoc chidu véi Uai: vat 2 nhin thing vao vat 1 ma tién lai. Hai tdu c6 hudng nhin
nhau khong ddi theo thoi gian (goc phuong vi ¢ dinh) ma khoang cach giam dang trén
duong va cham.

The bodies collide when duin = 0 and t, > 0, that is, T is parallel and opposite to V2 body 2 looks

straight at body 1 as it closes in. Two ships whose line of sight keeps a fixed bearing while the range
shrinks are on a collision course.

PHAN TICH / ANALYSIS — Khoang cach nhd nhét cua hai vat tai cung mot thoi diém
khac v6i khoang cach giira hai duong di. Hai diém chay; chuyén vé hé gan voi mot vat dé chi
con mot diém chay. Hinh dung duong thing cta vat 2 va chan dudng vudng goc tir vat 1
(Hinh 3.7).

The least distance between two bodies at the same instant is not the distance between their two paths.

Two points are moving, switch to the frame of one body so that only one point moves. Picture the line
of body 2 and the foot of the perpendicular from body 1 (Figure 3.7).

Vi DU 3.12 (Hé gin mot vat) / EXAMPLE 3.12 (Frame attached to one body) — Hai
thiét bj bay khong ngudi 14i cting d6 cao. Lic t =0, A & gdc O bay vé& hudéng Pong véi toc do
15 m/s; B & cach A 400 m vé phia Pong va 300 m vé phia Béc, bay vé huéng Nam véi toc do
20 m/s. Tim: a) khoang cach nhé nhét giira ching va thoi diém d6; b) hai thiét bi c6 vi pham
khoang cach an toan 150 m khéng; ¢) vi tri cia A va B tai thoi diém gan nhau nhat.

Two drones fly at the same height. At t = 0, A is at the origin O flying east at 15 m/s; B is 400 m east
and 300 m north of A, flying south at 20 m/s. Find: a) the least distance between them and when it
occurs, b) whether they violate a 150 m safety separation, c) the positions of A and B at the moment
of closest approach.
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Loi giai. / Solution.
1. Trong h¢ gén A: 79 = (400 ; 300) m, U2 = U — Ua = (0 ; —20) — (15; 0) = (—15 ; —20)
m/s, |U21] = 25 m/s.
In the frame of A: 7o = (400, 300) m, V21 = Vg — va = (0, —20) — (15, 0) = (—15, —20) m/s,
V21| = 25 m/s.
2. Thoi diém gan nhat: tm = —(400-(—15) + 300-(=20))/625 = 12000/625 = 19,2 s > 0.
Time of closest approach: tn = —(400-(—15) + 300-(—20))/625 = 12000/625 = 19.2 5 > 0.
3. dmin = [400-(=20) — 300-(—15)|/25 = |-8000 + 4500}/25 = 140 m.
dmin = 1400-(—20) — 300-(—15)|/25 = |—8000 + 4500\|/25 = 140 m.
4. Tait=19,2s: A ¢ (288;0)m, B ¢ (400 ; 300 —20-19,2) = (400 ; —84) m. Hi¢u (112 ;
—84) c6 do dai \/(1 122 + 84?) = 140 m, khép vé6i két qua & trén.
Att=19.2s: Ais at (288, 0) m, B at (400, 300 — 20-19.2) = (400, —84) m. The difference
(112, —84) has length N(112* + 84%) = 140 m, matching the result above.
Vay khoang cach nho nhat 1a 140 m vao lac 19,2 s, nhé hon 150 m nén cé vi pham
khodng cach an toan; luc d6 A ¢ (288 ; 0) m, B ¢ (400 ; —84) m.
Hence the least distance is 140 m at 19.2 s, below 150 m, so the safety separation is violated; at
that moment A is at (288, 0) m and B at (400, —84) m. W

By

dmiu

Hinh 3.7. Trong hé gén v6i A: B chay doc duong théng ttr Bo v&i van toc va1 = (—15; —20) m/s;
chan dudng vudng goc H cho khoang cach nhé nhit dmin = 140 m.
Figure 3.7. In the frame of A: B runs along a straight line from Bo with velocity vz = (=15, —20) m/s; the
foot H of the perpendicular gives the least distance dmin = 140 m.

LOI HAY GAP / COMMON MISTAKE — Tinh khoang c4ch nhé nhét bang cach tim
khodang cach giira hai duong di (hai duong thing) rdi két luan hai vat cach nhau gin nhat nhu
thé. Hai vat khong nhét thiét di qua diém gan nhau cung lac; dai lugng can 1a [72(t) — 71(t)| tai
cung t.

Finding the least distance by taking the distance between the two paths (two lines) and concluding
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that the bodies come that close. The bodies need not pass the near points at the same time; the
quantity needed is |T2(t) — T1(1)| at the same t.

3.7. Lién két dong hoc: thanh cirng, diy khong déin, rong roc — Kinematic

constraints: rigid rods, inextensible strings, pulleys

Khi cac vat ndi véi nhau bang thanh cing hodc day khong dan, chiéu dai ndi khong doi,
va diéu do rang budc van tdc cua chung. Cac rang budc nay goi la lién két dong hoc;
ching cho quan hé van téc trude khi xét Iyc.

When bodies are joined by rigid rods or inextensible strings, the connecting length is fixed,

which constrains their velocities. These constraints are kinematic constraints, they give relations
between velocities before any force is considered.

TINH CHAT 3.17 (Van toc doc thanh) / PROPERTY 3.17 (Velocity along a rod) — Hai
diém A, B ciia mot thanh ctng c6 hinh chiéu van téc 1én duong thing AB bang nhau.
Two points A, B of a rigid rod have equal projections of their velocities onto the line AB.

Chirng minh. / Proof.

Trong hé quy chiéu tinh tién theo A, diém A dimg yén, B ludn cach A doan L khong doi
nén chuyén dong trén duong tron tim A. Van tdc ciia B trong hé ndy, U — Ua, tiép tuyén
v6i dudng tron, nén vuong goc voi AB.

In the frame translating with A, point A is at rest and B stays a fixed distance L from A, so it

moves on a circle centred at A. The velocity of B in this frame, Vg — V4, is tangent to the circle
and therefore perpendicular to AB.

Hinh chiéu cta ¥ — Ua 1én AB bang 0, tirc hinh chiéu cta ¥ va Ua 1én AB bang nhau.

The projection of Vs — V4 onto AB is 0, so the projections of Vg and V4 onto AB are equal. W

TINH CHAT 3.18 (Téc d¢ rat diy) / PROPERTY 3.18 (Rate of drawing in string) —
Dau day gin vao vat, doan day thang tir vat tdi rong roc cb dinh hop véi phuong chuyén dong
clia vat goc @: tbe do rut day bang hinh chiéu van tdc cua vat 1én doan day, w = v cos ¢@. Day
khong dan nén moi diém cua day c6 cung toc do doc day.

For a string fixed to a body, the straight string segment from the body to a fixed pulley making angle ¢
with the body's line of motion: the speed at which string is drawn in equals the projection of the body's
velocity onto the segment, w = v cos ¢. Because the string is inextensible every point of it has the same
speed along the string.

Chirng minh. / Proof.
Cho vat chay trén dudong ngang, rong roc ¢ dd cao h so voi diém budc, vat cach chan
rong roc x, do dai doan day £, €2 = x*> + h?. Trong At, x thanh x + Ax, { thanh € + A€: (£ +
AL)? = (x + Ax)* + h2.
Let the body run on a horizontal line, the pulley at height h above the attachment point, the body

at distance x from the foot of the pulley and the string segment of length €, {> = x* + h’. In At, x
becomes x + Ax and € becomes € + AC: (€ + A€)* = (x + Ax)* + I°.
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Trir vé, bo cac sd hang bac hai (AL)% (Ax)? khi At dan t&i 0: 20AL =~ 2xAx, nén AL/At =
(x/0)-Ax/At. Ma x/€ = cos @, nén w = v cos .

Subtract, dropping the second-order terms (A€)°, (Ax)? as At tends to 0: 2AL = 2xAx, so At/At =
(x/€)-Ax/At. Since x/€ = cos p, w =v cos . R

W =V COS @ (3.11)

TINH CHAT 3.19 (Rong roc dong) / PROPERTY 3.19 (Movable pulley) — Vit treo &
rong roc dong, hai nhanh ddy thang dimg 6m rong roc (mot dau ¢ dinh, ddu kia dan qua rong
roc ¢b dinh): tdc do vat béng mot ntra toe do day duogc kéo ra ¢ dau tu do.

A body hung from a movable pulley with two vertical string branches around it (one end fixed, the

other leading over a fixed pulley): the body's speed is half the speed at which string is drawn out at
the free end.

Chirng minh. / Proof.

Goi a la chiéu dai mdi nhanh thang dtmng, € 1a doan day con lai. Day khong dan nén 2a +
¢ khong d6i, suy ra 2Aa = —AL.

Let a be the length of each vertical branch and € the remaining length of string. The string is
inextensible, so 2a + € is constant, giving 24a = —A¢.

Vay rong roc dong (va vat) dich chuyén |Aa| = |AL|/2, toc do bang mot nira tbe do rat day.
Hence the movable pulley (and the body) moves |Aa| = |4€|/2, at half the speed at which string is
drawn. &

VI DU 3.13 (Hinh chiéu vén téc 1én diy) / EXAMPLE 3.13 (Projection of velocity on the
string) — Xe nho chay théng trén mat ban ngang, ra xa chan rong roc, voi tdc d6 0,80 m/s.
Day khong dan budc vao xe, vat qua rong roc nho ¢ do cao 0,60 m so voi diém budc, dau kia
treo mot vat nang (Hinh 3.8). a) Khi xe cach chan rong roc 0,80 m, tim tde do nang vat. b)
Néu thay vao do vat duoc kéo lén déu vé6i 0,48 m/s thi xe tién lai gﬁn rong roc voi tdc d6 nao
khi x = 0,45 m va khi x = 0,80 m?

A small cart runs straight along a horizontal table, away from the foot of a pulley, at 0.80 m/s. An
inextensible string tied to the cart passes over a small pulley 0.60 m above the attachment point and
carries a weight at the other end (Figure 3.8). a) When the cart is 0.80 m from the foot of the pulley,
find the speed at which the weight rises. b) If instead the weight is raised steadily at 0.48 m/s, what is
the cart's speed as it approaches the pulley when x = 0.45 m and when x = 0.80 m?

Loi giai. / Solution.
1. £ =~(0,80% + 0,602) = 1,00 m, cos ¢ = x/L = 0,80. Theo Tinh chét 3.18 téc d6 rut day
12 0,80-0,80 = 0,64 m/s; vat ndng 1én vdi tdc do do.
£=~(0.80>+ 0.60%) = 1.00 m, cos ¢ = x/€ = 0.80. By Property 3.18 the string is drawn at
0.80-0.80 = 0.64 m/s; the weight rises at that speed.

2. Cau b): vxe cos @ = 0,48 nén vxe = 0,48/cos ¢. Voix =0,45m: £ =0,75 m, cos ¢ =
0,60, vxe = 0,80 m/s. Vi x = 0,80 m: cos ¢ = 0,80, vxe = 0,60 m/s.
Part b): vears cos ¢ = 0.48, 50 Vearr = 0.48/cos . Withx = 0.45 m: £ = 0.75 m, cos ¢ = 0.60),
Veart = 0.80 m/s. With x = 0.80 m: cos ¢ = 0.80, Vearr = 0.60 m/s.
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Vay vat nang 1én véi 0,64 m/s & cau a); & cau b) xe chay 0,80 m/s khi x = 0,45 m va 0,60
m/s khi x = 0,80 m.

Hence the weight rises at 0.64 m/s in part a), in part b) the cart moves at 0.80 m/s when x = 0.45
m and 0.60 m/s when x = 0.80 m. 1

Hinh 3.8. Xe trén ban kéo day vit qua rong roc ning vat ning: téc d6 nang vat 1a u=v cos ¢.
Figure 3.8. A cart on a table draws a string over a pulley and lifts a weight: the weight rises at u = v cos
.

NHAN XET / REMARK — Khi x ting, cos ¢ tién téi 1 va tdc do nang vat tién toi toe do xe.
Nguoc lai khi xe t6i gﬁn chan rong roc (x tién téi 0) ma vat duoc kéo déu, vxe = u/cos ¢ tang
khong gi6i han: mé hinh day thang khong dan khong con ding duoc gan do.

As x grows, cos ¢ tends to 1 and the lifting speed tends to the cart's speed. Conversely, as the cart
nears the foot of the pulley (x tends to 0) while the weight is raised steadily, Vea: = u/cos ¢ grows
without bound: the model of a straight inextensible string fails near there.

PHAN TICH / ANALYSIS — Thanh truot hai dau doc hai thanh vudng goc: biét va, can vs
va van toc diém giita. Hai an vp va tc d6 goc quay ctia thanh, nhung Tinh chét 3.17 cho
thing mot phuong trinh giita va va vs nho chiéu 1én thanh. Diém giita M c6 toa d6 1a trung
binh toa d6 A va B.

A rod with its two ends sliding along two perpendicular walls: v, is known, vg and the velocity of the
midpoint are wanted. There are two unknowns, vg and the angular speed of the rod, but Property 3.17
gives one equation between v, and vs at once by projecting onto the rod. The midpoint M has
coordinates that are the average of those of A and B.

Vi DU 3.14 (Van toc doc thanh) / EXAMPLE 3.14 (Velocity along the rod) — Thanh AB
dai 2,4 m, dau A truot trén san ngang vdi tde do khong ddi 0,50 m/s roi xa tuong, dau B truot
xudng doc tudong thang ding (Hinh 3.9). Khi thanh hop véi san goc a = 37°, tim: a) toc do
ctia B; b) toc do cua trung diém M va dang qui dao cua M; ¢) goc a ma tai d6 téc do cua B
bang tc d6 cua A. Lay tan 37° = 0,754, sin 37° = 0,602.

A rod AB of length 2.4 m has end A sliding on a horizontal floor at a steady 0.50 m/s away from a
wall, and end B sliding down the vertical wall (Figure 3.9). When the rod makes angle o. = 37° with
the floor, find: a) the speed of B, b) the speed of the midpoint M and the shape of the path of M; ¢) the
angle o at which the speed of B equals that of A. Take tan 37°= 0.754, sin 37°= 0.602.
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Loi giai. / Solution.
1. Huéng tir A t6i B hop v6i phuong ngang goc 180° — a. Chiéu 1én AB: vacos o =
vpsin a, nén vg = va/tan a. = 0,50/0,754 = 0,663 m/s.

The direction from A to B is at 180° — a to the horizontal. Projecting onto AB: v4cos o =
vasin a, so v = va/tan o = 0.50/0.754 = 0.663 m/s.

2. M = (xa/2 ; yB/2) nén van tdc ctia M 1a (va/2 ; —ve/2) = (0,25 ; —0,332) m/s, d6 l6n =
0,415 m/s. Ciing c6 thé viét vm = va/(2 sin a) = 0,50/(2-0,602) ~ 0,415 m/s.

M = (x4/2, yp/2), so the velocity of M is (va/2, —vp/2) = (0.25, —0.332) m/s, magnitude =
0.415 m/s. Equivalently vir = v4/(2 sin a) = 0.50/(2-0.602) = 0.415 m/s.

3. Tam giac OAB vudng tai goc tudng—san O voi canh huyén AB = 2,4 m, nén trung
tuyén OM = AB/2 = 1,2 m khong d6i: M chay trén cung tron tdim O ban kinh 1,2 m.
Triangle OAB has a right angle at the wall-floor corner O with hypotenuse AB = 2.4 m, so
the median OM = AB/2 = 1.2 m is constant: M runs on a circular arc centred at O of radius
1.2 m.

4. Cau c): vg = va khi tan a = 1, tirc a = 45°.

Partc): vp =vawhentano =1, i.e. o = 45°.
Vay v = 0,663 m/s; v = 0,415 m/s va M chuyén dong trén cung tron ban kinh 1,2 m; vs
= va khi o =45°.
Hence vp = 0.663 m/s; v = 0.415 m/s and M moves on a circular arc of radius 1.2 m; vg = v4
when o = 45°. ®

(0)

Hinh 3.9. Thanh AB truot hai dau doc san va tudng: VA cos o = vB sin a; trung diém M chay
trén cung tron tdm O ban kinh AB/2.
Figure 3.9. Rod AB sliding on the floor and wall: vA cos o. = vB sin o, the midpoint M runs on an arc
centred at O of radius AB/2.

LOI HAY GAP / COMMON MISTAKE — Cho vén tbc vat bang toc d6 rut day (vva = w)
khi day khong song song voi phuong chuyén dong. Phai chiéu van toc ctia vat 1én phuong
doan day trudc: w = v cos 0.

Setting the body's velocity equal to the rate of drawing in string (Veeay = w) when the string is not
parallel to the line of motion. The body's velocity must first be projected onto the string: w = v cos ¢.
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PHAI THUQC / MEMORISE — Khoang cach ngin nhat: dmin = [Xovy — yova/N(vs2 + vy2)
trong hé gdn mot vat. Van tde doc thanh cimg bang nhau; diy khong din: w = v cos ¢.
Closest approach: duin = |xovy — yovl N(v + v,°) in the frame of one body. Velocities along a rigid
rod are equal; inextensible string: w = v cos ¢.

3.8. Bang chién lwgc va thuat nglv — Strategy table and glossary

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Hai chuyén dong doc lap; diém roi thoa
Vit ném ngang, roi xuéng dat hodc phuong trinh mat cham (Pinh 1y 3.4, H¢ qua
xudng mat doc 3.5)

3.2
Horizontal throw landing on level Two independent motions; the landing point
ground or on a slope satisfies the equation of the surface (Theorem
3.4, Corollary 3.5)
Cho vo va a, hoi thoi gian bay, do
cao, tim xa, toc do & do cao y Dinh 1y 3.6, Tinh chat 3.8 13
Given vg and a, ask flight time, height, Theorem 3.6, Property 3.8 ’
range, speed at height y
Hai vat ném cung ltc, hoi khoang
cach hay phuong ndi Hiéu vi tri do1 déu (Tinh chat 3.9)
Two bodies thrown together, ask Position difference changes uniformly (Property = 3.4
distance or direction of the line joining 3.9)
them
“Xa nhit” “gbc t i we”. “van the nhé Parabol an toan, coi tan o 13 4n bac hai
Loz T Pinh 1y 3.10, HEé qua 3.11 va 3.1

nhét dé vuot” (Pinh 1y 3.10, H¢ qua 3.11 va 3.13) . 3.5,37,
“Farthest” “best anele” “least speed Safety parabola, treat tan o as a quadratic 38

L g P unknown (Theorem 3.10, Corollaries 3.11 and ’
to clear

3.13)

Ném tir hoac 1én mat nghiéng Truc doc mét nghiéng (Pinh 1y 3.12) 36
Throw from or onto a slope Axes along the slope (Theorem 3.12) )
Thuyén, may bay, hat mua: van tdc Cong van tdc, v& tam giac van tde (Pinh luat
“ddi voi nudc, gio, xe” 3.14, Pinh 1y 3.15) 3.9,3.10,
Boat, aircrafi, raindrop: velocity Add velocities, draw the velocity triangle (Law 3.11
“relative to water, wind, vehicle” 3.14, Theorem 3.15)
Khoang cach nho nhit, hai vat co va  Chuyén sang hé gan mét vat; chan duong
cham khong vuong goc (Pinh 1y 3.16) 312
Least distance, whether two bodies Switch to the frame of one body; foot of the '
collide perpendicular (Theorem 3.16)
Thanh ctng, day khong dan nbi hai Hinh chiéu vén tdc 1én thanh, 1én day (Tinh
vt chét 3.17, 3.18) 313.3 14
Rigid rod or inextensible string joining Project velocities onto the rod or the string B
two bodies (Properties 3.17, 3.18)
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Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Téng chiéu dai day khong d6i (Tinh chat
3.19) Bai 3.7
Total string length constant (Property 3.19)

Rong roc dong
Movable pulley

Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

vecto noi goc toa do toi chat diem

Vecto vi tri Position vector ) o ]
vector from the origin to the particle

vecto noi vi tri dau v vi tri cudi

Do dich chuyén Displacement o . .
vector from initial to final position

gi6i han ciia van toc trung binh khi At dan
Vin téc tirc thoi Instantaneous velocity t61 0
limit of average velocity as At tends to 0

do bién thién van toc chia cho thoi gian

ia t6 inh A lerati
Gia toc trung bin verage acceleration change of velocity divided by time

duong ma chat diém vach ra
the curve traced by the particle

Quy dao Path (trajectory)

ném vai van toc dau nam ngang

Né an Horizontal projection
e ngang pro) launch with horizontal initial velocity

ném véi van toc dau hop goc véi phuong
o en . L ngan
Ném xién Oblique projection gang o )
launch with initial velocity at an angle to the
horizontal

goc gitra van toc dau va phuong ngang
Go6c ném Launch angle angle between the initial velocity and the
horizontal

khoang cach ngang tir diem ném t4i diém
Y roi
Tam xa Range . ) .
horizontal distance from launch point to

landing point

dd cao 16n nhét cta vat so véi diém ném
Do cao cuc dai Maximum height greatest height of the body above the launch
point

thoi gian tir [ie ném téi e cham
time from launch to impact

Thoi gian bay Time of flight

duong bao cac quy dao cung toc d§ ném

P 1 ; fi 1 .
arabol an toan Rt e envelope of paths with the same launch speed
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

duong cong ti€p xuc véi moi dudng cua
mot ho

Puong bao Envelope ) o
curve touching every member of a family of
curves

A v vat 1am mdc cuing hé truc va dong ho

H¢ quy chiéu Reference frame S .g Co g
reference body with axes and a clock
van toc cua vat do trong hé ga“'m vo1 vat khac

Van toc tuong doi Relative velocity velocity of a body measured in the frame of
another body

R L. o R Velocity addition > - -
Cong thirc cong van toc Vi3 =Vi2 + U3
formula
khoéang dich doc bo khi qua song
Do troi Drift displacement along the bank when crossing a

river

gid tri nho nhét ctia khoang cach hai vat
Khoang cach ngan nhat ~ Closest approach theo thoi gian
least separation of two bodies over time

h¢é gan vai vat chi chiu trong luc

H¢ roi tu do Freely falling frame
’ ) y £ frame attached to a body under gravity alone
rang budc van tdc do chiéu dai ndi khong
Lién két dong hoc Kinematic constraint 20l . o .
velocity constraint from a fixed connecting
length
. thanh c6 d¢ dai khong doi
Thanh ct R i
anh cung igid rod rod of fixed length
A A ~ . . ay co0 do dai kho b
Day khong dan Inextensible string day SOEHEEA LTI
string of fixed length
\ o rong roc ¢ truc dich chuyén cing vt treo
Rong roc dong Movable pulley E1¢ T Y EVe

pulley whose axle moves with the hanging body

3.9. Bai tu luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 3.1/ Problem 3.1 — Mot hoc sinh dung ¢ ctra s6 tang ba cao 20 m so v4i san, ném
ngang mot qua cau nhd; qua cau cham san tai di€ém cach chan tuong 15 m. Tinh téc d§ ném,
thoi gian bay, toc do va goc nghiéng so voi mat san cua van toc luc cham san. Lay g = 9,8
m/s?,

A student at a third-floor window 20 m above the yard throws a small ball horizontally, it lands 15 m
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from the foot of the wall. Find the launch speed, the flight time, and the speed and the angle to the
ground of the velocity at impact. Take g = 9.8 m/s’.

Bai 3.2 / Problem 3.2 — Song rong 200 m, nude chay song song bo véi 2,0 m/s. Mot thuyén
may chay 4,0 m/s ddi v6i nudc. a) Dé t6i ding diém d6i dién, mii thuyén phai hudéng thé nao
va mat bao 1au? b) Néu mudn qua séng nhanh nhat thi mat bao lau va trdi bao xa?

A river 200 m wide has water flowing parallel to the banks at 2.0 m/s. A motor boat travels at 4.0 m/s
relative to the water. a) To reach the point directly opposite, how must the bow be pointed and how

long does the crossing take? b) For the fastest crossing, how long does it take and how far does the
boat drift?

Bai 3.3 / Problem 3.3 — Mot vat duge ném tir mét dat véi toe do 25 m/s. Tinh tam xa, d6
cao cuc dai va thoi gian bay khi goc ném 1a 30° va khi 14 60°; nhan xét két qua. Liy g=9,8
m/s?.

A body is thrown from the ground at 25 m/s. Find the range, maximum height and time of flight for a

launch angle of 30° and of 60°, and comment. Take g = 9.8 m/s”.

Bai 3.4 / Problem 3.4 — Luc t =0, tau A ¢ gbc O chay vé hudng Pong v6i 10 km/h; tau B &
cach O 20 km vé phia Pong va 15 km vé phia Nam, chay vé hudng Bic v6i 8 km/h. Tim
khoang cach nho nhét giita hai tau va thoi diém d6. Hai tau c6 téi gan nhau dudi 1 km khong?
At t = 0, ship A is at the origin O sailing east at 10 km/h; ship B is 20 km east and 15 km south of O,
sailing north at 8 km/h. Find the least distance between the ships and when it occurs. Do the ships

come within 1 km of each other?
Mirc 2 — Hoc sinh gioi quéc gia — Level 2 — National olympiad

Bai 3.5/ Problem 3.5 — M{t qua bong dugc ném tir mét dat vai toe do 16 m/s, gbc 45°, vé
phia mot birc tudng thing dimg cao, nhin, cach diém ném 18 m. Bong va dan hdi vao tuong
(thanh phan van tdc vudng goc tudng doi chidu va gitt do 16n, thanh phan song song tudng
khong d6i). Tinh: a) thoi gian va d6 cao bong dap vao tudng; b) diém bong cham dt, do tir
diém ném va tir tuong. Liy g = 9,8 m/s2.

A ball is thrown from the ground at 16 m/s, 45°, towards a tall smooth vertical wall 18 m from the
throwing point. The ball bounces elastically off the wall (the velocity component perpendicular to the
wall reverses and keeps its magnitude, the component parallel to the wall is unchanged). Find: a) the
time and height at which the ball strikes the wall; b) where the ball lands, measured from the throwing
point and from the wall. Take g = 9.8 m/s”.

Bai 3.6 / Problem 3.6 — Qua bong duoc ném tir mat dat véi toe d6 20 m/s dé trang mot cira
s0 & d6 cao 5,0 m, cach diém ném 30 m theo phwong ngang. a) Tim hai goc ném c6 thé dung.
b) Tinh thoi gian bay tdi cira s6 ing vai ting goc. ¢) So sanh tde d6 lac toi cira s6. Liy g =
9,8 m/s>.

A ball is thrown from the ground at 20 m/s to hit a window 5.0 m high, 30 m away horizontally. a)
Find the two launch angles that work. b) Find the flight time to the window for each angle. c)
Compare the speeds on reaching the window. Take g = 9.8 m/s”.

Bai 3.7 / Problem 3.7 — D4y khong dan budc vao xe, chay 1én vit qua rong roc ¢d dinh P &
dd cao 0,90 m so v6i diém budc, roi di xuéng om rong roc dong treo vat A, dau day kia bugc
c¢b dinh vao tran (hai nhanh day & rong roc dong thang dtng). Xe chay ra xa chan P véi toc do
1,5 m/s. a) Khi xe cach chan P 1,2 m, tim toc d6 nang A. b) Mudn A dugc ning déu 0,30 m/s
thi xe phai chay véi tbc d6 nao khi x = 0,90 m?

An inextensible string is tied to a cart, runs up over a fixed pulley P at a height 0.90 m above the

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 114



Vat 11 10 cho Ga choi / Olympiad Physics for Grade 10

attachment point, then goes down around a movable pulley carrying a body A, and its other end is
fixed to the ceiling (the two string branches at the movable pulley are vertical). The cart moves away
from the foot of P at 1.5 m/s. a) When the cart is 1.2 m from the foot of P, find the speed at which A
rises. b) For A to rise steadily at 0.30 m/s, at what speed must the cart move when x = 0.90 m?

Bai 3.8 / Problem 3.8 — Xe tai chay thang déu véi 5,0 m/s trén dudng ngang. Ngudi trén xe
ném qua bong voi tbe 6 13 m/s dbi voi xe, vé phia sau xe, hudng chéch 1én goc o so v6i
phuong ngang voi tan o = 12/5 (o= 67,4°). Liy g = 9,8 m/s2. Tinh: a) vén tc diu cua bong
ddi voi mat duong va dang quy dao nhin tir mdt duong; b) do cao cuc dai, va khoang cach
giita bong va xe luc bong cham dudng; ¢) cac thoi diém van tde ciia bong ddi véi xe hop véi
phuong ngang gbc 45°.

A lorry moves in a straight line at a steady 5.0 m/s on level road. A person on the lorry throws a ball
at 13 m/s relative to the lorry, towards the back, at an angle o. above the horizontal with tan . = 12/5
(0= 67.4°). Take g = 9.8 m/s’. Find: a) the initial velocity of the ball relative to the road and the
shape of its path seen from the road; b) the maximum height, and the distance between the ball and
the lorry when the ball reaches the road, c) the instants at which the velocity of the ball relative to the
lorry makes 45° with the horizontal.

Mikc 3 — Olympic quoc t& — Level 3 — International olympiad

Bai 3.9 / Problem 3.9 — Qua bong duoc ném tir mat dat véi toe do 10 m/s, goc 45°. Mdi 1an
cham dét, thanh phan véan tdc ngang gitr nguyén con thanh phan dimg giam con 0,8 1an d6 16n
cii va d6i chidu. Tinh: a) tAm xa va thoi gian bay cua lan bay dau; b) tong quing duong ngang
va tong thoi gian cho toi khi bong dimg nay; ¢) tAm xa cta lan bay thir may lan dau nho hon 1
m. Lay g =9,8 m/s%

A ball is thrown from the ground at 10 m/s, 45°. At each impact the horizontal component of velocity
is unchanged and the vertical component is reduced to 0.8 times its old magnitude and reversed. Find:
a) the range and flight time of the first flight,; b) the total horizontal distance and total time until the
ball stops bouncing; c) the first flight whose range is below 1 m. Take g = 9.8 m/s’.

Bai 3.10 / Problem 3.10 — Mot khéau phéao ban dan tir mat dit véi tde do 40 m/s theo moi
hudng c6 thé (moi goc, moi phuong ngang). Coi mit dit nim ngang. a) Tinh dién tich mat dat
¢6 thé bi dan roi toi. b) Tinh dd cao 16n nhét dan c6 thé dat. c) O d6 cao 50 m, vung co thé c6
dan 13 hinh tron ban kinh bao nhiéu? Liy g = 9,8 m/s2.

A gun fires shells from the ground at 40 m/s in every possible direction (every angle, every horizontal
bearing). Take the ground as level. a) Find the area of ground that shells can reach. b) Find the

greatest height a shell can reach. c) At a height of 50 m, what is the radius of the circle where shells
can be found? Take g = 9.8 m/s”.

Bai 3.11 / Problem 3.11 — Tir O (mat dat) ném qua bong 1 véi van tde dau (15 ; 20) m/s, va
cung lic ném quéa bong 2 tir diém cach O 30 m theo phuong ngang véi véan toe dau (—12 ; 16)
m/s (cuing mit phang thing dimg). Tim khoang cach nho nhat giita hai qua bong khi ca hai
con bay, va thoi diém dé. Liy g = 9,8 m/s2.

From O (on the ground) ball 1 is thrown with initial velocity (15, 20) m/s, and at the same instant ball
2 is thrown from a point 30 m horizontally from O with initial velocity (—12, 16) m/s (in the same

vertical plane). Find the least distance between the balls while both are in flight, and when it occurs.
Take g = 9.8 m/s’.

Bai 3.12 / Problem 3.12 — M4t quéa phao hoa nd & d6 cao 30 m so v6i mit dat nam ngang;

ngay sau khi nd, cdc manh bay ra moi hudng vi cung toc do 20 m/s doi véoi dieém nd. Bé qua
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can ciia khong khi, 1y g = 9,8 m/s?. a) Chiing minh rang tai thoi diém t moi manh dang bay
ndm trén mot mit cdu; tim tdm va ban kinh. b) Manh nao cham dét dau tién va luc nao? c)
Manh nao cham dit cudi cing va liac nao? d) Cac méanh roi xuéng mit dat trong hinh tron ban
kinh bao nhiéu?

A firework shell bursts 30 m above level ground; just after the burst the fragments fly out in every
direction at the same speed 20 m/s relative to the burst point. Neglect air resistance and take g = 9.8
m/s’. a) Show that at time t all fragments still in flight lie on a sphere; find its centre and radius. b)

Which fragment lands first, and when? c¢) Which fragment lands last, and when? d) Within what
radius on the ground do the fragments land?

3.10. Loi giai bai tw luyén — Solutions to practice problems

Bai 3.1 — Problem 3.1
1. Thoi gian roi t = V(2h/g) = V(40/9,8) ~ 2,02 s.
Fall time t = \(2h/g) = N(40/9.8) = 2.02 s.
2. Toc @6 ném vo = L/t = 15/2,02 = 7,42 m/s.
Launch speed vo = L/t = 15/2.02 = 7.42 m/s.
3. Lic cham: vy = gt ~ 19,8 m/s, v = V(7,422 + 19,8%) ~ 21,1 m/s; tan ¢ = 19,8/7,42 =
2,67, ¢ = 69,4°.
At impact: v, = gt ~ 19.8 m/s, v =(7.422 + 19.8%) = 21.1 m/s; tan ¢ = 19.8/7.42 = 2.67, p =
69.4°.
Vay tdc d6 ném = 7,42 m/s, thoi gian bay = 2,02 s, tdc do Iac cham = 21,1 m/s, nghiéng =
69,4° so v&1 mat san.

Hence the launch speed is = 7.42 m/s, the flight time = 2.02 s, the impact speed = 21.1 m/s, at =
69.4° to the ground. M

Bai 3.2 — Problem 3.2

1.Caua):v=4,0>u=2,0nén cod thé khong tréi. sin 6 = u/v = 0,5, 6 = 30° nghiéng
nguoc dong so v6i dudng vudng goc bd. Vy = V(16 —4) =23 =~ 3,46 m/s, t =
200/3,46 = 57,7 s.
Parta): v =4.0> u = 2.0, so zero drift is possible. sin 0 = u/v = 0.5, 8 = 30° upstream of
the perpendicular to the bank. V, = (16 — 4) = 2N3 = 3.46 m/s, t = 200/3.46 = 57.7 s.
2. Cau b): miii vudng goc bo, t = d/v =200/4,0 =50 s, d0 tré1i ud/v =2,0-50 = 100 m.
Part b): bow perpendicular to the bank, t = d/v = 200/4.0 = 50 s, drift ud/v = 2.0-50 = 100
m.
Vay: a) mili nghiéng 30° ngugc dong, mat =~ 57,7 s; b) mat 50 s va troi 100 m.
Hence: a) bow 30° upstream, taking = 57.7 s; b) 50 s with a drift of 100 m. R

Bai 3.3 — Problem 3.3
L = vo2sin 2a/g, H = vo2sin2a/(2g), T = 2vosin a/g

1.0 =30° L =625-sin 60°/9,8 = 55,2 m; H=625-0,25/19,6 = 7,97 m; T = 2-25-0,5/9,8
~2,55s.
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a=30°L=0625sin 60°9.8=55.2m;, H=625-0.25/19.6=7.97m; T =2-25-0.5/9.8 = 2.55
s.
2.0=60° L =625-sin 120°/9,8 = 55,2 m; H = 625-0,75/19,6 = 23,9 m; T =2-25-sin

60°/9,8 = 4,42 s.
a=60°L=0625sin120°9.8 = 55.2m; H=625-0.75/19.6 < 23.9m; T = 2-25sin 60°/9.8 =
4.42 s.

Vay hai goc phu nhau cho ciing tim xa = 55,2 m; goc 60° bay cao gap 3 lan va lau gap \3

lan goc 30°.

Hence the two complementary angles give the same range = 55.2 m; the 60° throw rises 3 times

as high and flies \3 times as long as the 30° throw. W

Bai 3.4 — Problem 3.4
1. Trong h¢ gén A:70=(20;—15) km, ¥21=(0; 8) — (10 ; 0) = (=10 ; 8) km/h, |D21]* =
164.
In the frame of A: 79 = (20, —15) km, V21 = (0, 8) — (10, 0) = (—10, 8) km/h, [V21)? = 164.
2. tm =—(20-(—10) + (—15)-8)/164 = 320/164 = 1,95 h > 0.
tm = —(20(—10) + (—15)-8)/164 = 320/164 = 1.95 h > 0.
3. dmin =20-8 — (—15)'(—10)|/\/164 =1160 — 150}/12,81 = 0,78 km.
din = |20-8 — (—15)-(—10)\N164 = |160 — 150//12.81 =~ 0.78 km.
Vay hai tau gan nhau nhat ~ 0,78 km sau ~ 1,95 h, nhé hon 1 km nén c6 t&i gin nhau
dudi 1 km.
Hence the ships are closest, = 0.78 km apart, after = 1.95 h, which is under 1 km, so they do
come within 1 km. ®

Bai 3.5 — Problem 3.5

1. Néu khong c6 tudng, tim xa L = ve’sin 90°/g = 256/9,8 =~ 26,1 m > 18 m, nén bong
to1 tuong khi dang bay.

Without the wall the range would be L = vi’sin 90%/g = 256/9.8 = 26.1 m > 18 m, so the ball
reaches the wall in flight.

2. Toi tuong: vx = 16cos 45° = 11,3 m/s, t=18/11,3 = 1,59 s; d0 cao y = 18-tan 45° —
9,8-18%/(2:256°c0s?45°) =18 — 12,4 = 5,6 m.

At the wall: vy = 16cos 45°= 11.3 m/s, t = 18/11.3 = 1.59 s, height y = 18-tan 45° —
9.8:18°/(2-256-cos°45°) = 18 — 12.4= 5.6 m.

3. Sau va cham chi vy d6i chiéu, vy va toa d0 y giit nguyén, nén quy dao sau va cham 13
anh d6i xtng qua mat phing tuong ctia phan quy dao néu khong co tudng. Piém roi
40 0 x = 26,1 m ddi xtng v6i diém that qua tuong: Xmax =2-18 — 26,1 ~9,9 m.

After the collision only vy reverses; v, and y are unchanged, so the path after the bounce is
the mirror image in the plane of the wall of the path that would have continued without the

wall. The imaginary landing point at x = 26.1 m mirrors the true one: Xyye = 2:18 — 26.1 =
9.9 m.

Vay bong dap tuong sau =~ 1,59 s ¢ d6 cao = 5,6 m, roi roi cach diém ném =~ 9,9 m, tirc
cach tuong ~ 8,1 m (vé phia diém ném). Tudng can cao hon 5,6 m.
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Hence the ball strikes the wall after = 1.59 s at a height = 5.6 m, then lands = 9.9 m from the
throwing point, i.e. = 8.1 m from the wall (on the throwing side). The wall must be higher than
S5.6m. m

Bai 3.6 — Problem 3.6

1. Véi t = tan a, A = gx*/(2vo?) = 9,8-900/800 = 11,025: 11,025t> — 30t + (5 + 11,025) =
0, tirc 11,025t> — 30t + 16,025 = 0.

With t = tan a, A = gx*/(2ve?) = 9.8-900/800 = 11.025: 11.025£ — 30t + (5 + 11.025) = 0,
ie. 11.025¢ — 30t + 16.025 = 0.

2. Biét thue 900 — 4-11,025-16,025 = 193,3, can = 13,90. Nghiém t = (30 £+
13,90)/22,05: 0,730 va 1,991, tirc a. = 36,1° hoac a = 63,3°. (Diém (30;5) nam trong
parabol an toan: 20,41 — 11,03 =9,38>5.)

Discriminant 900 — 4-11.025-16.025 = 193.3, root = 13.90. t = (30 £ 13.90)/22.05: 0.730
and 1.991, i.e. a = 36.1° or a = 63.3°. (The point (30, 5) lies inside the safety parabola:
2041 — 11.03 =9.38>35.)

3. Thoi gian t = x/(vocos a): voi 36,1° 1a 30/(20-0,808) =~ 1,86 s; vdi 63,3° 1a
30/(20-0,449) =~ 3,34 s.

Time t = x/(vocos a): for 36.1° it is 30/(20-0.808) = 1.86 s, for 63.3° it is 30/(20-0.449) =
3.34 s.

4. Toc d6 & dd cao 5,0 m theo Tinh chit 3.8: v = V(400 — 2-9,8-5,0) ~ 17,4 m/s, nhu

nhau cho c4 hai goc.
By Property 3.8 the speed at 5.0 m height is v = N(400 — 2-9.8-5.0) = 17.4 m/s, the same for
both angles.
Vay hai goc 1a = 36,1° (mat = 1,86 s) va ~ 63,3° (mat ~ 3,34 s); toc do t6i cira s6 déu =~
17,4 m/s.

Hence the two angles are = 36.1° (taking = 1.86 s) and = 63.3° (taking = 3.34 s); the speed on
arrival is = 17.4 m/s for both. m

Bai 3.7 — Problem 3.7
1. 0=(1,22+0,9%) = 1,5m, cos ¢ = 1,2/1,5=0,8. Tdc d6 rut day & dau xe: w=1,5-0,8
= 1,2 m/s (Tinh chét 3.18).
C=(1.22+0.90) = 1.5m, cos 9 = 1.2/1.5 = 0.8. The rate of drawing in string at the cart
endisw = 1.50.8=1.2m/s (Property 3.18).
2. O rong roc dong, tbc do A bang mot nira w (Tinh chat 3.19): 0,60 m/s.
At the movable pulley the speed of A is half of w (Property 3.19): 0.60 m/s.
3. Cau b): w=2-0,30 = 0,60 m/s. Khi x = 0,90 m: £ = 0,90V2, cos ¢ = 1/\2. Téc do xe v
= w/cos ¢ = 0,60\2 ~ 0,849 m/s.
Part b): w = 2-0.30 = 0.60 m/s. At x = 0.90 m: £ = 0.90N2, cos ¢ = I/N2. The cart speed is v
= w/cos ¢ = 0.60N2 = 0.849 m/s.
Vay A duogc nang voi 0,60 m/s & cau a); ¢ cau b) xe can chay = 0,849 m/s.
Hence A rises at 0.60 m/s in part a), in part b) the cart must move at = 0.849 m/s. W
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Bai 3.8 — Problem 3.8

1. Pbi vai xe: (—13cos o ; 13sin o) = (=5 ; 12) m/s (cos a = 5/13, sin o= 12/13). Cong
van toc xe d6i voi duong (5 ; 0): van toc dau dbi voi dudng 1a (0 ; 12) m/s, tirc bong
dugc ném thang dtng 1én. Nhin tir mat duong quy dao 1a doan thang dung.

Relative to the lorry: (—13cos o, 13sin o) = (=5, 12) m/s (cos o. = 5/13, sin o. = 12/13).
Adding the lorry's velocity relative to the road (5, 0): the initial velocity relative to the road
is (0, 12) m/s, so the ball is thrown vertically upwards. Seen from the road its path is a
vertical segment.

2. D9 cao cyc dai H = 12%/(2-9,8) = 7,35 m. Thoi gian bay T =2-12/9,8 = 2,45 s. Bong
roi dang chd ném trén duong, trong khi xe di dugc 5,0-:2,45 = 12,2 m, nén béng & sau
xe 12,2 m.

Maximum height H = 12°/(2-9.8) = 7.35 m. Flight time T = 2-12/9.8 = 2.45 5. The ball lands

at the launch point on the road while the lorry travels 5.0-2.45 = 12.2 m, so the ball is 12.2
m behind the lorry.

3. Van toc bong ddi vdi xe 14 (0 — 5 ; vy) = (=5 ; vy) vOi vy = 12 — 9,8t. Hop goc 45° véi
phuong ngang khi [vy| =5:t= (12 — 5)/9,8 = 0,714 s (boéng dang 1é€n) va t= (12 +
5)/9,8 ~ 1,73 s (dang xudng).

The velocity of the ball relative to the lorry is (0 — 5, vy) = (=5, v) with v, = 12 — 9.8t. It
makes 45° with the horizontal when |vy| = 5:t = (12 — 5)/9.8 = 0.714 s (rising) and t = (12
+5)/9.8 = 1.73 s (falling).
Viy bong bay thang dimg véi dudng, cao téi da ~ 7,35 m, roi cach xe = 12,2 m phia sau;
van toc ddi v6i xe nghiéng 45° tai ~ 0,714 s va = 1,73 s.
Hence the ball moves vertically relative to the road, reaches = 7.35 m, lands = 12.2 m behind the
lorry, its velocity relative to the lorry is at 45° at= 0.714 sand = 1.73 s. &

Bai 3.9 — Problem 3.9

1. Lan dau: L = 100-sin 90°/9,8 ~ 10,2 m; T, = 2-10-sin 45°/9,8 ~ 1,44 s.
First flight: L; = 100-sin 90°/9.8 = 10.2 m; T1 = 2-10-sin 45°/9.8 = 1.44 s.

2. Sau mdi 1an nay thanh phan dimg nhan 0,8 trong khi thanh phan ngang khong doi, nén
thoi gian bay nhan 0,8 va tim xa nhan 0,8: L, = L;-0,8"!, T, = T;-0,8" ",
After each bounce the vertical component is multiplied by 0.8 while the horizontal
component is unchanged, so the flight time and the range are each multiplied by 0.8: L, =
Li0.8" !, T,=Tr-0.8"".

3. Tong cap s6 nhan i v6 han cong boi 0,8: XL = Li/(1 — 0,8) =5L; ~ 51,0 m; XT = 5T
~17,22s.
Sum of an infinite geometric series with ratio 0.8: XL = Li/(1 — 0.8) =5L;=51.0m; 2T =
5Ti1=722s.

4.Cauc): Ly < 1khi 0,8 ! < 1/10,2 = 0,098. Vi 0,8~ 0,107 va 0,8!! = 0,086, nénn — 1
=11, ttcn=12 (L12 = 0,88 m).
Partc): Ly < 1 when 0.8"1 < 1/10.2 = 0.098. Since 0.8'° = 0.107 and 0.8' = 0.086, n — 1 =
11, ie.n =12 (Li2=0.88 m).
Viy lan dau bay ~ 10,2 m trong ~ 1,44 s; tong quing dudng ngang ~ 51,0 m, tong thoi
gian =~ 7,22 s; lan bay thi 12 1 1an dAu c6 tm xa nhé hon 1 m.
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Hence the first flight covers = 10.2 m in = 1.44 s, the total horizontal distance is = 51.0 m and
the total time = 7.22 s, the 12th flight is the first with a range below I m. B

Bai 3.10 — Problem 3.10

1. Mbi mit phang thang dimg qua hong phao ¢ parabol an toan y = vo%/(2g) —
2r?/(2vo?); toan bo ving co thé ¢ dan 1a mit tron xoay quanh truc thang dung (r 13
khoang céch tdi truc).

Every vertical plane through the muzzle has the safety parabola y = vi*/(2g) — gr’/(2vi®); the
whole region where shells can be is the solid of revolution about the vertical axis (v is the
distance from the axis).

2. Cau a): dat y = 0, Imax = vo*/g = 1600/9,8 = 163,3 m; dién tich ftrmax’ = 8,37-10* m?,
Part a): sety = 0, rmax = vo*/g = 1600/9.8 = 163.3 m; area nrma’ = 8.37-10% m°.

3. Cau b): dit r =0, ymax = vo*/(2g) = 1600/19,6 ~ 81,6 m (ban thang dimg).

Part b): set r = 0, ymax = vo*/(2g) = 1600/19.6 = 81.6 m (vertical fire).
4. Cau ¢): 2 = (vo*/g)(vo*/g — 2y) = 163,3-(163,3 — 100) = 10.330, r = 101,6 m.
Partc): ¥ = (vo’/g)(vo’/g — 2y) = 163.3:(163.3 — 100) = 10,330, r = 101.6 m.
Vay ving roi rong ~ 8,37-10* m?, do cao t6i da = 81,6 m, ban kinh ving & d6 cao 50 m =~
101,6 m.

Hence the landing region is = 8.37-10° m?, the greatest height = 81.6 m, and the radius of the
region at 50 m height = 101.6 m. A

Bai 3.11 — Problem 3.11
1. Thoi gian bay: T =2-20/9,8 4,08 s, T =2-16/9,8 = 3,27 s. Ca hai con bay khi t <
3,27 s; Tinh chat 3.9 dung duoc.
Flight times: T) = 2-:20/9.8 < 4.08 s, T> = 2-16/9.8 = 3.27 s. Both are airborne fort < 3.27 s;
Property 3.9 applies.
2. Trong hé roi tu do (hé gan qua 1): 7= (30 ; 0) m, 21 = (—12; 16) — (15 ; 20) = (27 ;
—4) m/s, |U21> = 745. Hé nay khong phu thudc trong luc nén dung Dinh 1y 3.16.
In the fireely falling frame (attached to ball 1): 7o = (30, 0) m, V21 = (—12, 16) — (15, 20) =
(=27, —4) m/s, |V21|? = 745. This frame is independent of gravity, so Theorem 3.16 applies.
3. tm =—(30-(=27) + 0)/745 = 810/745 = 1,09 s < 3,27 s. dmin = |30-(—4) — 0'(—27)|/\/745
=120/27,3 = 4,40 m.
tm = —(30-(=27) + 0)/745 = 810/745 = 1.09 5 < 3.27 5. din = |30-(—4) — 0-(—27)|N745 =
120/27.3 = 4.40 m.
Vay hai qua bong gan nhau nhét =~ 4,40 m vao lac = 1,09 s, trudc khi qua 2 cham dat.
Hence the balls are closest, = 4.40 m apart, at = 1.09 s, before ball 2 lands. &

Bai 3.12 — Problem 3.12

1. Mbi manh c6 7 = Dot + (1/2)gGt* v&i |Po| = 20 m/s. Suy ra |7 — (1/2)gt?| = 20t: cac manh
nam trén mat cau ban kinh 20t, tim & do cao 30 — 4,9 ngay dudi diém no (tam roi tu
do).

Each fragment has 7 = Vot + (1/2)gt> with [Vo| = 20 m/s. Hence |7 — (1/2)gt’| = 20¢: the
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fragments lie on a sphere of radius 20t whose centre, at height 30 — 4.9¢° directly below the
burst point, falls freely.

2. Manh dau tién cham dat 1a manh & cuc duédi cia mit cau, bay théng xuéng: 30 — 4,9t
—20t=0,t=(—20+ \/(400 + 588))/9,8 = 1,17 s.

The first fragment to land is the one at the lowest point of the sphere, thrown straight down:
30— 4.92 =20t =0, t = (-20 + 400 + 588))/9.8 ~ 1.17 s.

3. Manh cudi cing 13 manh & cuc trén, bay thang 1én: 30 — 4,92 + 20t =0, t = (20 +
V(400 + 588))/9,8 ~ 5,25 s. Sau thoi diém nay diém cao nhat ciia mit cdu di & dudi
mit dat, nén moi manh da roi.

The last fragment is the one at the top of the sphere, thrown straight up: 30 — 4.9 + 20t =
0, t = (20 + (400 + 588))/9.8 = 5.25 5. After this the highest point of the sphere is below the
ground, so every fragment has landed.

4. Cau d): day la bai ném tir d cao 30 m véi tdc d6 20 m/s; Hé qua 3.11 cho ban kinh
Linax = (20/9,8)-V(400 + 588) ~ 64,2 m, (g v6i manh bay chéch 18n arctan(20/31,4) =
32,5° so voi phuong ngang.

Part d): a throw from 30 m height at 20 m/s; Corollary 3.11 gives the radius Lnax =
(20/9.8)N(400 + 588) = 64.2 m, for the fragment launched arctan(20/31.4) = 32.5° above
the horizontal.
Vay manh bay xuéng cham dat dau tién sau = 1,17 s, manh bay 1én cham dat cudi cung
sau ~ 5,25 s, va cac manh roi trong hinh tron ban kinh = 64,2 m.
Hence the fragment thrown down lands first after = 1.17 s, the one thrown up lands last after =
5.25 s, and the fragments land within a circle of radius = 64.2 m. W
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Chuong 4. Pong hoc chuyén dong tron va vat ran — Chaprer 4.

Kinematics of circular motion and rigid bodies

Muc tiéu chwong — Chapter objectives

« Tach gia toc ciia chuyén dong tron thanh thanh phan hudéng tim va thanh phan tiép
tuyén, roi viét gia toc toan phan.
Split the acceleration in circular motion into centripetal and tangential parts and write the
total acceleration.

« Tinh ban kinh cong ctia mot quy dao bét ky tir gia toc phap tuyén, ap dung cho ném
xién tai dinh va tai diém ném.
Find the radius of curvature of any path from the normal acceleration, applied to a projectile
at its peak and at launch.

« Tim van téc moi diém cua vat ran bang cong thirc cong van tdc va bang tim quay tirc
thoi.
Find the velocity of every point of a rigid body with the velocity-addition formula and with
the instantaneous centre of rotation.

* Giai bai lan khong trugt: banh xe, con lan gitra hai van, banh lan trong vanh, van tde
va gia toc diém trén vanh, duong cycloid.
Solve rolling-without-slipping problems: wheels, a roller between two boards, a wheel
rolling inside a ring, velocity and acceleration of a rim point, the cycloid.

« Tinh ti sd truyén ctia banh ring va diy curoa, va thoi diém gip nhau cua cac vat
chuyén dong tron déu, trong d6 ¢ cac kim dong ho.
Compute the ratio of gear and belt drives, and the meeting times of bodies in uniform
circular motion, clock hands included.

4.1. Goc quay, toc do goc, chu Ky — Angle, angular speed, period

Ky hiéu théng nhit cho ca hai ngdn ngii: 0 goc quay (rad), o téc do goc (rad/s), y gia tdc
goc (rad/s?), T chu ky (s), f tan s6 (Hz), an gia toc phap tuyén (hudng tim), a. gia tdc tiép
tuyén. Chiéu duong ctia goc 1a chiéu nguoc kim dong ho.

The same symbols serve both languages: 0 angle turned (rad), o angular speed (rad/s), vy

angular acceleration (rad/s’), T period (s), f frequency (Hz), a, normal (centripetal)
acceleration, a; tangential acceleration. The positive sense of angle is anticlockwise.

PINH NGHIA 4.1 (Radian) / DEFINITION 4.1 (Radian) — Géc quay 0 ciia mot diém
chuyén dong trén duong tron ban kinh r, di duoc cung dai s, do bang radian: 6 = s/r. Vong
tron day du tmg v6i 2m rad = 360°, nén 1 rad =~ 57,3°.

The angle 0 turned by a point moving on a circle of radius r along an arc of length s is measured in
radians: 0 = s/r. A full circle is 2z rad = 360°, so 1 rad = 57.3°.

0=s/r 4.1)

PINH NGHIA 4.2 (Téc d goc, chu ky, tin s6) / DEFINITION 4.2 (Angular speed,
period, frequency) — Téc d6 goc 1a gbc quay trong mot don vi thoi gian: @ = A6/At khi At
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dan t6i 0. Chu ky T 1 thoi gian di hét mot vong, tan s6 £ = 1/T 1a s6 vong trong mot gidy.
Chuyén dong tron déu c6 o khong doi.

Angular speed is the angle turned per unit time: w = A0/4t as At tends to 0. The period T is the time
for one revolution, and the frequency f= 1/T is the number of revolutions per second. Uniform
circular motion has constant w.

w =A0/At=2n/T = 2nf (4.2)

PINH LY 4.3 (Van tdc dai va toc dd géc) / THEOREM 4.3 (Linear and angular velocity)
— Piém cach truc quay khoang r c6 van tdc dai tiép tuyén voi duong tron, do 16n v = er. Moi
diém ctia mot vat rin quay quanh truc c6 dinh c6 cung o; diém cang xa truc cang nhanh.

A point at distance r from the axis has a velocity tangent to its circle, of magnitude v = wr. All points
of a rigid body turning about a fixed axis share the same w; the farther from the axis, the faster.

Chirng minh. / Proof.
Trong khoang thoi gian At diém di duoc cung As = rA@ (dinh nghia radian). Chia hai vé
cho At rdi cho At dan téi 0:

In a time At the point covers an arc As = rA0 (definition of the radian). Divide by At and let At
tend to 0:

v=As/At=r-AB/At = wr (4.3)

Ban kinh r cua mot diém cb dinh trén vat khong ddi, nén hé thuc ap dung cho moi thoi
diém.

The radius r of a given point on the body does not change, so the relation holds at every instant.
|

PHAN TICH / ANALYSIS — Pé cho vong/phit, chu ky hay s6 vong: ddi sang rad/s trudc,
vi moi cong thirc ciia chuong déu viét cho o do bang rad/s. Piém & vi d6 ¢ trén Trai Dat v&
duodng tron ban kinh R cos ¢, nho hon ban kinh Trai D4t R, nén chon ban kinh quy dao cta
chinh diém do.

When the data come as rpm, period or number of turns, convert to rad/s first, since every formula here
is written for w in rad/s. A point at latitude ¢ on the Earth traces a circle of radius R cos ¢, smaller
than the Earth's radius R, so use the radius of that point's own path.

Vi DU 4.1 (Déi sang rad/s, chon ban kinh quy dao) / EXAMPLE 4.1 (Convert to rad/s,
pick the path radius) — Trai Dat quay déu quanh truc, 1y chu ky 24 h va ban kinh R = 6370
km. Tinh tdc d6 dai va gia tbc hudng tAm cua mot diém ¢ vi d6 21° va cia mot diém & xich
dao.

The Earth turns uniformly about its axis; take the period as 24 h and the radius as R = 6370 km. Find
the speed and the centripetal acceleration of a point at latitude 21° and of a point on the equator.

Loi giai. / Solution.
Téc d6 goc chung cho moi diém:

The angular speed is the same for every point:

w = 21/T = 21/(24-3600 s)
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O vi d6 21° quy dao 1a duong tron ban kinh r = R cos 21° = 5946 km. Do d6 v = or ~ 432
m/s va a, = o’r = 0,0315 m/s>.

At latitude 21° the path is a circle of radius r = R cos 21° = 5946 km. Hence v = wr = 432 m/s
and an = 0’r = 0.0315 m/s°.

O xich dao r=R: v=0R ~ 463 m/s, a, = ®?R ~ 0,0337 m/s?, v6i © ~ 7,27-1075 rad/s.
On the equator r = R: v = wR = 463 m/s, a, = w’R = 0.0337 m/s?, with w = 7.27-107° rad/s.

Vay diém ¢ vi do 21° c6 toc do khoang 432 m/s va gia tbc hudng tdm khoang 0,0315
m/s?; diém & xich dao c6 khoang 463 m/s va 0,0337 m/s.

Hence the point at latitude 21° moves at about 432 m/s with centripetal acceleration about
0.0315 m/s*; the equatorial point has about 463 m/s and 0.0337 m/s°>. R

NHAN XET / REMARK — Gia téc huéng tim & xich dao chi bang khoang 0,34% cua g. Vi
vay trong lugng biéu kién chi thay d6i nhe theo vi d (xem hé quy chiéu phi quan tinh,
Chuong 6).

The centripetal acceleration at the equator is only about 0.34% of g, so apparent weight changes only
slightly with latitude (see non-inertial frames, Chapter 6).

PHAI THUQC / MEMORISE — o = 27/T = 2af;, v = wr; 1 vong/phut = n/30 rad/s = 0,105
rad/s.
o =2n/T =2xf; v=or, Irev/min=m/30rad/s = 0.105 rad/s.

4.2. Gia toc huéng tam, gia toc tiép tuyén va gia toc toan phan — Centripetal,

tangential and total acceleration

Van toc 12 mot vecto. Trong chuyén dong tron déu do 16m v khong doi nhung hudng cua
¥ quay lién tuc, nén van co gia toc. Khi do 16n v ciing thay doi, gia toc co thém thanh
phan doc theo vén tbc.

Velocity is a vector. In uniform circular motion the magnitude v is constant but the direction of v

keeps turning, so there is still an acceleration. When the magnitude v also changes, the
acceleration gains a component along the velocity.

PINH LY 4.4 (Gia téc hwéng tim) / THEOREM 4.4 (Centripetal acceleration) — Vit
chuyén dong tron déu trén dudng tron ban kinh r ¢6 gia téc hudng vao tam, d6 16m a, = v¥/r =
o’r.

A body in uniform circular motion on a circle of radius r has an acceleration directed to the centre, of
magnitude a, = v'/r = w’r.

Chirng minh. / Proof.

Lay hai vi tri A, B ctia vt cach nhau thoi gian At, gobc AOB = A@. Van téc ¥a va ¥ cling
d6 16n v, hop nhau goc A (mdi van tdc vudng goc voi ban kinh twong tng). PO bién
thién AV = Up — Ua 12 canh ddy cua tam gidc can (Hinh 4.1).

Take two positions A and B a time At apart, with angle AOB = A0. The velocities V4 and Vg have

equal magnitude v and make the angle A0 with each other (each is perpendicular to its radius).
The change AV = Vg — Va4 is the base of an isosceles triangle (Figure 4.1).
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Tam giac van toc (hai canh bén v, goc dinh A9) dong dang véi tam gidc OAB (hai canh
bén r, gbc dinh A0). Suy ra |AD|/AB = v/r.

The velocity triangle (equal sides v, apex angle A0) is similar to triangle OAB (equal sides r,
apex angle A0). Hence |AV|/AB = v/r.

Khi At dan t6i 0, ddy AB dan toi cung AB = vAt. Do d6
16n:

As At tends to 0, the chord AB tends to the arc AB = vAt. Therefore |AV| = (v/r)vAt and the
acceleration has magnitude:

AD| = (v/r)-vAt va gia toc c6 dd

an = |AV| /At = vZ/r = w?r (4.4)
Goc ¢ day ciia tam giac can bang (m — AP)/2 dan tdi 1/2, nén A dan téi vudng goc véi v,
tirc hudng vé tim O.
The base angle of the isosceles triangle, (m — A6)/2, tends to 7/2, so AV tends to be perpendicular
to v, i.e. directed towards O. W

Ay VA

Hinh 4.1. Tam giac van toc: Av hudng vé tam khi A@ nho
Figure 4.1. Velocity triangle: Av points to the centre for small A0

TINH CHAT 4.5/ PROPERTY 4.5 — Khi d6 16n van tbc thay ddi, thanh phan cua gia toc
doc theo vén tbc 1a gia toc tiép tuyén a, = Av/At = yr, v6i y = Aw/At 1a gia tbe goc. Gia tde
toan phan 14 tong vudng goc ciia hai thanh phan:

When the magnitude of the velocity changes, the component of acceleration along the velocity is the
tangential acceleration a, = Av/At = yr, where y = Aw/At is the angular acceleration. The total
acceleration is the perpendicular sum of the two parts:

aa=yr, a= \/(anz + a?), tan @ = a¢/an 4.5)
Trong (4.5), ¢ 1a goc gilta d va ban kinh huéng vé tam. a, lam doi huéng van tdc, ac lam
d6i d6 16n van toc (Hinh 4.2). Vi v = or v6i r khéng d6i nén Av = rAw, tir d6 a, = 7r.
In (4.5), ¢ is the angle between a and the radius pointing to the centre. a, changes the direction

of the velocity and a; changes its magnitude (Figure 4.2). Since v = wr with r fixed, Av = rdw,
which gives a; = yr.
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Hinh 4.2. Gia tc phap tuyén, tiép tuyén va toan phan tai diém M
Figure 4.2. Normal, tangential and total acceleration at M

TINH CHAT 4.6 / PROPERTY 4.6 — Chuyén dong tron bién d6i déu c6 y khong doi. Cac
phuong trinh tring dang voi chuyén dong thing bién d6i déu (Chwong 2) sau khi thay x, v, a
bing 0, ©, v.

Uniformly accelerated circular motion has constant y. Its equations have the same form as uniformly
accelerated straight-line motion (Chapter 2) after replacing x, v, a by 0, w, y.

Chirng minh. / Proof.

Db thi ot 1a duong thang hé sé goc y nén ® = wo + yt. Goc quay bang dién tich dudi do
thi, 1a hinh thang:

The w—t graph is a straight line of slope y, so @ = wo + yt. The angle turned equals the area
under the graph, a trapezium:

0 = (wo + 0)t/2 = wot + yt2/2 (4.6)

Khtr t tir hai phuong trinh dau: t = (@ — wo)/y, thay vao 0 = (wo + o)t/2 dugc:
Eliminate t using t = (w — wg)/y in 0 = (wo + w)t/2:

w2 — wo? = 2yH 4.7

PHAN TiCH / ANALYSIS — D¢ hoi gia toc ciia mot diém trén vat quay nhanh dan: viét
riéng a, = ©’r (phy thudc thoi diém) va a, = yr (hang khi y hang), roi ghép bang (4.5). D& hoi
gia toc “hop goc 45° voi van tde” nghia 13 a, = a.

A question on the acceleration of a point on a spinning-up body: write a, = o’r (depends on the
instant) and a, = yr (constant when y is constant) separately, then combine with (4.5). An acceleration
“at 45° to the velocity” means a, = a..

Vi DU 4.2 (Gia t6c toan phin ciia diém trén dia) / EXAMPLE 4.2 (Total acceleration of
a point on a disc) — Dia ban kinh 6 cm quay tir nghi, ting toc déu dén 480 vong/phut trong 4
s. Tinh gia téc goc, s6 vong dia quay trong 4 s, va gia toc toan phan cua diém trén vanh tai t =
2's, cung goc giita @ va ban kinh.

A disc of radius 6 cm starts from rest and speeds up uniformly to 480 rev/min in 4 s. Find the angular
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acceleration, the number of turns in 4 s, and the total acceleration of a rim point at t = 2 s with the

angle between d and the radius.

Loi giai. / Solution.
Poi o = 480 vong/phit = 167 rad/s = 50,3 rad/s. Gia tdc goc:

Convert w = 480 rev/min = 16x rad/s = 50.3 rad/s. The angular acceleration is:
Y= (w — 0)/t = 4mrad/s?

Goc quay 0 = yt%/2 = 32n rad = 100,5 rad, tirc 16 vong.
The angle turned is 0 = yt*/2 = 32x rad = 100.5 rad, i.e. 16 turns.

Tait=2s: ® =yt=8n = 25,1 rad/s, nén a, = 0’r = 37,9 m/s> va a; = yr = 0,754 m/s>.
Att=2s: w =yt =8x= 251 rad/s, so an = &’r = 37.9 m/s* and a; = yr = 0.754 m/s°.

a=+V(an® + a®), tan @ = ar/an

Vay v = 4n = 12,6 rad/s?, dia quay 16 vong, a = 37,9 m/s? va ¢ = 1,14° so vGi ban kinh: &
thoi diém nay gia tbc gan nhu hudng tam.

Hence y = 4x = 12.6 rad/s’, the disc turns 16 times, a = 37.9 m/s’> and ¢ = 1.14° from the radius:
at this instant the acceleration is almost purely centripetal. B

NHAN XET / REMARK — a, khong dbi, con a, ting theo t2. Luc méi quay gia tdc nam gan
tiép tuyén, sau d6 nghiéng dan vé phia tam.

a, is constant while a, grows as . At the start the acceleration lies close to the tangent and then tilts
steadily towards the centre.

Vi DU 4.3 (Hai thanh phan gia téc bang nhau) / EXAMPLE 4.3 (Equal acceleration
components) — Chat diém chuyén dong trén duong tron ban kinh 0,8 m, xuit phat tir nghi
v6i gia toe goc khong dbi 0,25 rad/s2. Sau bao lau gia tdc toan phan hop véi van toe goc 45°7
Khi d6 chét diém da quay mot goc bao nhiéu, tbe do va gia tdc bang bao nhiéu?

A particle moves on a circle of radius 0.8 m, starting from rest with constant angular acceleration
0.25 rad/s’. When does the total acceleration make 45° with the velocity? Through what angle has the
particle turned by then, and what are its speed and acceleration?

Loi giai. / Solution.

Van toc nam theo tiép tuyén, gia tdc a, cling theo tiép tuyén con a, vudng goc véi van toc.
Gia tdc hop 45° v6i van toc khi hai thanh phan bang nhau:

The velocity is tangent and a; is tangent too, while a, is perpendicular to the velocity. The
acceleration makes 45° with the velocity when the two components are equal:

am=a & (y)’r=yr & t=1/\y

Véiy = 0,25 rad/s*: t = 2 s. Goc quay 0 = yt¥/2 = 0,5 rad = 28,6°, khong phu thudc ban
kinh.

Withy = 0.25 rad/s’: t = 2 s. The angle turned is 0 = y>/2 = 0.5 rad = 28.6°, independent of the
radius.

Téc d6 v =7yrt =0,25-0,8-2 = 0,4 m/s; a, = yr = 0,2 m/s* nén a = a2 ~ 0,283 m/s.
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The speed is v = yrt = 0.25:0.82 = 0.4 m/s; a; = yr = 0.2 m/s%, so a = aN2 = 0.283 m/s”.

Vay sau 2 s, khi chit diém quay duogc 0,5 rad, gia tdc toan phﬁn hop 45° v6i van tde, toc
d6 0,4 m/s, gia toc 0,283 m/s>.

Hence after 2 s, when the particle has turned 0.5 rad, the total acceleration makes 45° with the
velocity; the speed is 0.4 m/s and the acceleration 0.283 m/s>. W

LOI HAY GAP / COMMON MISTAKE — Duing a = v?/r cho gia tdc toan phan khi téc d6
dang thay d6i: v¥/r chi 13 an. Quén a, = yr 1am sai d6 16n va huéng cua d.
Using a = v¥/r for the total acceleration while the speed is changing: v¥/r is only a,. Leaving out a; =

yr gives the wrong magnitude and direction of a.

LOI HAY GAP / COMMON MISTAKE — Thay s6 vong/phiit hoic d6 vao @ = A6/At ma
khong ddi sang rad/s: sai hé s6 271/60 hodc 7/180 & moi két qua sau do.

Putting rev/min or degrees into w = A0/At without converting to rad/s: every later result is off by the
factor 27/60 or 7/180.

PHAI THUQC / MEMORISE — a, = v¥/r = o?r hudng vao tdm; a, = vr doc tiép tuyén; a =
V(an? + ad).
an = Vv¥r = 0% towards the centre; a, = yr along the tangent; a = (a,* + a?).

4.3. Ban kinh cong cia quy dao — Radius of curvature of a path

Quy dao khong tron (parabol ctia vat ném, cycloid ctia diém trén vanh banh xe) van ding
dugc cong thie ciia chuyén dong tron, néu mdi diém cia quy dao duge thay bang cung
tron 6m sat quy dao tai diém do.

A path that is not a circle (the parabola of a projectile, the cycloid of a rim point) can still use
the circular-motion formulas, provided each point of the path is replaced by the circular arc that
hugs the path at that point.

PINH NGHIA 4.7 (Ban kinh cong) / DEFINITION 4.7 (Radius of curvature) — Puong
tron mat tiép cua quy dao tai diém M 1a gidi han ctia duong tron di qua M va hai diém khac
ctia quy dao khi hai diém d6 dan t6i M. Ban kinh cua né 1a ban kinh cong R ciia quy dao tai
M.

The osculating circle of a path at a point M is the limit of the circle through M and two other points of
the path as those two points tend to M. Its radius is the radius of curvature R of the path at M.

PINH LY 4.8 (Gia toc phap tuyén va ban kinh cong) / THEOREM 4.8 (Normal
acceleration and radius of curvature) — Tai mdi diém cua quy dao, thanh phan cia gia tc
vudng goc vai van te (gia tde phap tuyén) bang a, = v¥/R, véi R 1 ban kinh cong tai diém
do. Tu do R = v¥/an.

At each point of a path, the component of acceleration perpendicular to the velocity (the normal
acceleration) equals a, = v¥/R, where R is the radius of curvature at that point. Hence R = v¥/a,.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 128



Vat 1i 10 cho Ga choi / Olympiad Physics for Grade 10

Chirng minh. / Proof.

Trong khoang thoi gian rat ngan vat chuyén dong trén cung dudng tron mat tiép, huéng
van téc quay dung nhu trén dudng tron d6. Phan gia toc 1am doi hudng van tdc 13 thanh
phan vudng goc vai ¥, va theo dinh 1y 4.4 ap dung cho dudng tron mat tiép n6 bang v¥/R.
Over a very short time the body moves on an arc of the osculating circle, and the direction of its
velocity turns exactly as on that circle. The part of the acceleration that turns the velocity is the
component perpendicular to U, and by theorem 4.4 applied to the osculating circle it equals v*/R.

R = v?/an (4.8)

Lap luan nay 1a truc quan: phép chirng minh chat ché can gidi han ctia ham sd, nam ngoai
chuong trinh 16p 10.

The argument is intuitive: a rigorous proof needs limits of functions, beyond the Year 10 course.
|

Céach dung: phan tich gia tdc d thanh thanh phan doc va vudng goc véi &. Néu d hop véi
U gbc P thi an = a sin B. Vi vat chi chiu trong luc, @ = g va an = g cos 0, véi 0 1a goc gitra
¥ va phuong ngang.

Method: resolve d along and perpendicular to V. If @ makes an angle  with U, then a, = a sin p.

For a body under gravity alone, a = g and a, = g cos 0, where 0 is the angle between v and the
horizontal.

HE QUA 4.9/ COROLLARY 4.9 — Vit ném xién véi van tdc dau vo hop goc o v6i phuong
ngang c6 ban kinh cong Ry = ve?cos?a/g tai dinh quy dao, Rz = vo*(g cos o) tai diém ném, va
tai diém van tdc hop goc 0 v6i phuong ngang thi R = Ri/cos’0.

A projectile launched with speed vy at angle o to the horizontal has radius of curvature R; =
vo’cos’o/g at the top, R> = vo’/(g cos @) at launch, and R = R;/cos’0 where the velocity makes angle 0
with the horizontal.

Chirng minh. / Proof.
Thanh phan ngang cua van téc khéng doi: v cos 0 = vocos a. Gia tc chi 1a g thang dung
nén an = g cos 0.

The horizontal component of velocity is constant: v cos 0 = vocos o. The acceleration is just g,
vertical, so a, = g cos 0.

R = v?/(g cos 8) = (vocos a)?/(g cos*0) (4.9)

Tai dinh 6 = 0 cho Ry; tai diém ném 0 = o cho Ra = Ri/cos*a = vo?/(g cos a).
At the top 0 = 0 gives Ry, at launch 0 = a gives R2 = Ri/cos’a = vo’/(g cos o). R
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Hinh 4.3. Vat ném xién 20 m/s, 60°: cung tron mat tiép tai dinh (R.) va tai diém ném (R>)
Figure 4.3. Projectile at 20 m/s, 60°: osculating arcs at the top (R:) and at launch (Rz)

PHAN TICH / ANALYSIS — DPé hoi ban kinh cong thi tim hai dai lugng tai dung diém dé:
tdc d6 v (tir bao toan thanh phan ngang hodc bao toan co ning) va thanh phan cia g vudng
goc voi v. Tai dinh ¥ ndm ngang nén toan bo g 1a phap tuyén; tai diém ném chi g cos a 1a
phap tuyén.

For a radius of curvature find two quantities at that very point: the speed v (from the constant

horizontal component or from energy conservation) and the component of g perpendicular to V. At the

top v is horizontal, so all of g is normal; at launch only g cos o is normal.

Vi DU 4.4 (Ban kinh cong tai dinh va tai diém ném) / EXAMPLE 4.4 (Radius of
curvature at top and launch) — Vit ném xién tir mét dat v&i vo = 20 m/s, o = 60°, g=98
m/s2. Tinh ban kinh cong ciia quy dao tai dinh va tai diém ném, va ti s6 hai ban kinh.

A body is thrown from the ground with vo = 20 m/s, a. = 60°, g = 9.8 m/s’. Find the radius of
curvature of the path at the top and at launch, and the ratio of the two radii.

Loi giai. / Solution.
Tai dinh: v = vocos o= 10 m/s, ¥ nim ngang, a, = g.

At the top: v = vocos a. = 10 m/s, v is horizontal, a, = g
R1 =v?/g = (vocos a)?/g

R1=100/9,8 = 10,2 m.
R; =100/9.8 = 10.2 m.

Tai diém ném: v = 20 m/s. Vecto ¥o hop v6i phuong ngang 60°, nén g c6 thanh phan g
cos 60° vudng goc voi Do va g sin 60° doc theo nd. Thanh phan vudng goc 1a gia tdc phap
tuyén:
At launch: v = 20 m/s. The vector Uy is 60° above the horizontal, so g has a component g cos 60°

perpendicular to Vo and g sin 60° along it. The perpendicular component is the normal
acceleration:

Rz = vo?/(g cos a)

R>=400/(9,8-0,5) =~ 81,6 m.
R> = 400/(9.8-0.5) = 81.6 m.
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Ti s6 Ro/R1 = 1/c0s?60° = 8.
The ratio is R2/R; = 1/cos’60° = 8.

Vay ban kinh cong tai dinh khoang 10,2 m, tai diém ném khoang 81,6 m, 16n géip 8 lan.
Hence the radius of curvature is about 10.2 m at the top and about 81.6 m at launch, 8 times
larger. W

NHAN XET / REMARK — Quy dao cong nhét ¢ dinh va thiang dan khi di xa dinh, vi R =
R1/cos®0 chi tang khi 6 ting. Ném ngang (a = 0) cho R; = Ry = ve%/g.

The path is most sharply curved at the top and straightens away from it, since R = R;/cos*0 only
grows as 6 grows. A horizontal throw (o = 0) gives R; = R> = vo¥/g.

Vi DU 4.5 (Ban kinh cong tai diém giira chirng) / EXAMPLE 4.5 (Radius of curvature at
an intermediate point) — Cung vat ném ¢ Vi du 4.4 (vo =20 m/s, a = 60°). Tinh ban kinh
cong tai diém vat ¢ do cao bﬁng mot ntra d§ cao cuc dai, trén duong di lén.

The same projectile as in Example 4.4 (vo = 20 m/s, a. = 60°). Find the radius of curvature at the point
on the way up where the height is half the maximum height.

Loi giai. / Solution.
D6 cao cuc dai H = ve*sin®a/(2g). Tai d6 cao H/2 thanh phan thing dung thoa v, =
vo?sin?o — 2g-H/2 = vo?sin?a/2.
The maximum height is H = vo’sin’a/(2g). At height H/2 the vertical component satisfies v\’
vo’sin‘oa — 2g-H/2 = vo’sin’o/2.

v? = vo®cos?a + vo®sin®a/2 = 100 + 150 = 250
Vay v = 15,8 m/s va cos 0 = vocos a/v =10/15,8 = 0,632 (6 = 50,8°), a, = g cos 6 = 6,20
m/s?.
Sov=15.8 m/s and cos 0 = vocos a/v = 10/15.8 = 0.632 (0 = 50.8°), an = g cos 0= 6.20 m/s".

R = v?/an = 250/6,20

Vay R =~ 40,3 m, ndm giita 10,2 m & dinh va 81,6 m & diém ném.
Hence R = 40.3 m, between 10.2 m at the top and 81.6 m at launch. R

LOI HAY GAP / COMMON MISTAKE — L4y a, = g tai moi diém ciia quy dao ném xién:
chi dtng & dinh, noi g vudng goc voi v. O diém khac phai 1iy g cos 6.
Taking a, = g at every point of a projectile path: that is true only at the top, where g is perpendicular

to v. Elsewhere use g cos 0.

LOI HAY GAP / COMMON MISTAKE — Dung vo thay cho v tai diém giita quy dao: tbc
do thay ddi theo d6 cao, v? = vo? — 2gh.
Using vy in place of v at an intermediate point: the speed changes with height, v’ = vy?> — 2gh.
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4.4. Chuyén dong ciia vt ran: tinh tién, quay, cong thirc cong vin toc —

Rigid-body motion: translation, rotation, velocity addition

Tur day chi xét chuyén dong phang: moi diém cua vét chuyén dong trong cic mit phang
song song nhau, nén v& vat nhu mot hinh phang.

From here on only plane motion is considered: every point of the body moves in parallel planes,
so the body can be drawn as a plane figure.

PINH NGHIA 4.10 (Vat ran, tinh tién) / DEFINITION 4.10 (Rigid body, translation) —
Vit ran 1a vat ma khoang cach gitra hai diém bét ky ctia n6 khong ddi trong subt chuyén dong.
Vat chuyén dong tinh tién khi moi doan théng ndi hai diém cta vat luén song song voi chinh
n6 & vi tri dau; khi d6 moi diém c6 ciing van tdc va cung gia toc.

A rigid body is one in which the distance between any two of its points stays constant. A body is in
translation when every line joining two of its points stays parallel to its initial position; then all points
have the same velocity and acceleration.

PINH LY 4.11 (Cong thirc cong van tdc cita vat rin) / THEOREM 4.11 (Velocity
addition in a rigid body) — Vi hai diém A, B bit ky ctia vat rin, Us = Ua + Upa, trong dé
Upa vudng goc voi AB va c6 do 16n w-AB. Tdc do goc o 1a tdc do quay cia doan thiang nbi
hai diém bat ky cua vat, c6 cung gia tri v&i moi cdp diém.

For any two points A, B of a rigid body, s = Va + Vs, where Uy is perpendicular to AB with
magnitude w-AB. The angular speed w is the rate at which the line joining any two points of the body

turns, and it has the same value for every pair.

Chirng minh. / Proof.

Xét hé quy chiéu tinh tién cung diém A (khong quay). Trong hé nay khoang cach AB
khong d6i nén B chi c6 thé chuyén dong trén duong tron tim A, ban kinh AB, véi toc do
goc o cua doan AB. Theo dinh 1y 4.3 van téc ctia B trong hé ndy 13 ¥, vudng goc véi
AB, d0 16n - AB.

Take a frame that translates with A and does not rotate. In it the distance AB is fixed, so B can
only move on the circle of centre A and radius AB, at the angular speed o of the segment AB. By
theorem 4.3 the velocity of B in this frame is Vg, perpendicular to AB, of magnitude w-AB.

Cong van tdc ctia hé quy chiéu (¥a) voi van téc trong hé (a) theo phép cong Galileo

(Chuong 3):

Add the velocity of the frame (V4) to the velocity within it (Ups) by Galilean addition (Chapter 3):
UB = Ua + UBa, VBA = w-AB (4.10)

Hai doan thang khac nhau cua vat hop thanh tam giac cimg, goc giita chung khong doi

nén chiing quay cuing téc do: @ chi c6 mot gia tri.

Two different segments of the body form a rigid triangle whose angles stay fixed, so they turn at
the same rate: ® has a single value. W

HE QUA 4.12 (Pinh Iy hinh chiéu van téc) / COROLLARY 4.12 (Projection theorem for
velocities) — Hinh chiéu ctia Ua va U 1én duong thing AB bang nhau. Néu Ua va Us hop véi
AB céac goc a, B thi vacos a = vgcos f.
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The projections of V4 and Vs onto the line AB are equal. If V4 and Uz make angles o, f with AB then
V4COS 0. = Vcos b.

Chirng minh. / Proof.
Upa vudng goc v6i AB nén hinh chiéu ctia n6 1én AB bang 0. Chiéu (4.10) 1én AB:
Vg4 is perpendicular to AB, so its projection onto AB is 0. Project (4.10) onto AB:
VBCOS [3 = VaACOS (4.11)

Pay la diéu kién dé thanh khong bi nén hay dan doc theo chiéu dai ciia no.

This is the condition that the rod is neither compressed nor stretched along its length. W

c0s30°
vacos 30 vpCos60°

VB

Hinh 4.4. Hinh chiéu cta hai van toc 1én thanh AB bang nhau
Figure 4.4. Projections of the two velocities onto AB are equal

PHAN TICH / ANALYSIS — Dé cho phuong cua van tdc hai diém va do 1én mot van tde:
ding (4.11) dé tim d6 16n con lai, rdi 1y thanh phan vudng goc véi AB dé suy ra o. Hai
thanh phan vudng gbc cling phia thi trir nhau, khac phia thi cong nhau.

Given the directions of two velocities and the magnitude of one: use (4.11) for the other magnitude,
then take the components perpendicular to AB to get w. Perpendicular components on the same side
subtract; on opposite sides they add.

VI DU 4.6 (Hinh chiéu van téc 1én thanh) / EXAMPLE 4.6 (Projecting velocities onto the
rod) — Thanh AB dai 1,5 m chuyén dong phing. Van toc dau A c6 do 16n 3 m/s, hop voi AB
gdc 30° va hudng 1én trén dudng AB; van tc dau B hop voi AB goc 60° va hudng xudng
dudi dudng AB, cung phia tién ra xa A (Hinh 4.4). Tinh vs, tbc d6 goc cua thanh va téc do
trung diém M.

Rod AB, 1.5 m long, moves in a plane. The velocity of end A has magnitude 3 m/s, makes 30° with AB
and points above line AB, the velocity of end B makes 60° with AB and points below line AB, both
leaning forward away from A (Figure 4.4). Find vg, the angular speed of the rod and the speed of the
midpoint M.

Loi giai. / Solution.
Chiéu 1én AB theo (4.11):
Project onto AB using (4.11):

v = vacos 30° / cos 60° = 3v/3 (m/s)
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Vay ve ~ 5,20 m/s. Thanh phan vudng goéc voi AB: ctia A 1a 3 sin 30° = 1,5 m/s (1én), ctia
B 1a vesin 60° = 4,5 m/s (xudng).

So ve = 5.20 m/s. The components perpendicular to AB: for A it is 3 sin 30° = 1.5 m/s (up), for B
it is vgsin 60° = 4.5 m/s (down).

Hai thanh phén ngugc phia nén van tde tuong ddi cia B d6i véi A 1la 1,5 + 4,5 =6 m/s,
suy ra ® = 6/1,5 =4 rad/s.

They are on opposite sides, so the velocity of B relative to A is 1.5 + 4.5 = 6 m/s, giving v =
6/1.5 = 4 rads.

Van tbc trung diém bang trung binh hai dau: ¥m = (¥a + ¥s)/2. Thanh phan doc AB la
3cos 30° = 2,598 m/s, thanh phﬁn vuong goc la (1,5 —4,5)/2 =—-1,5 m/s.

The midpoint velocity is the mean of the end velocities: Uy = (V4 + Vg)/2. Its component along
AB is 3cos 30° = 2.598 m/s and its perpendicular component is (1.5 — 4.5)/2 = —1.5 m/s.

Vay vm = \/(2,5982 +1,5?)=3,0 m/s, ve = 5,20 m/s va ® = 4 rad/s.
Hence vy = N(2.5982 + 1.52) = 3.0 m/s, vg = 5.20 m/s and @ = 4 rad/s. ®

NHAN XET / REMARK — Trung diém c6 vén tdc trung binh ciia hai dau vi v = va +
®xAM theo (4.10), ma phan quay caa M bang mot nira phan quay cua B. Két qua ding voi
moi diém chia thanh theo ti 1¢ cho trudc.

The midpoint has the mean velocity of the ends because, by (4.10), the rotational part for M is half
that for B. The same holds for any point dividing the rod in a fixed ratio.

LOI HAY GAP / COMMON MISTAKE — Cho vén tdc hai d¢au thanh bang nhau vé d6 16n
r0i két luan thanh tinh tién: thanh tinh tién chi khi hai van tdc bang nhau ca vé hudng.
Concluding that a rod translates because its ends have equal speeds: it translates only when the two

velocities are equal in direction as well.

4.5. Tam quay twc thoi — The instantaneous centre of rotation

Cong thirc (4.10) don gian nhat khi chon diém gdc c6 van toc bang 0. Piém nhu vy ludn
c6 trong chuyén dong phang cia vat ran dang quay.

Formula (4.10) is simplest when the reference point has zero velocity. Such a point always exists
in the plane motion of a turning rigid body.

PINH NGHIA 4.13 (Tam quay tirc théi) / DEFINITION 4.13 (Instantaneous centre of
rotation) — Tam quay turc thoi P cua vat ran tai mot thoi diém 1a diém (gén véi vat, co thé
nam ngoai hinh v€ cua vat) c6 van tde béng 0 tai thoi diém do.

The instantaneous centre of rotation P of a rigid body at a given instant is the point (attached to the
body, possibly outside its drawn outline) whose velocity is zero at that instant.

PINH LY 4.14 (Ton tai va cich xac dinh tim quay tirc thoi) / THEOREM 4.14
(Existence and construction of the instantaneous centre) — Néu o # 0 thi tai mdi thoi
diém c6 ding mot tdm quay tue thoi P, va van tdc moi diém M cua vat vuong goc voi PM, vm
= ®-PM. P nam trén duong vudng goc véi van toc ké tir mdi diém, nén 13 giao diém cua hai
duong vudng gbe do.
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If o # 0 there is exactly one instantaneous centre P at each instant, and the velocity of every point M
is perpendicular to PM, vy = w*PM. P lies on the perpendicular to the velocity drawn from each
point, so it is the intersection of two such perpendiculars.

Chirng minh. / Proof.

Léy diém A c6 van toc ¥a # 0. Chon diém P gén voi Vat, nam trén duodng vuong goéc voi
Ua ké tir A, cach A doan va/m, vé phia sao cho ¥pa (Vudng goc véi AP, do 16n o-AP)
nguoc chiéu v6i Ba. Theo (4.10):

Take a point A with velocity V4 # 0. Choose the point P of the body on the perpendicular to V.

through A, at distance v/ from A, on the side where Up4 (perpendicular to AP, of magnitude
w-AP) is opposite to V4. By (4.10):

Up=Ta+Upa=0
Néu ¢ diém tht hai Q ciing dting yén thi 0 = Bq = Up + Vop = Up ¢6 d6 10n ©-PQ # 0,
vo 1y; vay P duy nhat. Ly P lam diém gbc trong (4.10) cho ¥m = Bme, vudng goc voi PM
va ¢6 do 16n:
If a second point Q were also at rest then 0 = Do = Up + Dop = Vop would have magnitude «-PQ

+ 0, a contradiction; so P is unique. Taking P as the reference point in (4.10) gives Um = Vup,
perpendicular to PM, of magnitude:

vM = w-PM (4.12)
o

Khi @ = 0 (tinh tién tirc thoi) hai dudng vudng goc véi cac van tdc song song nhau va P ¢
xa v cung. Van tdc cua P bang 0 chi ¢ thoi diém dang xét: gia tc ctia P ndi chung khac
0, va P d6i chd trén vat theo thoi gian.

When o = 0 (instantaneous translation) the perpendiculars to the parallel velocities are parallel

and P is at infinity. The velocity of P is zero only at the instant considered.: the acceleration of P
is in general not zero, and P moves over the body in time.

Céch lam: (1) v& ¥ ciia hai diém da biét phuong; (2) ké hai duong vudng goc véi ching,
giao nhau tai P; (3) ® = v/PA tir diém c6 v biét; (4) van toc diém bat ky M c¢6 phuong
vuong gbéc PM va d¢ 16n o-PM.

Method: (1) draw the known directions of v at two points; (2) draw the perpendiculars to them,

meeting at P; (3) w = v/PA from the point whose speed is known; (4) the velocity of any point M
is perpendicular to PM with magnitude w-PM.
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Hinh 4.5. Thanh AB truot gitra san va tuong: tam quay tirc thoi P 1a dinh thtr tu cia hinh chir
nhat OAPB
Figure 4.5. Rod AB sliding between floor and wall: the instantaneous centre P is the fourth vertex of
rectangle OAPB

PHAN TICH / ANALYSIS — Hai d4u thanh chay trén hai duong thing vudng goc nén
phuong vén téc ciia A va B di biét (doc san, doc tuong). Hai dudng vudng goc voi ching di
qua AvaB cit nhau tai P, lam OAPB thanh hinh chit nhat. Van toc mdi diém khéc cta thanh
chi can khoang cach tir diém dé t6i P.

The ends of the rod run on two perpendicular lines, so the directions of V4 and Vs are known (along

the floor, along the wall). The perpendiculars to them through A and B meet at P, making OAPB a
rectangle. The velocity of any other point of the rod needs only its distance to P.

VI DU 4.7 (TAm quay tirc thoi ciia thanh trrgt) / EXAMPLE 4.7 (Instantaneous centre
of a sliding rod) — Thanh AB dai 2,5 m, diu A truot trén san ngang, dau B truot trén tudng
thang dimg. Pau A chay ra xa tuong véi toc d6 0,9 m/s. Khi thanh hop vai san goc a ¢6 cos a
= 0,6, tinh tdc do gbc cua thanh, tde d6 dau B, tbe do trung diém M, va toc do diém C cach A
mot phan ba chiéu dai thanh.

Rod AB, 2.5 m long, has end A sliding on a horizontal floor and end B on a vertical wall. End A moves
away from the wall at 0.9 m/s. When the rod makes an angle a with the floor such that cos o. = 0.6,
find the angular speed of the rod, the speed of end B, the speed of the midpoint M, and the speed of the
point C one third of the way from A to B.

Loi giai. / Solution.

Chon O 1a chan tuong. A = (Lcos a, 0) = (1,5; 0) m, B = (0; €sin a) = (0; 2,0) m. Tam
quay tac thoi P = (1,5; 2,0) m, dinh thir tu ctia hinh chit nhat OAPB.

Let O be the foot of the wall. A = (€cos a, 0) = (1.5, 0) m, B = (0, {sin a) = (0, 2.0) m. The
instantaneous centre is P = (1.5, 2.0) m, the fourth vertex of rectangle OAPB.

PA = {sin o= 2,0 m, PB = {cos o.= 1,5 m. Toc dod gbc va tbc d6 dau B:
PA ={sina = 2.0 m, PB = {cos a = 1.5 m. The angular speed and the speed of end B:

w =va/PA, ve= w-PB
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Vay o =0,9/2,0 = 0,45 rad/s va vg = 0,45-1,5 = 0,675 m/s (B di xuéng).
So w =0.9/2.0 = 0.45 rad/s and vg = 0.45-1.5 = 0.675 m/s (B moves down).

Trung diém M 1a tdm cua hinh chit nhat OAPB, nén PM = AB/2 = 1,25 m va vum =
0,45-1,25 = 0,563 m/s.

The midpoint M is the centre of rectangle OAPB, so PM = AB/2 = 1.25 m and vy = 0.45-1.25 =
0.563 m/s.

Piém C = A + (B —A)/3=(1,0; 0,667) m, nén PC = \/(0,52 +1,333%) = 1,424 m va vc
0,45-1,424 = 0,641 m/s.

The point C = A + (B — A)/3 = (1.0, 0.667) m, so PC = \/(().52 + 1.333%) = 1.424 m and vc =
0.45-1.424 = 0.641 m/s.

Vay o = 0,45 rad/s, vs = 0,675 m/s, vm = 0,563 m/s, vc = 0,641 m/s; Um va Uc vudng goc
voi PM va PC.

Hence o = 0.45 rad/s, vg = 0.675 m/s, vu = 0.563 m/s, vc = 0.641 m/s; Uy and V¢ are
perpendicular to PM and PC. W

NHAN XET / REMARK — Quy tich cuia P khi thanh truot 14 cung tron tim O ban kinh ¢, vi
OP = AB = { (hai duong chéo hinh chir nhat). TAm quay tirc thoi P ¢6 vén toc 0 chi tai thoi
diém dang xét; & thoi diém khac no 1a mot diém khéc cua thanh.

The locus of P as the rod slides is an arc of the circle of centre O and radius €, since OP = AB ={
(the diagonals of a rectangle). The instantaneous centre P has zero velocity only at the instant
considered; at other times it is a different point of the rod.

LOI HAY GAP / COMMON MISTAKE — Cho rang gia tc cta tAm quay tirc thoi bing 0
vi van tbe ctia nd béng 0. Van toc béng 0 chi tai mot thoi diém; gia tdc ctia P noi chung khac
0.

Assuming the acceleration of the instantaneous centre is zero because its velocity is zero. The velocity
vanishes only at one instant; the acceleration of P is generally not zero.

PHAN TiCH / ANALYSIS — Con lan kep giira hai van c6 hai diém tiép xtic, van toc ctia
chung chinh 13 van t¢ hai van néu con lan khong trugt. Hai diém nay nam trén cing mot
dudng kinh, van tdc song song nhau: tim quay tirc thoi ndm trén dudng kinh do, tai chd ndi
hai dau mut vecto van toc.

A roller squeezed between two boards has two contact points, and if it does not slip their velocities
equal those of the boards. These points lie on one diameter with parallel velocities: the instantaneous
centre lies on that diameter, where the line through the tips of the two velocity vectors cuts it.

VI DU 4.8 (Con lin giira hai van) / EXAMPLE 4.8 (Roller between two boards) — Con
lan ban kinh 5 cm kep giita hai van nim ngang song song. Van trén chuyén dong sang phai
vo1 0,8 m/s, van dudi chuyén dong sang trai véi 0,2 m/s, con lan khong trugt trén ca hai van
(Hinh 4.6). Tinh van tdc tAm con lin, tdc do goc, va vi tri tim quay tirc thoi.

A roller of radius 5 cm is squeezed between two parallel horizontal boards. The upper board moves
right at 0.8 m/s, the lower board moves left at 0.2 m/s, and the roller does not slip on either board
(Figure 4.6). Find the velocity of the roller's centre, its angular speed, and the position of the
instantaneous centre.
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Loi giai. / Solution.

Chon chiéu duong sang phai. Piém trén ctia con ldn c¢6 van téc vi = +0,8 m/s, diém dudi
¢6 v2 =—0,2 m/s. Theo (4.10) v6i O 1a tim va con lan quay thuan chiéu kim déng ho véi
téc do goc o:

Take right as positive. The top point of the roller has velocity vi = +0.8 m/s, the bottom point v
= —0.2 m/s. By (4.10) with O the centre and the roller turning clockwise at angular speed w:

vi=vo+ wR, v2=vo— wR

Cong hai phuong trinh: vo = (v1 + v2)/2 = 0,3 m/s sang phai. Trur hai phuong trinh: ® =
(vi —v2)/(2R) = 1,0/0,10 = 10 rad/s.

Adding the equations: vo = (vi + v2)/2 = 0.3 m/s to the right. Subtracting: w = (vi — v2)/(2R) =
1.0/0.10 = 10 rad/s.

Tam quay tirc thoi nam trén duong kinh thang ding, cach O doan vo/m = 0,03 m =3 cm
vé phia dudi, tirc cach diém tiép xtic dudi 2 cm.

The instantaneous centre lies on the vertical diameter at a distance vo/w = 0.03 m = 3 cm below
O, i.e. 2 cm above the lower contact point.

Kiém: diém dudi c6 tbc d6 ®-2 cm = 0,2 m/s sang trai; diém trén c6 ©'8 cm = 0,8 m/s
sang phai. Vay tdm con lin di sang phai 0,3 m/s, ® = 10 rad/s thuan chiéu kim dong ho,
tam quay tc thoi dudi tam 3 cm.

Check: the lower point moves at w2 cm = 0.2 m/s to the left; the upper point at @8 cm = 0.8
m/s to the right. Hence the centre moves right at 0.3 m/s, @ = 10 rad/s clockwise, and the
instantaneous centre lies 3 cm below the centre. W

Hinh 4.6. Con 1an gitta hai van: van toc cac di€m tiép xuc, tam O va tam quay tic thoi [
Figure 4.6. Roller between two boards. contact velocities, centre O and instantaneous centre |

NHAN XET / REMARK — Néu hai van cting chuyén dong cung chiéu véi cing toc do thi
® = 0 va con lin tinh tién. Néu van duéi diing yén (v = 0) thi tim quay ttc thoi tring diém
tiép xuc dudi, vo = vi/2, ® = vi/(2R): do6 1a con lan 1an khong trugt trén mat b dinh.

If the two boards move in the same direction at the same speed then w = 0 and the roller translates. If
the lower board is at rest (v: = 0) the instantaneous centre coincides with the lower contact point, vo
=v1/2 and o =vi/(2R): that is a roller rolling without slipping on a fixed surface.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 138



Vat 11 10 cho Ga choi / Olympiad Physics for Grade 10

4.6. Lan khong truwot va dwong cycloid — Rolling without slipping and the cycloid

PINH NGHIA 4.15 (Lin khong truwgt) / DEFINITION 4.15 (Rolling without slipping) —
Banh xe 1an khong trugt trén mot mat khi diém ctia banh dang cham mat c6 van tdc béng van
téc clia mit tai chd d6 (bang 0 néu mit dung yén). Khi d6 diém tiép xtc 1a tim quay tirc thoi
ctia banh d6i v6i mit dimg yén.

A wheel rolls without slipping on a surface when the point of the wheel in contact has the same
velocity as the surface at that place (zero if the surface is at rest). The contact point is then the
instantaneous centre of the wheel relative to a fixed surface.

PINH LY 4.16 (Vén téc tim banh lin) / THEOREM 4.16 (Centre velocity of a rolling
wheel) — Banh ban kinh R 1an khong truot trén mat dimg yén c6 van toc tim vo = oR va gia
tdc tdm ao = YR, v6i o, v 12 toc d6 goc va gia tbe goc cuia banh.

A wheel of radius R rolling without slipping on a fixed surface has centre velocity vo = wR and centre
acceleration ap = yR, where w, y are the angular speed and angular acceleration of the wheel.

Chirng minh. / Proof.

Trong thoi gian At banh quay goc A6, cung RA@ cua vanh lan lugt cham mit dat ma
khong truot, nén tam di duoc doan dung béng dd dai cung do6, As = RAO. Chia cho At roi
cho At dén t&i 0:

In a time At the wheel turns by A6, and the rim arc RAO is laid down on the ground without
slipping, so the centre advances exactly that arc length, As = RAO. Divide by At and let At tend to
0:

vo = wR (4.13)

Véi R khong doi, dd bién thién vo trong At 1d RA®, nén ao = yR.
With R fixed, the change of vo in At is RAw, so ap = yR. W

HE QUA 4.17 / COROLLARY 4.17 — Diém M ciia vanh cach diém tiép xtic P mot didy PM
¢6 van téc vudng goc PM, vm = o-PM. Goi ¢ 1 goc quay ciia banh ké tir lac M cham dét: vm
= 2vosin(¢/2). Piém cao nhit c6 v = 2vo, diém ngang tdm c6 v = V2-vo, diém tiép xtic co v =
0.

A rim point M at chord PM from the contact point P has a velocity perpendicular to PM, vy = w-PM.
With ¢ the angle the wheel has turned since M touched the ground: vy = 2vosin(p/2). The top point

has v = 2vo, the point level with the centre has v = \N2vo, and the contact point has v = 0.

Chirng minh. / Proof.
P 1a tam quay tuc thoi nén 4p dung dinh 1y 4.14. Tam gidc OPM can (OP = OM = R) voi
goc & dinh O bang @, nén day PM = 2R sin(¢/2).
P is the instantaneous centre, so theorem 4.14 applies. Triangle OPM is isosceles (OP = OM =
R) with apex angle ¢ at O, so the chord PM = 2R sin(p/2).

vMm = w-2R sin(¢@/2) = 2vo sin(@/2) (4.14)

Diém cao nhit ing voi ¢ = 180°, diém ngang tAm tmg voi ¢ = 90° (sin 45° = V2/2), diém
tiép xtc tng voi @ = 0.
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The top point corresponds to ¢ = 180° the point level with the centre to ¢ = 90° (sin 45° =
N2/2), the contact point to ¢ = 0. ™

Hinh 4.7. Van tdc cac diém cua banh xe lan déu khong truot; I 1a diém tiép xuc
Figure 4.7. Velocities of points of a wheel rolling uniformly without slipping; I is the contact point

TINH CHAT 4.18 / PROPERTY 4.18 — Khi tim banh chuyén dong thing déu (vo khong
d6i, y = 0), moi diém trén vanh c6 gia téc hudng vé tim O, d6 16n ®?R. Piém dang tiép xtic
¢6 v =0 nhung van c6 gia tbc »?R hudng thang lén.

When the centre moves uniformly in a straight line (vo constant, y = (), every rim point has an
acceleration directed to the centre O, of magnitude w?R. The point in contact has v = 0 but still has

acceleration w?’R pointing straight up.

Chirng minh. / Proof.

Trong hé quy chiéu tinh tién cung tam O, hé nay chuyén dong thang déu nén 1a quan tinh
(gia téc bang 0). Trong hé d6 vanh quay déu quanh O véi tbe d6 goc m, nén moi diém
vanh co gia toc huéng tim ©?R theo dinh 1y 4.4. Gia téc khong ddi khi chuyén giira hai
hé ¢ gia téc twong dbi bang 0.

In the frame translating with O, which moves uniformly and so is inertial (zero acceleration), the
rim turns uniformly about O with angular speed ®, so every rim point has centripetal
acceleration w?’R by theorem 4.4. Acceleration is unchanged between two frames whose relative
acceleration is zero. B

TINH CHAT 4.19 (Puong cycloid) / PROPERTY 4.19 (The cycloid) — Diém ctia vanh
banh lan khong trugt vach ra duong cycloid. Chon géc tai chd diém d6 cham dét, truc x doc
mat dat; khi banh quay goc ¢: x = R(¢ — sin ¢), y = R(1 — cos ¢). Mdi vong quay cho mot
vom rong 2nR, cao 2R. Puong di ciia diém trong mot vom dai 8R (phét biéu, khong chimg
minh vi can tich phan). Ban kinh cong tai dinh vom 1a 4R; tai chd cham dat duong cong c6
mili nhon thang dung.

A rim point of a wheel rolling without slipping traces a cycloid. Take the origin where the point
touches the ground and x along the ground; when the wheel has turned by ¢: x = R(p — sin ¢), y =
R(1 — cos ¢). Each turn gives one arch, 2nR wide and 2R high. The path length of the point over one
arch is 8R (stated without proof, as it needs integration). The radius of curvature at the top of the arch
is 4R; at the ground the curve has a vertical cusp.
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Chirng minh. / Proof.

Tam banh ¢ d6 cao R va di di duoc doan Re (cung lin), nén O = (Re; R). Piém M xoay
thuan chiéu kim dong ho ¢ so véi phwong thang ding huéng xudng, trc M — O = (-R sin
¢@; —R cos o).

The centre is at height R and has advanced Ro (the arc rolled), so O = (Rp, R). The point M has
turned clockwise by ¢ from the downward vertical, i.e. M — O = (—R sin ¢, —R cos ¢).

Xx=R@ —Rsingp, y=R—Rcos @ (4.15)

Tai dinh (¢ = n) tbc 6 M 1a 2vo nam ngang va gia téc ©*R thang dung hudng xudng tim
(tinh chét 4.18). Gia toc vudng goc véi van tde nén a, = ©*R, va ban kinh cong:

At the top (p = ©) the speed of M is 2vo, horizontal, and the acceleration w?R is vertical towards
the centre (property 4.18). The acceleration is perpendicular to the velocity, so a, = w’R and the
radius of curvature is:

Rc = (2v0)? / (w?R) = 4R (4.16)

top

0 27R

Hinh 4.8. Mt vom cycloid; hai vi tri cua banh itng véi o =0vap=n
Figure 4.8. One arch of the cycloid, two positions of the wheel at ¢ = 0 and ¢ ==

NHAN XET / REMARK — C6 thé thir 8R bang téng roi rac. Chia goc quay 0 dén 27 thanh
8 phan bing nhau A = 7/4; trén mdi phan tdc d6 1a 2vosin(@/2), duong di trong Ag 1a 2R
sin(@/2)A¢ lay & gitta phan. Cong 8 s6 hang dugc khoang 8,05R, sat gia tri 8R, va sai s6 giam
khi chia min hon.

8R can be checked with a discrete sum. Split the turn 0 to 2r into 8 equal parts Ap = 7/4,; on each the
speed is 2vosin(p/2), so the path in Ag is 2R sin(p/2)Ap evaluated at the middle of the part. The 8
terms add up to about 8.05R, close to 8R, and the error shrinks with finer division.

PHAN TiCH / ANALYSIS — Banh lan khong trugt cho phép chuyén moi cau hoi vé van
tdc diém vanh thanh bai toan quay quanh diém tiép xtc: v = @-(khoang cach téi P). Chi can o
= vo/R 10i do khoang cach tir diém can tim t6i P trén hinh.

Rolling without slipping turns every question about rim velocities into rotation about the contact
point: v = w-(distance to P). Only o = vo/R is needed, then measure from the required point to P on
the figure.

VI DU 4.9 (Vén téc diém trén vanh banh lin) / EXAMPLE 4.9 (Velocities of points on a
rolling wheel) — Banh xe ban kinh 0,35 m lin khong trugt trén dudng thang, tim co tbe do

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 141



Vat 11 10 cho Ga choi / Olympiad Physics for Grade 10

khong ddi 7,2 m/s. Tinh téc do gac, tdc d6 diém cao nhét, tbe d6 diém ngang tam, gia tde
diém dang cham duong va sb vong banh quay trong mdi gidy.

A wheel of radius 0.35 m rolls without slipping on a straight road, its centre moving at a constant 7.2
m/s. Find the angular speed, the speed of the top point, the speed of the point level with the centre, the
acceleration of the point touching the road, and the number of turns per second.

Loi giai. / Solution.

Theo (4.13): © = vo/R = 7,2/0,35 = 20,6 rad/s. S6 vong trong mét gidy: o/(2m) = 3,27
vong/s.

By (4.13): @ =vo/R = 7.2/0.35 = 20.6 rad/s. Turns per second: w/(2r) = 3.27 turns/s.

Theo h¢ qua 4.17: diém cao nhit 2vo = 14,4 m/s; diém ngang tam \2:7.2 = 10,2 m/s, hop
45° voi phuong ngang.

By corollary 4.17: the top point 2vo = 14.4 m/s; the point level with the centre N2-7.2 = 10.2 m/s,
at 45° to the horizontal.

Theo tinh chét 4.18, diém cham dudng c6 gia toc:
By property 4.18, the point touching the road has acceleration:

a=w’R=vo*/R

a="7,2%/0,35 = 148 m/s?, hudng théng 1én. Vay o = 20,6 rad/s, 14,4 m/s ¢ dinh, 10,2 m/s
& diém ngang tam, gia toc diém cham dudng 148 m/s? (khoang 15g).

a = 7.2%0.35 = 148 m/s? straight up. Hence w = 20.6 rad/s, 14.4 m/s at the top, 10.2 m/s at the
point level with the centre, and the contact point accelerates at 148 m/s’ (about 15g). ®

PHAN TICH / ANALYSIS — Hoi “bao nhiéu phan thoi gian diém vanh chay nhanh hon
tam” 1a bt dang thirc trén cong thirc v = 2vosin(/2). Toc do chi phu thude goc quay ¢, nén
ti 18 thoi gian bang ti 1& goc @ thoa diéu kién, vi @ ting déu theo thoi gian.

The question “what fraction of the time a rim point outruns the centre” is an inequality on vy =
2vosin(p/2). The speed depends only on the turned angle ¢, and ¢ grows uniformly with time, so the
time fraction equals the fraction of angles ¢ that meet the condition.

Vi DU 4.10 (Bt ding thirc trén géc quay) / EXAMPLE 4.10 (An inequality on the
turned angle) — Banh xe lan déu khong truot. Mot diém trén vanh, trong mot vong quay cua
banh, chiém bao nhiéu phan chu ky voi tbe d6 16n hon téc d6 tim banh? Va bao nhiéu phan
chu ky véi toc d6 16n hon V3-vo?

A wheel rolls uniformly without slipping. During one turn, for what fraction of the period is a rim
point faster than the centre of the wheel? And for what fraction is it faster than \3-vo?

Loi giai. / Solution.

Véi ¢ € [0; 2x1], toc d6 diém 1a 2vosin(¢/2). Piéu kién v > vo:

For ¢ €0, 2n] the point's speed is 2vosin(¢/2). The condition v > vo:
sin(p/2)>1/2 & /6 <@/2<51/6 & n/3<@<51/3

Khoang nay dai 57/3 — n/3 = 4n/3, chiém (47/3)/(27) = 2/3 chu ky.
This interval has length 57/3 — /3 = 47/3, which is (47/3)/(2r) = 2/3 of the period.
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Piéu kién v > V3-vo cho sin(@/2) > V3/2, tic /3 < ¢/2 < 2/3 va 2n/3 < ¢ < 4n/3.
Khoang dai 2n/3, chiém 1/3 chu ky.

The condition v > \3-vo gives sin(p/2) > \3/2, i.e. /3 < ¢/2 < 21/3 and 27/3 < ¢ < 47/3. The
interval has length 2n/3, which is 1/3 of the period.

Vay diém vanh nhanh hon tim trong 2/3 chu ky va nhanh hon \3-vo trong 1/3 chu ky.

Hence the rim point is faster than the centre for 2/3 of the period and faster than \N3~vo for 1/3 of
the period. m

LOI HAY GAP / COMMON MISTAKE — Cho rang diém tiép xtic c6 gia toc bang 0 vi v
= 0. Khi ldn déu n6 c6 a = R hudng 18n; van tdc 0 tirc thoi khong kéo theo gia toc 0.
Believing the contact point has zero acceleration because v = 0. In uniform rolling it has a = R
pointing up, zero instantaneous velocity does not give zero acceleration.

LOI HAY GAP / COMMON MISTAKE — Ding v = @R cho moi diém trén vanh. Cong
thirc d6 chi cho tdc do cua tam trong hé gén dét va tdc do cua diém vanh so véi tam; ddi voi
dat van toc diém vanh 1a 2vosin(¢/2).

Using v = wR for every rim point. It gives only the speed of the centre in the ground frame and the
speed of the rim relative to the centre, relative to the ground the rim point has 2vosin(p/2).

PHAN TICH / ANALYSIS — Gia téc huéng tim cta diém di biét (0*R voi banh lin déu)
cong voi van toc da biét cho ban kinh cong ngay: Re = v*/an, v6i a, 13 thanh phan gia toc
vuodng goc van tdc. Tai dinh cycloid gia tbe vudng goc vai van tde nén khong can phan tich
thém.

The known acceleration of the point (w°R for uniform rolling) and its known velocity give the radius of
curvature at once: R. = v¥/a,, with a, the component of acceleration perpendicular to the velocity. At

the top of the cycloid the acceleration is perpendicular to the velocity, so no further resolving is

needed.

Vi DU 4.11 (Gia toc va ban kinh cong ciia cycloid) / EXAMPLE 4.11 (Acceleration and
curvature of the cycloid) — Béanh ban kinh 0,30 m lan déu khong truot voi vo = 5,0 m/s.
Vi diém P trén vanh: (a) tbe d6 va gia toc khi P & diém cao nhit, (b) ban kinh cong cta quy
dao P tai d6, (c) duong di va tbc d6 trung binh cia P trong mot vong quay.

A wheel of radius 0.30 m rolls uniformly without slipping with vo = 5.0 m/s. For a rim point P: (a) its
speed and acceleration at the top, (b) the radius of curvature of its path there, (c) the path length and
mean speed of P over one turn of the wheel.

Loi giai. / Solution.

(a) Tai diém cao nhat v = 2vo = 10 m/s theo phuong ngang. Gia téc ®*R = vo%R =
25/0,30 ~ 83,3 m/s?, thang dimg hudng xudng tam.

(a) At the top v = 2vo = 10 m/s, horizontal. The acceleration is w’R = vo’R = 25/0.30 = 83.3
m/s?, vertical, towards the centre.

(b) Gia toc vudng goc véi van tde nén a, = 83,3 m/s2, va theo (4.8):

(b) The acceleration is perpendicular to the velocity, so a, = 83.3 m/s®, and by (4.8):

RC=V2/an= 4R
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R. = 100/83,3 = 1,2 m, dung bang 4R.
Re = 100/83.3 = 1.2 m, which is exactly 4R.

(c) Buong di trong mdt vong quay (mot vom cycloid) 1a 8R = 2,4 m. Thoi gian mot vong
T =2aR/vo = 0,377 s, nén tdc do trung binh:

(c) The path in one turn (one arch of the cycloid) is SR = 2.4 m. One turn takes T = 2xR/vo =
0.377 s, so the mean speed is:

vib = 8R/(2nR/vo) = 4vo/Tt

Vay v = 6,37 m/s, 16n hon vo nhung nho hon 2vo. Tai dinh P c6 v = 10 m/s, a = 83,3
m/s?, Rc = 1,2 m; mot vong dai 2,4 m.

Hence viean = 6.37 m/s, larger than vo but smaller than 2vo. At the top P has v = 10 m/s, a =
83.3m/s’>, R = 1.2 m; one turn is 2.4 m long. W

PHAI THUQC / MEMORISE — Banh lan khéng truot: vo = ®R; vm = o-PM =
2vosin(@/2); diém cao nhét 2vo; gia téc diém vanh lin déu ©?R hudng tim; mot vom
cycloid dai 8R.

Rolling without slipping: vo = oR; vy = @w-PM = 2vosin(¢/2); top point 2vo; rim acceleration in
uniform rolling ®°R towards the centre; one cycloid arch has length 8R.

TINH CHAT 4.20 / PROPERTY 4.20 — Bénh ban kinh r lan khong trugt trong mét vanh
c¢b dinh ban kinh R (R > r) khi tim banh quay quanh tim vanh véi toc do goc Q: tdm banh co
tbc 46 Q(R — 1), banh ty quay véi toc do goc o = Q(R — r)/r, nguoc chiéu Q. Lin ngoai vanh
cb dinh thi tim banh c6 téc d6 Q(R + 1) va @ = Q(R + r)/r, cling chiéu Q.

A wheel of radius r rolling without slipping inside a fixed ring of radius R (R > r) while its centre
circles the ring's centre at angular speed Q: the wheel's centre has speed Q(R — r), and the wheel
spins at @ = Q(R — r)/r, opposite to Q. Rolling outside a fixed ring the centre has speed Q(R + r) and
@ = Q(R + r)/r, in the same sense as Q.

Chirng minh. / Proof.
Tam O cta banh cach tdm vanh khoang d = R — r (lan trong) va quay quanh tdm vanh véi
Q, nén vo = Qd. Piém tiép xuc K dung yén (tim quay tirc thoi), cach O doan r nén theo
dinh 1y 4.14 vo = o'r.
The centre O is at distance d = R — r from the ring's centre (rolling inside) and turns about it at

Q, so vo = Qd. The contact point K is at rest (the instantaneous centre) and lies a distance r
from O, so by theorem 4.14 vo = wr.

w=QR-r)/r (4.17)

Chiéu: K nam ngoai O so v6i tAm vanh, vo hudng theo chiéu quay cia Q; dé K dimg yén
banh phai quay nguoc lai. Lan ngoai ¢6 d = R + r va K nam giita tAm vanh va O, nén
banh quay ciing chiéu Q; thay d = R + r vao cung lap luan.

Sense: K lies beyond O as seen from the ring's centre and vo points in the sense of Q, for K to
stay at rest the wheel must spin the other way. Rolling outside has d = R + r and K lies between
the ring's centre and O, so the wheel spins in the same sense as Q; put d = R + r into the same
argument. R
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K

Hinh 4.9. Banh lin khong truot trong vanh ¢ dinh: tim O quay quanh C, tiép diém K dung yén
Figure 4.9. Wheel rolling without slipping inside a fixed ring: the centre O circles C, the contact point K
is at rest

PHAN TICH / ANALYSIS — Hoi s6 vong tu quay ciia banh khi tim di mot vong quanh
vanh: 14y hai van tdc goc chia nhau, o/Q = (R — r)/r. S6 vong dém d6i v6i dat 1a (R — r)/r, nho
hon R/r vi banh vira lan doc vanh vira bi tdm kéo quay ngugc lai.

For the number of spins the wheel makes while its centre goes once round the ring, divide the two
angular speeds: w/Q = (R — r)/r. Counted relative to the ground the number is (R — r)/r, smaller than
R/r, since the wheel rolls along the ring while its centre drags it round the other way.

Vi DU 4.12 (Banh liin trong vanh b dinh) / EXAMPLE 4.12 (Wheel rolling inside a
fixed ring) — Béanh ban kinh r = 0,10 m lan khéng trugt trong vanh ¢ dinh ban kinh R =
0,50 m. Tam banh di hét mot vong quanh tAm vanh trong 2,0 s (Hinh 4.9). Tinh téc d6 tAm
banh, tbc d6 goc tw quay ciia banh, sé vong banh tu quay trong 1 chu ky ciia tim, va toc do
diém ciia banh gan tAm vanh nhat.

A wheel of radius r = 0.10 m rolls without slipping inside a fixed ring of radius R = 0.50 m. Its centre
goes once round the ring's centre in 2.0 s (Figure 4.9). Find the speed of the wheel's centre, the
wheel's spin angular speed, the number of turns the wheel spins in one period of the centre, and the
speed of the point of the wheel nearest the ring's centre.

Loi giai. / Solution.

Tbc do gdc quy dao cua tdm banh: Q = 271/2,0 = n rad/s = 3,14 rad/s. Tam banh cach tam
vanh R —r= 0,40 m.

Orbital angular speed of the wheel's centre: Q = 21/2.0 = w rad/s = 3.14 rad/s. The wheel's
centre is R — r = 0.40 m from the ring's centre.

vo=Q(R—-1), w=vo/r=QR—-r1)/r
vo = 0,40 =~ 1,26 m/s va ® = 0,407/0,10 = 41 ~ 12,6 rad/s, quay nguoc chiéu voi chuyén
dong cua tam.

vo = 0.40rn = 1.26 m/s and w = 0.407/0.10 = 47 = 12.6 rad/s, spinning opposite to the motion of
the centre.
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Trong 2,0 s banh quay oT/(2n) = 4rn-2,0/(21) = 4 vong, tic (R — r)/r = 4.
In 2.0 s the wheel turns wT/(2r) = 47-2.0/(2n) = 4 turns, i.e. (R — r)/r = 4.

Tam quay tic thoi 1a K, diém cua banh gan tim vanh nhat nam d6i tam voi K qua O,
cach K doan 2r, nén ¢6 toc dd o-2r = 2vo.

The instantaneous centre is K, and the point of the wheel nearest the ring's centre is
diametrically opposite K through O, at distance 2r, so its speed is w-2r = 2vo.

Viy tdm banh chay 1,26 m/s, banh ty quay 12,6 rad/s (4 vong mdi chu ky) va diém gan
tam vanh nhat chay 2,51 m/s.

Hence the wheel's centre moves at 1.26 m/s, the wheel spins at 12.6 rad/s (4 turns per period)
and the nearest point to the ring's centre moves at 2.51 m/s. W

NHAN XET / REMARK — Khi R = 2r, ® = Q(R — r)/r = Q: banh ty quay cung tdc do voi
tam nhung nguoc chiéu, va mdi diém cua banh chay trén mot duong kinh ctia vanh. Co cau
nay ddi chuyén dong tron thanh chuyén dong thang.

When R = 2r, o = Q(R — r)/r = Q: the wheel spins as fast as its centre turns but the other way, and
each point of the wheel runs along a diameter of the ring. The mechanism converts circular motion

into straight-line motion.

4.7. Truyén dong banh ring va day curoa — Gear and belt drives

PINH LY 4.21 (Truyén dong banh ring, diy curoa) / THEOREM 4.21 (Gear and belt
drives) — Hai banh in kh6p, hodc nbi biang day curoa khong truot va khong dén, c6 toc do
dai cta vanh bang nhau: @ir; = ar2. Banh ring cing budce ring ¢ ban kinh ti 16 v6i s6 ring
z, nén 1z1 = ®2z2. Hai banh gén cing truc c6 cung ®. An khdp ngoai lam hai banh quay
nguoc chiéu; diy curoa mic khong bit chéo 1am hai banh quay cing chiéu.

Two meshing wheels, or two wheels joined by a belt that neither slips nor stretches, have equal rim
speeds: wr; = warz. Gears of the same tooth pitch have radii proportional to the number of teeth z, so
w1z = wz2. Two wheels on one shaft have the same w. External meshing makes the wheels turn in
opposite senses; an uncrossed belt makes them turn in the same sense.

Chirng minh. / Proof.

Tai chd an khdp hodc chd diy om vanh, hai diém tiép xtic khong trugt nén co cung van
tdc; mdi diém co toc d6 wr theo dinh 1y 4.3. Day khong din nén moi diém cua day cd
cung toc do.

At the mesh or where the belt wraps the rim the two contact points do not slip and so share a

velocity, each has speed wr by theorem 4.3. The belt does not stretch, so all points of the belt
have the same speed.

W1r1y = W2r2 (4.18)

Céc rang dat cach nhau cung mdt bude p doc vanh, nén sb rang z = 2xr/p ti I¢ voi r. Thay
ri/12 = z71/22:

The teeth are spaced a common pitch p along the rim, so the number of teeth z = 2mr/p is
proportional to r. Substituting ri1/r> = z1/z2:

W1Z1 = W2Z2 (4.19)
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()

B (z=50)

Hinh 4.10. Hé truyén dong cua Vidu 4.13: A an khép B; C déng truc voi B; day curoa ndi C véi
D
Figure 4.10. Drive train of Example 4.13: A meshes with B, C shares B's shaft, a belt joins C to D

PHAN TiCH / ANALYSIS — Di timg cip banh: néu an khép hay day nbi thi so toc do dai
(hodc s6 riang); néu cung truc thi giit nguyén w. Ghi chiéu quay & mdi budc, d6i chiéu sau mdi
lan 3n khép ngoai.

Go pair by pair: if the wheels mesh or are joined by a belt compare rim speeds (or numbers of teeth),
if they share a shaft keep w. Record the sense of rotation at every step and reverse it after each
external mesh.

Vi DU 4.13 (Hé truyén dong nhiéu cip) / EXAMPLE 4.13 (A multi-stage drive) — Béanh
rang A (20 rang) quay 1200 vong/phut, an khdp véi banh rang B (50 rang). Banh C ban kinh
4 ¢cm gin dong truc voi B. Day curoa khong bét chéo ndi C v6i banh D ban kinh 10 cm (Hinh
4.10). Tinh s6 vong/phiit ctia B va D, chiéu quay ciia D so voi A, va toc d6 cua day.

Gear A (20 teeth) turns at 1200 rev/min and meshes with gear B (50 teeth). Wheel C, of radius 4 cm,
is fixed on B's shaft. An uncrossed belt joins C to wheel D of radius 10 cm (Figure 4.10). Find the
rev/min of B and D, the sense of D relative to A, and the speed of the belt.

Loi giai. / Solution.
A an khop B: ng = naza/zs = 1200-20/50 = 480 vong/phut, B quay nguoc chiéu A.
A meshes with B: ng = naza/zp = 1200-20/50 = 480 rev/min, B turning opposite to A.
C cung truc v6i B nén nc = 480 vong/phut. Day ndi C véi D nén ocrc = oprp:
C shares B's shaft so nc = 480 rev/min. The belt joins C to D so wcrc = wprp:
np = ncr¢/rp = 480-4/10
np = 192 vong/phut, cung chiéu C (day khong bét chéo), tirc cing chidu B va nguogc
chiéu A.
np = 192 rev/min, in the same sense as C (uncrossed belt), i.e. the same as B and opposite to A.
Téc d6 day bang tbe do vanh C: v = wcrc = (480-21/60)-0,04 ~ 2,01 m/s.
The belt speed equals the rim speed of C: v = wcrc = (480-21/60)-0.04 = 2.01 m/s.

Vay B quay 480 vong/phiit, D quay 192 vong/phut nguoc chiéu A, day chay 2,01 m/s.
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Hence B turns at 480 rev/min, D at 192 rev/min opposite to A, and the belt runs at 2.01 m/s. B

NHAN XET / REMARK — Ti s6 truyén toan b 1a tich céc ti s6 timg cip: i = (zp/za): (rp/rc)
=2,5-2,5=6,25, tiic 1200/6,25 = 192 vong/phat. Giam tdc bao nhiéu thi mé-men tang béy
nhiéu khi bo qua ma sat; ph?ln nay thudc dong luc hoc vat ran (Chuong 10).

The overall ratio is the product of the stage ratios: i = (zp/z4)(rp/rc) = 2.5:2.5 = 6.25, so 1200/6.25 =
192 rev/min. Each reduction in speed raises the torque by the same factor when friction is ignored,
that belongs to rigid-body dynamics (Chapter 10).

LOI HAY GAP / COMMON MISTAKE — So sanh o ctia hai banh ndi day hay an khép:
chung c6 cung tde d6 dai, o ti 18 nghich véi ban kinh hoac $6 rang.

Comparing o of two wheels joined by a belt or a mesh as if equal: they share the rim speed, and o is
inversely proportional to radius or number of teeth.

4.8. Nhié¢u vat quay deéu: thoi diém gap nhau, kim dong ho — Several uniform
rotations: meeting times and clock hands

PINH LY 4.22 (Téc d9 goéc twong ddi) / THEOREM 4.22 (Relative angular speed) —
Hai chat diém chuyén dong tron déu quanh ciing mot tim véi toc do goc dai s6 o1, w2 (cing
quy udc chidu duong) cé goc giira hai ban kinh bién thién déu véi tc do goc o1 — w2. Hai lan
gap lién tiép cach nhau T, = 27/|01 — 2.

Two particles in uniform circular motion about one centre with algebraic angular speeds @i, ®:

(same positive sense) have the angle between their radii changing uniformly at angular speed @ —
. Two successive meetings are T, = 21/|w; — w;| apart.

Chirng minh. / Proof.
Goc clia moi chat diém 13 0; = 0 + wit. Hiéu hai goc:
The angle of each particle is 0; = 0;0 + wit. Their difference:

01— 02 = (010 — 020) + (w1 — W2)t (4.20)

Hai chét diém gdp nhau khi hiéu nay 1a bdi nguyén ciia 2. Higu ting déu nén hai lan nhu
vay cach nhau thoi gian 21/|o1 — m2].

The particles meet when this difference is an integer multiple of 2n. The difference changes
uniformly, so two such instants are 2n/|w; — w2| apart. B

HE QUA 4.23 / COROLLARY 4.23 — Hai chét diém c6 chu ky T, T2: chuyén dong cing
chiéu gap nhau cach TiTo/|T1 — T2|; chuyén dong nguoc chidu gip nhau cach TiTo/(T; + Ta).
Khoang cach giita chiing khi goc giita hai ban kinh 1a A0 (cung ban kinh r) bang 2r|sin(A6/2)|.
Two particles with periods T;, T>: moving in the same sense they meet every TiT>/|T1 — T>|; moving in

opposite senses they meet every TiT:/(T; + Ts). Their separation when the angle between the radii is
A0 (same radius r) is 2r|sin(46/2)|.

Chirng minh. / Proof.

Thay o = 2/T vao dinh 1y 4.22. Cung chiéu: |1 — w2] = 2T> — T1/(T1T2); nguoc chidu:
|01 — 2| = 2n(Ty + T2)/(T1T2). Day ctia goc ¢ tdm A6 trong dudng tron ban kinh r dai 2r
sin(A0/2) (tam giac can).
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Put o = 27/T into theorem 4.22. Same sense: |w; — wz| = 2x|T> — T1|/(T1T2); opposite senses:
lw1 — w2| = 2x(T1 + T)/(T1T3). The chord of a central angle A0 in a circle of radius r has length
2r sin(46/2) (isosceles triangle). W

TINH CHAT 4.24 / PROPERTY 4.24 — Kim phiit quay 6°/phut, kim gio 0,5°/phut, kim
gidy 6°/gidy = 360°/phut, ctng chiéu kim dong ho. Kim phat hon kim gio 5,5°/phit; hai kim
nay tring nhau mdi 12/11 gio = 65 5/11 phut, tirc 11 lan trong 12 gid.

The minute hand turns 6° per minute, the hour hand 0.5° per minute, the second hand 6° per second =
360° per minute, all clockwise. The minute hand gains 5.5° per minute on the hour hand; these two
coincide every 12/11 hour = 65 5/11 minutes, i.e. 11 times in 12 hours.

PHAN TiCH / ANALYSIS — Bai kim dong ho ddi sang hé quy chiéu gin kim gio: kim
phut quay quanh vé6i 5,5°/phit so véi kim gid. Dit goc 1éch ban dau, rdi giai phwong trinh
tuyén tinh ctia goc 1éch theo thoi gian, nhé ring hiéu goc bang 0 (tring) hay 90° (vudng goc)
c6 thé 1ap theo chu ky 360°.

A clock-hand problem moves to the frame of the hour hand: the minute hand turns about it at 5.5° per
minute. Set the initial offset, then solve the linear equation for the offset against time, remembering
that an offset of 0 (coincide) or 90° (perpendicular) can repeat modulo 360°.

Vi DU 4.14 (Hé quy chiéu gin kim gio) / EXAMPLE 4.14 (The frame of the hour hand)
— Luc 7 gid ding. Tim (a) thoi diém dau tién sau d6 hai kim gio va kim phut tring nhau, (b)
thoi diém dau tién sau d6 hai kim vudng goc nhau, (c) khoang cach giita hai dau kim luc 7 gid
dung néu kim phat dai 12 cm va kim gio dai 8 cm.

At exactly 7 o'clock find (a) the first later time the hour and minute hands coincide, (b) the first later
time they are perpendicular, (c) the distance between the tips of the hands at exactly 7 o'clock if the

minute hand is 12 cm and the hour hand is 8 cm long.

Loi giai. / Solution.

Luc 7 gid kim phit chi 0°, kim gio chi 7-30° = 210° (do thuan chiéu kim dong ho tir s6
12). Goi t 1a s6 phut sau 7 gio, hiéu goc kim phit trir kim gio:

At 7 o'clock the minute hand points to 0° and the hour hand to 7-30° = 210° (measured

clockwise from the 12). With t minutes after 7, the angle of the minute hand minus that of the
hour hand is:

8(t) = —210°+5,5° - t

(a) Trung nhau khi 6 = 0: t =210/5,5 = 38,18 phut, tuc 7 gid 38 phut 11 giay.
(a) They coincide when 6 = 0: t = 210/5.5 = 38.18 min, i.e. 7:38:11.

(b) Vuodng goc 1an dau khi & = —90° (kim phit con cach sau kim gio 90°): t = 120/5,5 ~
21,82 phut, tirc 7 gid 21 phut 49 giay.

(b) They are first perpendicular when 6 = —90° (the minute hand still 90° behind the hour hand):
t=120/5.5=21.82 min, i.e. 7:21:49.

(c) Liic 7 gio hai kim hop goc 210°, twong duong 150° vé phia ngan. Dinh 1y ham cosin:
(c) At 7 o'clock the hands are 210° apart, equivalent to 150° the short way round. By the cosine
rule:
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d?=12%+8%—2-12-8-cos 150°

d =~(208 + 96V3) ~ 19,3 cm. Vay hai kim tring lac 7 gid 38 phut 11 gidy, vudng goc lan
dau luc 7 gio 21 phat 49 gidy, va hai dau kim cach nhau 19,3 cm lic 7 gid.

d = (208 + 96N3) =~ 19.3 cm. Hence the hands coincide at 7:38:11, are first perpendicular at
7:21:49, and the tips are 19.3 cm apart at 7 o'clock. W

NHAN XET / REMARK — Hai lan tring lién tiép cach nhau 12/11 gio, dai hon 1 gio vi
kim gid ciing di tiép; 11 1an trung trong 12 gid tng voi 11 vong tuong ddi cua kim phat. Cing
cach tinh 4p dung cho hai vé tinh trén hai quy dao tron déng phang.

Successive coincidences are 12/11 hour apart, longer than 1 hour because the hour hand also moves
on; 11 coincidences in 12 hours correspond to 11 relative turns of the minute hand. The same
calculation applies to two satellites on coplanar circular orbits.

LOI HAY GAP / COMMON MISTAKE — Tinh thoi diém tring nhau cia hai kim bang
cach cho kim phut di 60 phut rdi cong kim gid di 5 d6, khong xét chuyén dong tiép theo cua
kim gio. Phai 1ap phuong trinh trén goc léch véi toe do twong ddi 5,5°/phut.

Finding the coincidence time by letting the minute hand go 60 minutes and adding the hour hand's 5
degrees, ignoring the hour hand's continued motion. Set up the equation on the offset with the relative
speed 5.5° per minute.

PHAI THUQC / MEMORISE — Hai vat quay déu gip nhau cich Ty = 27/|o1 — w2|; kim

phut va kim gio tring moi 12/11 gid; oph — 0g = 5,5°/phit.
Two uniform rotors meet every T, = 2n/|w; — w2|; the minute and hour hands coincide every 12/11

Cong cu nén thir Vi du
Tool to try Example

hours; @Wmin — @ = 5.5° per minute.

Bang chién lwge — Strategy table

Diu hi¢u trong dé

Sign in the problem

Cho chu ky, vong/phut, ban kinh;

hoi tde do hodc gia tde Doi sang rad/s; v = or, a, = ®r 41
Period, rev/min and radius given,; Convert to rad/s; v = or, a, = ©’r ’
speed or acceleration asked
Tbec do thay dbi trén quy dao tron,
“gia toc toan phan”, goc gitra a va , \

& P goce Téach as vaag;a= \/(anz + a?); tan @ = ay/an
% i - S _ 42,43

) ) Split a, and a;; a = \/(an +a?); tan ¢ = as/ay

Speed changing on a circle, “total
acceleration”, angle between a and v
“Bén kinh cong” cua parabol, R = v?/a,; a, 1 thanh phan cta a vudng
cycloid, quy dao bat ky géc v 44 45 411
“Radius of curvature” of a parabola, = R =v%a,; a, is the component of a o
cycloid or any path perpendicular to v
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Diu hi¢u trong dé

Sign in the problem

Cong cu nén thir
Tool to try

Vi du
Example

Thanh hay vat ran, biét phuong
van tdc hai diém va do 1én mot van
toc

Rod or rigid body, directions of two
velocities and one magnitude known

Hai dau thanh trugt trén hai duong,
con lan gitra hai van

Rod ends sliding on two lines, roller
between two boards

Lan khong truot trén mat ¢b dinh,
tim van toc diém vanh

Rolling without slipping on a fixed
surface, rim velocities

Gia toc diém tiép xtc, dinh
cycloid, quang duong mét vong
Acceleration of the contact point, top
of the cycloid, path over one turn

Bénh lan trong hay ngoai vanh c6
dinh, dém s vong tu quay

Wheel rolling inside or outside a fixed
ring, counting spins

Bénh ring, ddy curoa, banh dong
truc
Gears, belts, wheels on one shaft

Kim dong ho, hai vat quay déu trén
mot dudng tron gap nhau

Clock hands, two uniform rotors
meeting on a circle

Bang thuét ngiv — Glossary

Thuéat ngir

Term (Vietnamese) English

Tiéng Anh

Hinh chiéu van toc 1én duong ndi bang
nhau; (4.10) cho ®
Equal projections of velocity on the line

4.6

joining; (4.10) gives w

Tam quay tac thoi la giao hai duong
vuong goc voi van toc; v = wo-PM
Instantaneous centre at the meeting of the

4.7,4.8

perpendiculars to the velocities; v = w-PM

vo = oR; tAm quay la diém tiép xtic; vm =
e () | 4.9, 4.10
vo = wR; centre of rotation at the contact

point; vy = 2vosin(p/2)

Gia toc vanh ®?R hudng tam khi lin déu;
mot vom dai 8R
Rim acceleration w?R to the centre in uniform

4.11
rolling; one arch has length 8R
o= QR F r)/r; s6 vong (R F r)/r mdi

chu ky
w = Q(R Fr)/r; (R +r)/r spins per period

4.12

Cung toc d¢ vanh = oir1 = wer2 hay wi1z:
= m272; dOng tryc cung ®
Equal rim speeds = wir1 = war: or wizi =

4.13

w:z2; common shaft, common @

Téc d6 goc twong ddi; chu ky gap nhau
bang 27 chia cho hiéu hai tc do goc
Relative angular speed; meeting period is 2
divided by the difference of the two angular
speeds

4.14

Giai thich ngin
Short definition

don vi goc, goc chan cung dai bang ban

Radian Radian kinh
angle subtending an arc equal to the radius
gbc quay trong mot don vi thoi gian, © =
Tée do goc Angular speed AB/At

angle turned per unit time, w = A6/At
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Thuéat ngir

Term (Vietnamese)

Tiéng Anh

English

Giai thich ngin
Short definition

Gia tdc goc
Chu ky
Tan s

Van toc dai

Gia téc hudng tim

Gia toc phap tuyén

Gia tdc tiép tuyén

Gia tdc toan phan

Bén kinh cong

Pudng tron mat tiép

Vit ran

Tinh tién

Chuyén dong phing

Angular acceleration

Period

Frequency

Linear velocity

Centripetal acceleration

Normal acceleration

Tangential acceleration

Total acceleration

Radius of curvature

Osculating circle

Rigid body

Translation

Plane motion

téc do bién thién cua toc do goc, v = Aw/At
rate of change of angular speed, y = Aw/At

thoi gian di hét mot vong
time for one revolution

sO vong trong mot gidy, f=1/T
revolutions per second, = 1/T

van tdc tiép tuyén quy dao, v = or
velocity tangent to the path, v = wr

thanh phan gia toc hudng vao tam, v?/r
component of acceleration towards the centre,
v/

thanh phan gia téc vuéng goc van toc
component of acceleration perpendicular to the
velocity

thanh phan gia téc doc van toc, lam d6i do
lon v

component along the velocity, changing the
magnitude v

tong vecto cta thanh phan phap tuyén va
tiép tuyen
vector sum of the normal and tangential parts

ban kinh dudng tron mat tiép tai mot diém
radius of the osculating circle at a point

duong tron 6m sat quy dao nhat tai mot
diem

circle that hugs the path most closely at a point
vat c¢6 khoang cach giita hai diém bat ky
khong do6i

body in which the distance between any two
points is fixed

chuyén dong ma moi dieém c6 cung van toc
motion in which all points have the same
velocity

moi diém chuyén dong trong cac mat phang
song song
all points move in parallel planes
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

diém cua vat c¢6 van toc bang 0 tai thoi
Instantaneous centre of diém xét

Tam quay tic thoi . . . :
rotation point of the body with zero velocity at the
instant
< R . . . diém tiép xtic ¢6 van toc béng van toc mat

Lén khong truot Rolling without slipping , o ,
contact point has the velocity of the surface
quy dao diém vanh banh xe ldn khong truot

Cycloid Cycloid path of a rim point of a wheel rolling without

slipping

banh c6 rang an khép dé truyén chuyén
Bénh rang Gear dong quay

toothed wheel meshing to transmit rotation

day vong ndi hai banh dé truyén chuyén
Day curoa Belt dong
loop joining two wheels to transmit motion

ti s6 1/m2 ctia hai banh trong truyén dong

Ti s6 truyén Gear ratio
Y ratio wi/w: of two wheels in a drive
hiéu hai téc do gac, quyét dinh thoi diém
B o Rs . ap nh.
Toc do goc tuong doi Relative angular speed gap nhau

difference of two angular speeds, fixing the
meeting times

4.9. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 4.1 / Problem 4.1 — Banh da ban kinh 0,25 m dang quay 1500 vong/phtt thi dugc ham
déu va dung sau 20 s. Tinh gia tdc goc, sb vong banh di quay cho dén luc dimg, va gia toc
phap tuyén, gia tdc tiép tuyén cta diém trén vanh tai thoi diém 5 s sau khi bat dau ham.

A flywheel of radius 0.25 m spinning at 1500 rev/min is braked uniformly and stops after 20 s. Find
the angular acceleration, the number of turns until it stops, and the normal and tangential
accelerations of a rim point 5 s after braking begins.

Bai 4.2 / Problem 4.2 — Hai chét diém A, B chuyén dong déu trén cing mot dudng tron ban
kinh 0,5 m v&i chu ky 4 s va 6 s, cing xut phat tai mot diém lac t = 0. (a) Néu cung chiéu,
sau bao lau ching gip nhau 1an dau? (b) Néu nguoc chiéu, 1an gip tht ba xdy ra luc nio va tai
vi tri ndo so v6i diém xuét phat (tinh theo chiéu chuyén dong cua A)? (c) Khi nguoc chiéu,
khoang cach gitra chiing lic t =1 s 1a bao nhiéu?

Particles A and B move uniformly on the same circle of radius 0.5 m with periods 4 s and 6 s, both
starting from one point at t = 0. (a) If they move in the same sense, when do they first meet again? (b)
If in opposite senses, when is the third meeting and where is it relative to the start (measured in the
sense of A's motion)? (c) For opposite senses, how far apart are they att = 1 s?
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Bai 4.3 / Problem 4.3 — Vat dugc ném ngang v6i vo = 12 m/s. Tinh ban kinh cong cta quy
dao tai diém ném va tai diém vat da bay 1,0 s (g = 9,8 m/s?).

A body is thrown horizontally with vo = 12 m/s. Find the radius of curvature of the path at launch and
at the point reached 1.0 s later (g = 9.8 m/s°).

Bai 4.4 / Problem 4.4 — Xe dap co dia 48 ring & ban dap, lip 16 ring gin dong truc véi banh
sau ban kinh 0,34 m, xich nbi dia voi lip. Nguoi di dap 60 vong/phut, banh lin khong truot.
Tinh s6 vong/phit ciia banh sau, tbc d6 xe, va gia tbc hudng tim ciia mot diém trén vanh
banh sau d6i v6i khung xe.

A bicycle has a 48-tooth chainring at the pedals and a 16-tooth sprocket on the same shaft as the rear
wheel of radius 0.34 m, joined by a chain. The rider pedals at 60 rev/min and the wheel rolls without
slipping. Find the rev/min of the rear wheel, the speed of the bicycle, and the centripetal acceleration
of a rim point of the rear wheel relative to the frame.

Mirc 2 — Hoc sinh gioi quéc gia — Level 2 — National olympiad

Bai 4.5 / Problem 4.5 — Thanh AB dai 1,2 m ¢c6 dau A trugt trén san ngang, dau B truot trén
mit phing nghiéng 60° so véi san, mit nghiéng cit san tai O. Tai thoi diém xét OA =12 m
(ba diém O, A, B tao tam giac déu) va dau A chay ra xa O véi tdc d6 0,5 m/s. Tinh téc do goc
cta thanh, van toc dau B (do 16n va hudng) va tde do trung diém M cua thanh.

Rod AB, 1.2 m long, has end A sliding on a horizontal floor and end B sliding on a plane inclined at
60° to the floor, the incline meeting the floor at O. At the instant considered OA = 1.2 m (O, A, B form
an equilateral triangle) and end A moves away from O at 0.5 m/s. Find the angular speed of the rod,
the velocity of end B (magnitude and direction) and the speed of the midpoint M of the rod.

Bai 4.6 / Problem 4.6 — Cu0n chi gém 161 ban kinh r = 1,0 cm va hai dia ban kinh R = 3,0
cm, dat trén san ngang, 1an khong trugt trén san. Soi chi quén quanh 161, déau chi duge kéo
theo phuong ngang vai toe d6 khong ddi u = 0,12 m/s. Tinh vén tc tim cudn va toc do goc
trong hai truong hop: (a) chi di ra tir phia dudi 161, (b) chi di ra tir phia trén 161. (¢) Trong
truong hop (a), khi cudn quay 5 vong thi tim cudn va dau chi doi di bao xa?

A cotton reel has a core of radius r = 1.0 cm and two flanges of radius R = 3.0 cm; it stands on a
horizontal floor and rolls without slipping. The thread is wound on the core and its end is pulled
horizontally at a constant speed u = 0.12 m/s. Find the velocity of the reel's centre and its angular
speed in two cases: (a) the thread leaves from the bottom of the core, (b) the thread leaves from the
top of the core. (c) In case (a), how far do the centre and the thread end move while the reel turns 5
times?

Bai 4.7 / Problem 4.7 — Banh ban kinh r = 2,0 cm ldn khong truot bén ngoai vanh tron cb
dinh ban kinh R = 6,0 cm; tdm banh di hét mot vong quanh tdm vanh trong 8,0 s. Tinh tbe do
tam banh, tbc d6 goc tw quay cua banh, sd vong banh ti quay (ddi v6i phuong cb dinh) trong
mot chu ky cta tdm, va tdc d0 diém cua banh xa tAm vanh nhit.

A wheel of radius r = 2.0 cm rolls without slipping on the outside of a fixed ring of radius R = 6.0 cm;
the wheel's centre goes once round the ring's centre in 8.0 s. Find the speed of the wheel's centre, its
spin angular speed, the number of turns it spins (relative to a fixed direction) in one period of the
centre, and the speed of the point of the wheel farthest from the ring's centre.

Bai 4.8 / Problem 4.8 — Banh tau hoa lin khong truot trén ray & vong tiép xuc ban kinh R =
0,45 m; gd banh c6 ban kinh Rg = 0,50 m. Tam banh chuyén dong thang déu véi vo = 18 m/s.
Tinh vén tdc diém thap nhat cta gd, va phan chu ky trong d6 mot diém cua go chuyén dong
i so v6i mat dat.
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A train wheel rolls without slipping on the rail at its tread radius R = 0.45 m; the flange has radius Ry
= 0.50 m. The centre moves uniformly in a straight line at vo = 18 m/s. Find the velocity of the lowest
point of the flange, and the fraction of the period during which a point of the flange moves backwards
relative to the ground.

Mikc 3 — Olympic quoc té — Level 3 — International olympiad

Bai 4.9 / Problem 4.9 — VAt ném xién tir mit dit véi tde do dau 25 m/s, gbéc ném o chua
biét. Biét ban kinh cong tai diém ném I6n gap 3 lan ban kinh cong tai dinh quy dao. Tim a,
béan kinh cong tai dinh va tAm xa (g = 9,8 m/s?).

A body is thrown from the ground at 25 m/s at an unknown angle a. The radius of curvature at launch

is 3 times that at the top of the path. Find o, the radius of curvature at the top and the range (g = 9.8
m/s’).

Bai 4.10 / Problem 4.10 — Bénh ban kinh R lin déu khong trugt. Chimg minh rang ban kinh
cong cua quy dao ctia diém M trén vanh, khi banh da quay goc ¢ ké tir laic M cham dit (0 < ¢
<m), 1a Rc = 4R sin(¢/2). Tinh R¢ khi R = 0,25 m va ¢ = 90°.

A wheel of radius R rolls uniformly without slipping. Show that the radius of curvature of the path of a

rim point M, when the wheel has turned by ¢ since M touched the ground (0 < ¢ <x), is R. = 4R
sin(p/2). Find R for R = 0.25 m and ¢ = 90°.

Bai 4.11 / Problem 4.11 — Co c4u tay quay — con truot: thanh OA dai r = 0,10 m quay déu
quanh O véi 20 rad/s nguoc chiéu kim dong ho; thanh AB dai £ = 0,40 m ndi ban 1& voi OA
tai A, dau B truot doc truc Ox di qua O. Tinh tdc do gbc cua thanh AB va van tdc dau B khi
OA hop voi Ox goce (a) 90°, (b) 60°.

Crank and slider: crank OA of length r = 0.10 m turns uniformly about O at 20 rad/s anticlockwise;
rod AB of length € = 0.40 m is hinged to OA at A and its end B slides along the axis Ox through O.
Find the angular speed of rod AB and the velocity of end B when OA makes an angle with Ox of (a)
90°, (b) 60°.

Bai 4.12 / Problem 4.12 — Ddng hd c6 ba kim quay déu (kim gidy khong nhay budc). Trong
khoang thoi gian tir 0 gio dang (tinh ca thoi diém nay) dén trude 12 gio ding, dém s6 thoi
diém: (a) kim gidy trang kim phat, (b) kim gidy trung kim gid, (c) ca ba kim tring nhau.

A clock has three hands turning uniformly (the second hand does not tick). From exactly 0:00
(counting that instant) up to but not including exactly 12:00, count the instants at which: (a) the
second hand coincides with the minute hand, (b) the second hand coincides with the hour hand, (c) all
three hands coincide.

4.10. Loi giai bai tu luyén — Solutions to practice problems

Bai 4.1 — Problem 4.1

1. Pbi wo = 1500-27/60 = 501 =~ 157,1 rad/s. Him déu dén dimg: © = wo + yt =0 tai t =
20 s.
Convert wog = 1500-21/60 = 50x = 157.1 rad/s. Uniform braking to rest: = wo + yt =0 at t
=20s.

Y = —wo/t = —5m/2 rad/s?
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2.y~ —7,85 rad/s2. Goc quay dén luc dirng 6 = wet/2 = 50x-10 = 5007 rad, tirc 250 vong.
y = —7.85 rad/s’. The angle turned until rest is 0 = wot/2 = 50n-10 = 500z rad, i.e. 250
turns.

3. Tait=5s: =50 — (5n/2)-5=37,5a = 117,8 rad/s. Khi d6 a, = 0’r= 117,8%-0,25 =
3470 m/s? va a, = |y|r =~ 1,96 m/s%, d; ngugc chiéu van tdc.
Att=5s: o =50 — (5n/2)-5 = 37.5x = 117.8 rad/s. Then a, = w’r=117.8%-0.25 = 3470
m/s? and a; = |y|r = 1.96 m/s’, with d, opposite to the velocity.

Vay y = —7,85 rad/s?, banh quay 250 vong, an = 3470 m/s? va a; = 1,96 m/s2.
Hence y = —7.85 rad/s®, the wheel makes 250 turns, a, = 3470 m/s’ and a; = 1.96 m/s*>. &

Bai 4.2 — Problem 4.2
1. Cung chiéu: dinh 1y 4.22 cho chu ky gip nhau:

Same sense: theorem 4.22 gives the meeting period:
Tg=TiT2/(T2—T1) =4-6/(6 — 4)

2. Tg=12s: A quay 3 vong, B quay 2 vong.
Ty = 12 s: A makes 3 turns, B makes 2.

3. Nguoc chiéu: Tg = T1T2/(T1 + T2) =24/10 =2,4 s. Lan gip thir ba lac t =3-2,4 = 7,2
s. A di quay 7,2/4 = 1,8 vong, tirc cach diém xuét phat 0,8 vong = 288° theo chiéu
cua A (B quay 7,2/6 = 1,2 vong theo chiéu nguoc lai, cling dén vi tri do).

Opposite senses: Tg = T1T2/(T1 + T2) = 24/10 = 2.4 5. The third meeting is att = 3-2.4 = 7.2
s. A has made 7.2/4 = 1.8 turns, so it is 0.8 turn = 288° from the start in A's sense (B has
made 7.2/6 = 1.2 turns the other way and arrives at the same place).

4.Lact=1s: A ¢ 90° (chiéu duong), B & —60°. Goc giita hai ban kinh 1a 150°, nén
khoang cach d = 2r sin(150°/2) = 2-0,5-sin 75° = 0,966 m.
Att = 15: Ais at 90° (positive sense), B at —60°. The angle between the radii is 150°, so the
distance is d = 2r sin(150°2) = 2-0.5-sin 75° = 0.966 m.
Viy (a) 12 's; (b) 7.2 s, cach diém xuat phat 288° theo chiéu ctia A; (c) khoang 0,966 m.
Hence (a) 12 s, (b) 7.2 s, 288° from the start in A's sense; (c) about 0.966 m. W

Bai 4.3 — Problem 4.3

1. Tai diém ném ¥ ndm ngang, § vudng goc véi ¥ nén a, = g va R = vo?/g = 144/9,8 ~
14,7 m.
At launch ¥ is horizontal and g is perpendicular to it, so a, = g and R = vo*/g = 144/9.8 =
14.7 m.

2.Sau 1,0 s: vk = 12 m/s, vy = gt = 9,8 m/s, v> = 144 + 96,04 = 240,04, v = 15,5 m/s.
After 1.0s: vy = 12 m/s, vy = gt = 9.8 m/s, v’ = 144 + 96.04 = 240.04, v= 15.5 m/s.

3. Goc 0 gifta U va phuong ngang c6 cos 0 = vx/v = 0,775, nén a, = g cos 0 = 7,59 m/s*
va:
The angle 6 between v and the horizontal has cos 0 = v/v = 0.775, so an = g cos 0= 7.59
m/s® and:

R =v2/a, = 240/7,59
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Vay R = 14,7 m tai diém ném va R~ 31,6 msau 1,0 s (khép R = Ri/cos®0 véi Ry = 14,7
m).

Hence R = 14.7 m at launch and R = 31.6 m after 1.0 s (consistent with R = R;/cos’0 and R; =
14.7m). &

Bai 4.4 — Problem 4.4

1. Xich nbi dia voi lip: @dnzaa = oipzip theo (4.19), nén i, = 60-48/16 = 180 vong/phut.
The chain joins chainring and sprocket: ®yingzring = WspizZspr by (4.19), 50 ngpr = 60-48/16 =
180 rev/min.

2. Lip cung truc v6i banh sau nén banh sau ciing 180 vong/phut, @ = 180-21/60 = 61 =
18,85 rad/s.

The sprocket shares the shaft with the rear wheel, so the wheel also turns at 180 rev/min, »
= 180-21/60 = 67 = 18.85 radys.

v=wR, an=w?R

3.v=18,85-0,34 = 6,41 m/s (khoang 23 km/h). Pdi véi khung xe, diém vanh quay déu
quanh truc v6i an = ®°R = 355,3-0,34 = 121 m/s%.
v =18.850.34 = 6.41 m/s (about 23 km/h). Relative to the frame a rim point turns uniformly
about the axle with a, = ©’R = 355.3:0.34 = 121 m/s°.

Viy banh sau quay 180 vong/phut, xe chay khoang 6,41 m/s, gia tbc hudng tim ctia diém
vanh d6i v6i khung xe khoang 121 m/s%.

Hence the rear wheel turns at 180 rev/min, the bicycle moves at about 6.41 m/s, and the
centripetal acceleration of a rim point relative to the frame is about 121 m/s°. W

Bai 4.5 — Problem 4.5

1. Chon O lam géc, Ox doc san. A =(1,2; 0), B=(0,6; 0,6\/3) ~(0,6; 1,039) m. Van tdc
A nam ngang, van toc B doc theo mit nghiéng (phuong 60°).
Take O as origin with Ox along the floor. A = (1.2, 0), B = (0.6, ().6\/3) =~ (0.6, 1.039) m. The
velocity of A is horizontal, that of B is along the incline (direction 60°).

2. Tam quay tirc thoi P 13 giao ciia duong thang dimg qua A (x = 1,2) voi dudng qua B
vudng gbc miat nghiéng, cé phuong (—V3/2; 1/2). Tir B di s theo phwong do: 0,6 —
(\3/2)s = 1,2 cho s = —0,4V3 ~ —0,693 m, nén P = (1,2; 0,693) m.

The instantaneous centre P is where the vertical line through A (x = 1.2) meets the line

through B perpendicular to the incline, with direction (—N3/2, 1/2). From B go a distance s
along it: 0.6 — (N3/2)s = 1.2 gives s = —0.4\N3 = —0.693 m, so P = (1.2, 0.693) m.

PA=PB=2V3/5~ 0,693 m

3. ® =va/PA =0,5/0,693 = 0,722 rad/s. Vi PB = PA nén vg = ®-PB = 0,5 m/s, huéng
vudng goc voi PB, tirc doc mit nghiéng. Hinh chiéu van toc 1én AB (hudng tir A t6i
Bla(—1/2; \/3/2)): va cho —0,25 m/s nén vg phai chiéu ra —0,25 m/s, cho vs di xuéng
mit nghiéng vé phia O.

@ =v4/PA =0.5/0.693 = 0.722 rad/s. Since PB = PA, v = w'PB = 0.5 m/s, perpendicular to
PB, i.e. along the incline. The projection of the velocities on AB (direction from A to B is
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(—1/2,3/2)): v4 gives —0.25 m/s, so vg must project to —0.25 m/s, which makes B move
down the incline towards O.

4. Trung diém M = (0,9; 0,520) cach P: PM = (0,32 + 0,173%) = 0,346 m, nén vy =

®'PM ~0,722-0,346 = 0,25 m/s.
The midpoint M = (0.9, 0.520) is at PM = N(0.37 + 0.173%) = 0.346 m from P, s0 vy = &-PM
~0.722-0.346 = 0.25 m/s.

Vay o = 0,72 rad/s, vg = 0,5 m/s di xuéng doc mat nghiéng vé phia O, vm = 0,25 m/s.
Hence w = 0.72 rad/s, vg = 0.5 m/s down the incline towards O, viy = 0.25 m/s. B

Bai 4.6 — Problem 4.6

1.

Cudn chi 1an khong truot nén diém tiép xuc san 1a tim quay ttc thoi. Goi o 13 toc do
gdc, tam cudn c6 vo = ®R, cudn quay thuan chiéu kim déng ho khi di sang phai.

The reel rolls without slipping, so the point of contact with the floor is the instantaneous
centre. With angular speed o the centre has vo = wR and the reel turns clockwise when
moving right.

. (a) Chi di ra tir diém dudi cua 161, cach tam r veé phia dudi, cach diém tiép xiac R —r.

Téc d6 cua diém d6 ciling 1a téc d6 dau chi vi chi cing va nam ngang:

(a) The thread leaves from the bottom point of the core, a distance r below the centre and R
— r above the contact point. The speed of that point is also the speed of the thread end, since
the thread is taut and horizontal:

u=w(R-r), vo=wR=uR/(R—r)

.0 =0,12/0,02 = 6,0 rad/s va vo = 6,0-0,03 = 0,18 m/s, cung chiéu kéo.

o =0.12/0.02 = 6.0 rad/s and vo = 6.0-0.03 = 0.18 m/s, in the direction of the pull.

. (b) Chi di ra tir diém trén cta 16i, cach diém tiép xic R + r: u = o(R + r), nén o =

0,12/0,04 = 3,0 rad/s va vo = 3,0-0,03 = 0,09 m/s, van cling chiéu kéo.
(b) The thread leaves from the top point of the core, a distance R + r above the contact
point: u=w(R +r), sow = 0.12/0.04 = 3.0 rad/s and vo = 3.0-0.03 = 0.09 m/s, still in the

direction of the pull.

5. (c) Cudn quay 5 vong, tim doi 5-2aR = 0,37 = 0,942 m. Ti s6 téc d6 dau chi trén tim

1a (R — r)/R = 2/3 nén déau chi doi 0,628 m.
(c) Five turns move the centre 5-:2nR = 0.3n = 0.942 m. The ratio of the thread end's speed to
the centre's is (R — r)/R = 2/3, so the thread end moves 0.628 m.

Vay (a) vo = 0,18 m/s, ® = 6,0 rad/s; (b) vo = 0,09 m/s, ® = 3,0 rad/s; (c) tdm doi 0,942
m, dau chi doi 0,628 m.

Hence (a) vo = 0.18 m/s, w = 6.0 rad/s, (b) vo = 0.09 m/s, w = 3.0 rad/s; (c) the centre moves
0.942 m, the thread end 0.628 m. &

Bai 4.7 — Problem 4.7
1. Toc do gbc quy dao Q =2n/8,0 = /4 = 0,785 rad/s. Tam banh cach tdm vanh R + r =

0,080 m.
The orbital angular speed is Q = 21/8.0 = /4 = 0.785 rad/s. The wheel's centre is R + r =

0.080 m from the ring's centre.
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vo=QR+r1), w=vo/r=Q(R+r1)/r

2. vo = 0,0807m/4 =~ 0,0628 m/s va ® = 0,0628/0,020 = 1t = 3,14 rad/s, cung chiéu chuyén
dong quanh vanh.

vo = 0.0807/4 = 0.0628 m/s and v = 0.0628/0.020 = & = 3.14 rad/s, in the same sense as the
motion round the ring.

3. Trong 8,0 s banh quay oT/(2n) = n-8,0/(2w) = 4 vong, ding (R + r)/r = 4.
In 8.0 s the wheel turns oT/(2n) = n-8.0/(2x) = 4 turns, exactly (R + r)/r = 4.

4. Tiép diém K dimg yén va nam giita tim vanh va tdm banh. Diém xa tdm vanh nhat
ddi tam véi K qua O cua banh, cach K doan 2r, nén c6 tdc d6 ®-2r = 2vo =~ 0,126 m/s.
The contact point K is at rest and lies between the ring's centre and the wheel's centre. The

point farthest from the ring's centre is diametrically opposite K through the wheel's centre,
at distance 2r from K, so its speed is w-2r = 2vo = 0.126 m/s.

Vay vo = 0,0628 m/s, ® = & rad/s, banh tu quay 4 vong mdi chu ky, diém xa nhat c6 tbc
d6 khoang 0,126 m/s.

Hence vo = 0.0628 m/s, w = r rad/s, the wheel spins 4 times per period, and the farthest point
moves at about 0.126 m/s. W

Bai 4.8 — Problem 4.8

1. Lan khong trugt ¢ vong ban kinh R: ® = vo/R = 18/0,45 = 40 rad/s.
Rolling without slipping at radius R: @ = vo/R = 18/0.45 = 40 rad/s.
2. Piém cuta go, & vi tri goc y tinh tir phuong thang dimg hudng xudng, cé thanh phan
ngang cua van toc theo (4.10):
A flange point at angle y from the downward vertical has horizontal velocity component, by
(4.10):
vx = Vo — wRg cos P

3. Diém thap nhat ctia g& (y = 0): vx = 18 — 40-0,50 = —2 m/s, tiic chuyén dong lui 2
m/s.
The lowest flange point (y = 0): vx = 18 — 40-0.50 = —2 m/s, i.e. moving backwards at 2
mys.

4. Piém go i khi v < 0, tlc cos y > vo/(oRg) = R/Rg = 0,9, hay |y| < arccos 0,9 =~
25,84°. Goc y tang déu theo thoi gian nén phan chu ky 14 2-25,84°/360° ~ 0,144.
The flange point moves backwards when vy < 0, i.e. cos y > vo/(wRy) = R/Ry= 0.9, or |y| <

arccos 0.9 = 25.84°. The angle y grows uniformly in time, so the fraction of the period is
2:25.84°/360° = 0.144.

Vay diém thap nhat cua go chay lui 2 m/s, va mdi diém cta go chuyén dong lui trong
khoang 14,4% chu ky.

Hence the lowest flange point runs backwards at 2 m/s, and each flange point moves backwards
for about 14.4% of the period. W

Bai 4.9 — Problem 4.9

1. Theo hé qua 4.9: R»/Ri = [vo*/(g cos a)] / [ve*cos?a/g] = 1/cos’a.
By corollary 4.9: Ry/R; = [vo*/(g cos a)] / [vo’cos’a/g] = 1/cos’o.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 159



Vat 1i 10 cho Ga choi / Olympiad Physics for Grade 10

1/cos®a=3 = cosa=3"1/3

2.cos 0.~ 0,6934, nén a =~ 46,1°. Khi do cos?a = 0,4808 va R = vo*cos’a/g =
625-0,4808/9,8 = 30,7 m (R2= 92,0 m).
cos o= (.6934, so a = 46.1°. Then cos’a = 0.4808 and R; = vo’cos’a/g = 625-0.4808/9.8 =
30.7m (R2= 92.0 m).

3. Tam xa L = vo?sin 20/g v6i sin 20 = 2 sin o cos a =~ 2-0,7206-0,6934 ~ 0,9993, nén L
~625-0,9993/9,8 ~ 63,7 m.
The range is L = vo’sin 20/g with sin 2a. = 2 sin a. cos o= 2-0.7206-0.6934 = 0.9993, so L =
625-0.9993/9.8 = 63.7 m.

Vay a = 46,1°, ban kinh cong tai dinh khoang 30,7 m, tam xa khoang 63,7 m.

Hence o = 46.1° the radius of curvature at the top is about 30.7 m, and the range is about 63.7
m. A

Bai 4.10 — Problem 4.10

1. Goi O 1a tam, P 13 diém tiép xtc (tAm quay tirc thoi). Tam giac OPM cén tai O voi
goc dinh @, nén PM = 2R sin(¢/2) va goc OMP = (n — 9)/2.
Let O be the centre and P the contact point (instantaneous centre). Triangle OPM is
isosceles at O with apex angle ¢, so PM = 2R sin(p/2) and angle OMP = (= — ¢)/2.
2. Van toc ciia M vudng goc v6i PM, do 16m v = o-PM = 20R sin(¢/2). Phap tuyén cia
quy dao tai M do d6 nam doc MP.
The velocity of M is perpendicular to PM with magnitude v = &-PM = 2wR sin(p/2). The
normal to the path at M therefore lies along MP.
3. Gia tdc ctia M ¢6 d6 16n ®R va hudng tir M t&i O (tinh chat 4.18). Thanh phan doc
MP 1a gia tdc phap tuyén:
The acceleration of M has magnitude w°R and points from M to O (property 4.18). Its
component along MP is the normal acceleration:
an = w”R cos[(T — ¢)/2] = w?R sin(¢/2)
Rc = v?/an = 4w*R?sin?*(@/2) / [w*R sin(@/2)] = 4R sin(¢/2)
4. V6iR=0,25m va ¢ =90°: Rc =4-0,25-sin 45° =1,0-0,7071 = 0,707 m.
With R = 0.25 m and ¢ = 90°: Rc = 4:0.25-sin 45° = 1.0-0.7071 = 0.707 m.
Vay Re = 4R sin(@/2); tai ¢ = 1 cho 4R (dinh vom), khi ¢ dan t6i 0 thi R dan t6i 0 (mili
nhon), va voi dir kién da cho R = 0,707 m.

Hence R. = 4R sin(p/2); at ¢ = it gives 4R (the top of the arch), as ¢ tends to 0 so does R (the
cusp), and for the given data R. = 0.707 m. R

Bai 4.11 — Problem 4.11

1. va = or = 2,0 m/s, vudng goc voi OA. B chi chay doc Ox nén ¥p nam ngang.
va = wr = 2.0 m/s, perpendicular to OA. B runs only along Ox, so Vs is horizontal.

2. (a) OA vudng goc véi Ox nén ¥a nam ngang, song song Us. Hai dudng vudng goc véi
van tbc song song va thang dimg nén tim quay tic thoi ¢ vo cuc: thanh AB tinh tién
tuc thoi, wag = 0 va vg = va = 2,0 m/s, hudng theo —x.
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(a) OA is perpendicular to Ox, so V4 is horizontal, parallel to Us. The perpendiculars to the
velocities are parallel and vertical, so the instantaneous centre is at infinity: rod AB is in
instantaneous translation, wsg = 0 and vg = v4 = 2.0 m/s, along —x.

3.(b) 0 =60°: A =(0,05; 0,0866) m, U = (—1,732; 1,0) m/s. Hoanh dd B: xg =1 cos 0 +
V(02 — 12 5in20) = 0,05 + 0,3905 = 0,4405 m. TAm quay tic thoi P 1a giao cia duong
thang OA (vudng goc vdi ¥a) v6i duong thang dimg qua B, nén P = (xs; xp tan ) =
(0,4405; 0,7630) m.

(b) 6 = 60°: A = (0.05, 0.0866) m, V4 = (—1.732, 1.0) m/s. The abscissa of B is x = r cos 0
+ \/(52 —r?sin0) = 0.05 + 0.3905 = 0.4405 m. The instantaneous centre P is where line OA

(perpendicular to V) meets the vertical through B, so P = (xs, xs tan 0) = (0.4405, 0.7630)
m.

PA = (xg —rcos 0)/cos 6, was=va/PA, vB= wag-PB

4. PA =0,3905/0,5 = 0,781 m nén mas = 2,0/0,781 = 2,56 rad/s (thuan chiéu kim déng
hé). PB =0,7630 m nén vg = 2,56-0,763 = 1,95 m/s, hudng theo —x.
P4 =0.3905/0.5 = 0.781 m so wap = 2.0/0.781 = 2.56 rad/s (clockwise). PB = 0.7630 m so
vg = 2.56-0.763 = 1.95 m/s, along —x.

Vay (a) was = 0 va vg = 2,0 m/s; (b) mas = 2,56 rad/s va vg = 1,95 m/s, ca hai hudng vé
phia O theo chiéu am ciia Ox.

Hence (a) wap = 0 and vg = 2.0 m/s; (b) wap = 2.56 rad/s and vz = 1.95 m/s, both towards O
along the negative direction of Ox. B

Bai 4.12 — Problem 4.12

1. Téc d6 goc theo vong/gio: kim gior 1/12, kim phut 1, kim gidy 60. Hai kim tring nhau
khi hiéu goc 1a s6 nguyén vong, theo dinh 1y 4.22.

Angular speeds in turns per hour: hour hand 1/12, minute hand 1, second hand 60. Two
hands coincide when their angle difference is a whole number of turns, by theorem 4.22.

2. (a) Toc d6 tuong ddi kim gidy — kim phut 1a 59 vong/gid, tir t = 0 hai kim tring tai t =
m/59 gio, m=0, 1, 2, ... Piéu kién t < 12 cho m < 708, tirc m = 0 dén 707: 708 thoi
diém.

(a) The relative speed of second and minute hands is 59 turns per hour, and from t = 0 they

coincide at t = m/59 hours, m = 0, 1, 2, ... The condition t < 12 gives m < 708, i.e. m = 0 to
707: 708 instants.

3. (b) Tc do twong ddi kim gidy — kim gio 1a 60 — 1/12 = 719/12 vong/gid, tring tai t =
12m/719 gio. t < 12 cho m < 719, tirc m = 0 dén 718: 719 thoi diém.

(b) The relative speed of second and hour hands is 60 — 1/12 = 719/12 turns per hour, and
they coincide at t = 12m/719 hours. t < 12 gives m < 719, i.e. m = 0 to 718: 719 instants.

4. (c) Ba kim trung khi kim gi¢ trung kim phut va kim giay trung kim gio. Kim phut
trung kim gio tai t = 12k/11 gio (k nguyén). Can 12k/11 = 12m/719, tic 719k = 11m.
Vi 719 1a s6 nguyén t6 khac 11 nén 11 chia hét k, suy ra t = 12-(k/11) 1a boi s6 cia 12
gi0. Trong khoang dang xét chi con t = 0.

(c) All three coincide when the minute hand meets the hour hand and the second hand meets
the hour hand. The minute hand meets the hour hand at t = 12k/11 hours (k an integer). We
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need 12k/11 = 12m/719, i.e. 719k = 11m. Since 719 is a prime different from 11, 11 divides
k, sot = 12-(k/11) is a multiple of 12 hours. In the interval considered only t = () remains.

Vay (a) 708 thoi diém, (b) 719 thoi diém, (c) dung 1 thoi diém 1a 0 gio dung.
Hence (a) 708 instants, (b) 719 instants, (c) exactly I instant, exactly 0:00. &
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Chuong 5. Cac dinh luat Newton va cac luc co hoec — Chapter 5.

Newton's laws and mechanical forces

Muc tiéu chwong — Chapter objectives

. Ap dung ba dinh luat Newton trong hé quy chiéu quén tinh: tach vat, vé dua luc, chon
truc, chiéu va giai.
Apply Newton's three laws in an inertial frame: isolate each body, draw every force, choose
axes, project and solve.

* Phan bi¢t va tinh dung lyc dan hoi, ma sat nghi, ma sat trugt, lyc can cua chat luu;
ding géc ma sat va tim lyc kéo nho nhét.
Tell apart and compute elastic force, static and kinetic friction and fluid drag; use the
friction angle and find the smallest pulling force.

« Xir 1y day c6 khéi luong, hé vat ndi bang day, may Atwood va rong roc dong bang
diéu kién day khong dan.
Handle massive ropes, bodies joined by strings, the Atwood machine and movable pulleys
through the inextensible-string condition.

« Bién luan trang thai cia hé (ding yén hay chuyén dong, diy cing hay ching, vat con
tua mat hay khong) trude khi tinh gia toc.
Decide the state of the system (rest or motion, taut or slack string, contact kept or lost) before
computing any acceleration.

5.1. Ba dinh luit Newton, hé quy chiéu quan tinh va khoi lwong — Newton's

three laws, inertial frames and mass

Quy udc ky hiéu ctua chuong. Tiéng Viét: trong luc P, ma sat Fus, luc dan hdi Fan, luc can
F., hé s6 ma sat nghi p, va hé s6 ma sat truot p. Tiéng Anh: weight W, friction Fg, elastic
force Fe, drag Fq, coefficients ps and p. Trong cac dong cong thirc riéng, dung chung cho
hai ngon ngir, ma sat viét 1a f, hé sb ma sat nghi 1 po. Khi dé chi cho mot hé sé ma sat p
thi hiéu p, = p. Lay g = 9,8 m/s%.

Notation for the chapter. English: weight W, friction Fj, elastic force Fe, drag Fa, coefficients
(static) and p (kinetic). Vietnamese: P, Fus, Fan, Fe, un, 1. In the displayed formulas, shared by
both languages, friction is written f and the static coefficient wo. When a problem gives a single
coefficient u, read us = u. Take g = 9.8 m/s°.

PINH NGHIA 5.1 (H¢ quy chiéu quan tinh) / DEFINITION 5.1 (Inertial frame) — Hé
quy chiéu quén tinh 1a hé quy chiéu trong d6 mot vat khong chiu lyc nao, hoac chiu céc luc
triét tiéu nhau, giit nguyén trang thai dimg yén hoic chuyén dong thiang déu. Moi hé chuyén
dong thang déu so voi mot hé quéan tinh ciing 12 hé quan tinh.

An inertial frame is a frame in which a body acted on by no force, or by forces that cancel, stays at
rest or moves in a straight line at constant speed. Every frame moving uniformly relative to an inertial
frame is inertial as well.

PINH LUAT 5.2 (Pinh luit I Newton) / LAW 5.2 (Newton's first law) — Ton tai nhimng
hé quy chiéu quan tinh. Trong hé quén tinh, vat c6 hop luc tac dung bang 0 thi dimg yén hoic
chuyén dong thang déu.
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Inertial frames exist. In an inertial frame, a body with zero net force on it stays at rest or moves
uniformly in a straight line.

DINH LUAT 5.3 (Dinh luét II Newton) / LAW 5.3 (Newton's second law) — Trong hé
quan tinh, gia tc ctia mot chit diém cung hudng voi hop luc tac dung 1én né, do 16n ti 18 véi
hop luc va ti 16 nghich véi khéi luong: F=md. O day Fla téng vecto ciia moi lyc tac dung
1én chinh vat dang xét.

In an inertial frame the acceleration of a particle points along the net force on it, and its magnitude is

proportional to that force and inversely proportional to the mass: F = ma. Here F is the vector sum of
all forces acting on the body under study.

DINH LUAT 5.4 (Dinh luat III Newton) / LAW 5.4 (Newton's third law) — Khi vat 1 tac
dung 1én vat 2 luc F)lz, vat 2 tac dung lai vat 1 luc i) cung do 16n, nguoc chiéu, cung duong
tac dung: Fi2=—F>. Hai luc dit vao hai vat khac nhau va ciing ban chat.

When body 1 exerts a force F1>on body 2, body 2 exerts on body 1 a force Fa) of equal magnitude,

opposite direction and the same line of action: Fi; = —F»;. The two forces act on different bodies and
are of the same kind.

Pham vi: ba dinh ludt dung cho vat co tdc d6 nhé hon nhiéu so voi toc dd anh sang, va
cho chat diém hodc vat chuyén dong tinh tién. Dinh luat III ding & moi thoi diém voi luc
tiép xuc; hai lyc ciia cip nay khong bao gid khir nhau vi chung dit vao hai vat.

Scope: the laws hold for speeds far below the speed of light, and for a particle or a body in pure
translation. The third law applies at every instant for contact forces; the two forces of a pair
never cancel, because they act on two different bodies.

HE QUA 5.5 (Khoi hrgng do mitc quéan tinh) / COROLLARY 5.5 (Mass measures
inertia) — Hai vat chi tuong tac voi nhau, khong chiu lyc ngoai, co gia toc ai, a» thoa mia; =
mpaz. Ti s khoi luong bang nghich dao ti s6 d6 16n gia téc: mi/my = as/a;.

Two bodies that interact only with each other, with no external force, have accelerations a;, a:
obeying mia; = maaz. The mass ratio equals the inverse ratio of the acceleration magnitudes: m;/m, =
aa.

Chirng minh. / Proof.

Theo dinh luat II, mia; = F2; va mpa; = Fi2, cd hai 1a d6 16n luc ma vat kia tdc dung 1én.
By the second law, mia; = F2; and ma> = F12, the magnitudes of the force each body receives
from the other.

Theo dinh luat III, Fi2 = F21, nén mja; = mpa,.

By the third law Fi2 = F>;, so mja; = maao.
mi1/mz = az/a1 (5.1)
|

Vit nang hon thi gia tc nho hon khi cing nhan mot lyc. Hai xe ddy néi bang 16 xo nén
10i budng ra c6 gia tde ti 1 nghich vai khéi lugng, nén xe ning gip ba chay cham di ba
1an & mdi thoi diem.
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In practice a heavier body accelerates less under the same force. Two carts pushed apart by a
compressed spring have accelerations in inverse ratio to their masses, so a cart three times
heavier is three times slower at every instant.

NHAN XET / REMARK — Ngua kéo xe va xe kéo ngua bang hai luc bang nhau, vy sao
Xe chuyén dong? Hai luc cia cap dinh luat IIT ddt vao hai vat nén khong khir nhau. Xe chuyén
dong tién 1én vi luc kéo cua ngua lon hon ma sat tac dung 1én xe. Ngua tién 1én vi chan ngua
day dat ra sau va dat dy ngua ra trude bang ma sat nghi, luc ndy 16n hon luc xe kéo ngua lai.
The horse pulls the cart and the cart pulls the horse with equal force, so why does the cart move? The
two forces of a third-law pair act on two bodies and do not cancel. The cart speeds up because the
horse's pull exceeds the friction on the cart. The horse moves forward because its hooves push the
ground back and the ground pushes the horse forward by static friction, a force larger than the cart's
pull on the horse.

5.2. Tong hop va phan tich lwe — Composition and resolution of forces

Luyc 1a dai luong vecto, dic trung boi diém dit, phuong, chiéu va d6 16n (don vi N =
kg-m/s?). Cac lyc cung dit vao mot chat diém thay dugc bang hop luc, bang tong vecto
ctia chung, vé& theo quy tic hinh binh hanh hodc quy tic da giac (nbi dau luc nay véi goc
luc kia). Phan tich mét Iyc 13 thay né bang hai hay nhiéu thanh phan ma tong vecto bang
chinh n6; phép phan tich thuin tién nhét khi cac phuong chon trung véi phuong gia toc
va phuong vuong goc voi no.

Force is a vector with a point of application, a direction and a magnitude (unit N = kg-m/s>).
Forces acting on one particle can be replaced by their resultant, the vector sum, drawn by the
parallelogram rule or the polygon rule (head of one force to the tail of the next). Resolving a
force means replacing it by two or more components whose vector sum is the force itself; the
most convenient directions are the line of the acceleration and the line perpendicular to it.

)

Hinh 5.1. Hop ctia hai lyc theo quy tic hinh binh hanh
Figure 5.1. Resultant of two forces by the parallelogram rule

DINH LY 5.6 (P9 16m cia hop luc) / THEOREM 5.6 (Magnitude of the resultant) — Hai
luc ﬁl, F> dat vao mot chit diém, hop nhau goc a, c6 hop luc v6i do 16n F? = Fi2 + F»? +

2F Facos a. Do d6 |Fi — F| < F < F; + F, ddu bang bén phai tmg voi o = 0, bén trai tmg voi o
= 180°.
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Two forces F, F acting on a particle at angle a have a resultant of magnitude F? = F;?> + F»? +
2FF>cos a. Hence |F; — F>| < F < F; + F», the right-hand equality holds for o. = 0, the left-hand one
for a = 180°.

Chirng minh. / Proof.

bat F doc truc x. Khi do F» ¢6 thanh phén Facos a va Fasin a. Hop luc c6 Fx = F; +
Facos a, Fy = Fasin a.

Put F along the x axis. Then F has components F>cos a and Fasin o. The resultant has F. = F;
+ F>cos o, F), = Fasin o.

F? = F® + Fy? = F1% + 2F1F2cos a + F2%(cos®a + sina)  (5.2)

Vi cos?a + sin®o = 1 ta dugc cong thire can chimg minh. Do —1 < cos a < 1, F2 nam giira
(F1 —F2)?va (F1 + F2)2

Since cos’a + sin‘a = 1 the formula follows. As —1 < cos o < 1, F? lies between (F; — F3)? and
(F1+F)%. |

PHAN TICH / ANALYSIS — Dé cho d9 1én céac luc va gbc gitta ching, khong cho hé truc.
Cong thirc do 16n hop luc tra 10 thang, khong can dung truc dé chiéu. Ba cau hoi ciing mot
cong thic: khoang gia tri khi goc tu do, goc khi biét hop lic, hop luc khi biét goc.

The statement gives the force magnitudes and the angle between them, with no axes. The resultant
formula answers directly, with no need to build axes and project. Three questions use the same
formula: the range of values when the angle is free, the angle when the resultant is known, the
resultant when the angle is known.

Vi DU 5.1 (P§ 16n hop luc) / EXAMPLE 5.1 (Magnitude of a resultant) — Hai luc dong
phing 6 N va 10 N dit vao cing mot chat diém. (a) Hop luc c¢6 thé nhan nhitng gia tri nao?
(b) Hop luc bang 14 N thi hai Iyc hop nhau goc bao nhiéu? (c) Hai luc vudng goc thi hop luc
bao nhiéu?

Two coplanar forces of 6 N and 10 N act on the same particle. (a) Which values can the resultant
take? (b) For a resultant of 14 N, what is the angle between the forces? (c) What is the resultant when
they are perpendicular?

Loi giai. / Solution.
1. Theo (5.2), F bién thién tir |10 — 6| = 4 N (hai luc ngugc chiéu) dén 10+ 6 =16 N
(cuing chiéu); moi gia tri trong khoang d6 déu dat dugc khi o thay doi.
By (5.2), F ranges from |10 — 6| = 4 N (opposite forces) to 10 + 6 = 16 N (same direction),
every value in between occurs as o, varies.
2.V6i F=14 N: 196 =36 + 100 + 120cos a, suy ra cos a = 1/2 va a = 60°.
For F =14 N: 196 =36 + 100 + 120cos a, so cos o = 1/2 and a. = 60°.
3. Véia=90° cos o= 0 nén F = (36 + 100) =136 ~ 11,7 N.
For a = 90° cos a =0soF =(36+100) =136~ 11.7 N.
Vay 4 N <F <16 N; goc gitra hai lyc 1a 60° khi F = 14 N; hop luc khi hai lyc vudng goéc
la khoang 11,7 N.
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Hence 4 N < F < 16 N; the angle is 60° for F = 14 N, the resultant of perpendicular forces is
about 11.7N. &

HE QUA 5.7 (H¢ thirc Lami) / COROLLARY 5.7 (Lami's relation) — Ba luc dong
phang, khong song song, dat vao mot chat diém can bang. Khi d6 duong tac dung cua ching
ddng quy, Fi+F,+ F3=0va Fi/sin a; = Fo/sin oz = F3/sin o3, trong do6 o 1a géc gitra Fava
Fi,mla gbc gitlta FivaF, o3la goc gitra FivaFa.

Three coplanar, non-parallel forces act on a particle in equilibrium. Then their lines of action are
concurrent, _ﬁ1 + _ﬁg + _1:")3 =0 and F/sin a; = Fo/sin a» = F3/sin a3, where a; is the angle between _ﬁz

and F3, o, between F; and F, a3 between F; and F.

Chirng minh. / Proof.

V6i chit diém, moi luc dit tai cung mot diém nén déng quy. Téng bﬁng 0 thi ba vecto ndi
d4u nhau tao tam giac khép kin, voi cac canh Fi, Fa, F3. Goc trong tam giac ddi dién canh
Fi bang 180° — au, va sin(180° — ay) = sin a.

For a particle all forces act at one point, so they are concurrent. A zero sum makes the three

vectors, head to tail, a closed triangle with sides F, F>, F3. The interior angle opposite side F; is
180° — ay, and sin(180° — a;) = sin a.,.

Dinh li ham sin cho tam giac nay cho:

The law of sines for this triangle gives:
F1/sin a1 = F2/sin a2z = F3/sin a3 (5.3)

PHAN TICH / ANALYSIS — Vit treo béi hai dy va c6 trong luc: ba luc dong phing dong
quy tai nut, dang diéu kién (5.3). Hai ddy hop nhau gbc vudng nén tam giac lyc 14 tam giac
vudng, d6 16n cac luc doc ngay qua sin, cos cua goc ddy; cach chiéu 1én hai truc ding lam
phép kiém.

A body hangs from two strings and carries its weight: three coplanar forces concurrent at the knot,
which is the condition of (5.3). The strings are perpendicular, so the force triangle is right-angled and
the magnitudes read off from the sines and cosines of the string angles, projecting on two axes serves
as a check.

Vi DU 5.2 (Ba luc dong quy) / EXAMPLE 5.2 (Three concurrent forces) — Vit khdi
luong 4,0 kg treo bang hai diy nhe budc vao hai diém ¢ dinh. Day thir nhat hop v&i phuong
ngang goc 30°, day thir hai hop v6i phuong ngang goc 60° vé phia dbi dién (hai diy vuong
goc nhau). Tinh luc cing mdi day. Ly g = 9,8 m/s.

A 4.0 kg body hangs from two light strings tied to two fixed points. The first string makes 30° with the
horizontal, the second makes 60° with the horizontal on the opposite side (the strings are
perpendicular). Find the tension in each string. Take g = 9.8 m/s’.

Loi giai. / Solution.
1. Ba lyc tai nit: trong lyc mg = 39,2 N xudng, Ti theo day 30°, T» theo day 60°.
Three forces at the knot: weight mg = 39.2 N downward, T; along the 30° string, T> along
the 60° string.
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. Chiéu 1én phuong ngang (hai thanh phan ngang triét tiéu) va phuong thang dung:

Project onto the horizontal (the two horizontal components cancel) and the vertical:

T1cos 30° = Tzcos 60°, Tisin 30° + T2sin 60° = mg

. Tr phwong trinh dau Tz = Ticos 30°/cos 60° = T;V3. Thay vao phuong trinh sau:

Ti(1/2 +3/2) =mg, nén T =mg/2 = 19,6 N va T = T1\3 =~ 33,9 N.
From the first equation T> = Ticos 30°/cos 60° = TN3. Into the second: Ti(1/2 + 3/2) = mg,
so T1 =mg/2=19.6 Nand T> = TN3 = 33.9 N.

. Kiém bang Lami: a3 = 90° nén T1 = mg sin 30° va T» = mg sin 60°, tring véi két qua

trén.
Check with Lami: a3 = 90° so T1 = mg sin 30° and T> = mg sin 60°, as above.

Vay T1 = 19,6 N va T» ~ 33,9 N; dy gan phuong thang dtng hon chiu luc cing 16n hon.

Hence T; = 19.6 N and T> = 33.9 N; the string closer to the vertical carries the larger tension.

mg

mg \ 4

Hinh 5.2. Vit treo bang hai ddy va tam giac luc khép kin
Figure 5.2. A body on two strings and its closed force triangle

NHAN XET / REMARK — Hé thirc Lami chi dung dugc cho diung ba lyc. Gap bon luc troy
1én, hoic ba lyc khong ddng quy trén vat ran, quay vé chiéu 1én hai truc (hodc dung moment &
Chuong 7).

Lami's relation needs exactly three forces. With four or more forces, or three non-concurrent forces

on an extended body, go back to projecting on two axes (or use moments, covered in the statics
chapter).

5.3. Trong luc, phan lwe phap tuyén va lwe cang day — Weight, normal force and
string tension

Trong lyc P = mg dit tai trong tdm, hudng xudng, c¢6 g ~ 9,8 m/s? & gan mat dat. Phan luc
phap tuyén N vudng goc v6i mit tiép xtc va hudng vé phia vat; no khong co cong thirc
riéng, gia tri ciia né do phuong trinh chiéu quyét dinh, va N = 0 14 liic vat bat dau roi mat.
Luc cing T cua day hudng doc ddy, vé phia day kéo vat, va day chi kéo khong day nén T
>0; T =0 1a day chung.
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The weight W = mg acts at the centre of mass, points down, and g = 9.8 m/s’ near the ground.
The normal force N is perpendicular to the surface of contact and points toward the body, it has
no formula of its own, since the projected equations fix its value, and N = () marks the moment
the body leaves the surface. The tension T acts along the string, toward the side the string pulls
the body, and a string pulls but never pushes, so T > 0; T = 0 means a slack string.

TINH CHAT 5.8 (Day nhe khong din) / PROPERTY 5.8 (Light inextensible string) —
Day nhe khong dan: (i) moi diém trén mot doan day thing c6 cing luc cing néu khong c6 luc
nao dit gitta doan do; (ii) ddy vét qua rong roc nhe, khong ma st giit nguyén luc cing ¢ hai
phia; (iii) cac diém cua day c6 cung toc do va cung d6 16n gia téc doc theo day.

Light inextensible string: (i) every point of a straight stretch of string carries the same tension if no
force acts along that stretch; (ii) a string over a light frictionless pulley keeps the same tension on
both sides; (iii) all points of the string have the same speed and the same acceleration magnitude
along the string.

Chirng minh. / Proof.

(i) Xét mot doan day thang, khéi lwong m = 0. Hai luc tac dung 1én doan 13 hai luc cing ¢
hai dau, nguoc chiéu. Dinh lut IT cho Tg — Ta = ma = 0, nén Ta = Ts.

(i) Take a straight stretch of string of mass m = (. Its two end tensions are the only forces and
point oppositely. The second law gives Tp — Ty = ma =0, so T4 = Tp.

(ii) Trén vanh rong roc khéng ma sat, phan lyc tir vanh vudng goc véi day. Chiéu 1én
phuong tiép tuyén cho mot doan day nho, khéi lugng bang 0, ta lai ¢6 hai luc cing bang
nhau; rong roc nhe khong ma sat chi d6i hudng cua lyc cing.

(ii) On the rim of a frictionless pulley the rim's reaction is perpendicular to the string. Projecting
on the tangent for a small massless piece again gives equal tensions, a light frictionless pulley
only turns the direction of the tension.

(iii) Day khong dan nén khoang cach giita hai diém cta day khong doi, kéo theo cing tdc
dd doc day tai moi thoi diém, va cung do 16n gia tdc doc day.

(iii) An inextensible string keeps the distance between any two of its points, so all points share
the same speed along the string at every instant, and the same acceleration magnitude along it.
|

PINH LY 5.9 (Luec cing trong diy ¢6 khdi lwgng) / THEOREM 5.9 (Tension in a
massive rope) — DAy dong chét khdi lwong M, chiéu dai L ndm trén mat ngang nhin, bi kéo
doc day bang lyc F dit & mot dau. Day chuyén dong voi gia téc a = F/M, va luc cing tai diém
cach dau bi kéo mot doan x 14 T = F(L — x)/L. Luc cang giam déu tir F & dau bi kéo xuéng 006
dau tu do.

A uniform rope of mass M and length L lies on a smooth horizontal surface and is pulled along its
length by a force F at one end. It moves with acceleration a = F/M, and the tension at a point a
distance x from the pulled end is T = F(L — x)/L. The tension falls linearly from F at the pulled end to
0 at the free end.
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Chirng minh. / Proof.

Ca day 1a mdt vat khdi lugng M chiu luc ngang duy nhat F, nén a = F/M. Cét day tai
diém cach dau bi kéo x. Poan con lai (phia dau ty do) dai L — x, khéi lugng M(L — x)/L,
chi chiu luc cang T tai chd cit.

The whole rope is one body of mass M under the single horizontal force F, so a = F/M. Cut the

rope at a distance x from the pulled end. The remaining piece (free-end side) has length L — x
and mass M(L — x)/L, and is acted on only by the tension T at the cut.

T = (M(L — x)/L)-(F/M) = F(L — x)/L (5.4)

PHAN TiCH / ANALYSIS — Day co khdi luong nén luc cang ddi doc day, khac day nhe.
Hai budc: 1dy ca hé (vat cung day) dé tim gia toc chung, 1di cit day tai diém can tim va viét
dinh luat II cho phén nam & phia khong bi kéo; phﬁn do6 chiu trong lyc ctia né va lyc cang tai
chd cit.

A massive rope has a tension that varies along it, unlike a light string. Two steps: take the whole
system (body and rope) for the common acceleration, then cut the rope where the tension is wanted
and write the second law for the piece on the side away from the pull; that piece carries its own
weight and the tension at the cut.

VI DU 5.3 (Cit diy dé tim Iwc cing) / EXAMPLE 5.3 (Cutting the rope to find the
tension) — Vat 3,0 kg budc vao dau duéi cua soi day déng chit khéi lugng 1,0 kg, dai 2,0 m.
Kéo dau trén cta day thang ding 1én bang luc 60 N. Tinh gia téc, lyc cing & dau trén, & diém
giita ddy va & chd budc vat. Liy g = 9,8 m/s2.

A 3.0 kg body is tied to the lower end of a uniform 1.0 kg rope 2.0 m long. The upper end of the rope is
pulled vertically upward with a force of 60 N. Find the acceleration and the tension at the top, at the
midpoint and where the body is tied. Take g = 9.8 m/s".

Loi giai. / Solution.
1. H¢ (vat + day) c6 khdi lugng 4,0 kg, chiu luc kéo 60 N 1én va trong lyc 39,2 N xuéng:
a=(60—39,2)/4,0 = 5,2 m/s?>, hudéng 1én.
The system (body + rope) has mass 4.0 kg under 60 N upward and weight 39.2 N
downward: a = (60 — 39.2)/4.0 = 5.2 m/s°, upward.
2. Pau trén: luc kéo 60 N, d6 cling 1a lyc cang & dau trén.
Top: the pulling force of 60 N is the tension there.
3. Chd buoc vat: vat 3,0 kg co T—mg=ma, nén T =3,0 x (9,8 + 5,2) =45 N.
At the body: for the 3.0 kg body T — mg =ma, so T = 3.0 X (9.8 +5.2) =45 N.
4. Piém gitra: phan dudi gdm vat va 1,0 m day, khdi lugng 3,0 + 0,5 = 3,5 kg: T = 3,5 x
(9,8 +5,2)=52,5N.
Midpoint: the lower part is the body plus 1.0 m of rope, mass 3.0 + 0.5 = 3.5 kg: T = 3.5 x
(9.8+52)=525N.
Vay a = 5,2 m/s? huéng 1én; luc cing 1a 60 N ¢ dau trén, 52,5 N ¢ gitta ddy va 45 N ¢
chd budc vat. Lyc cang ting déu theo chiéu dai diy, m6i mét thém 7,5 N.
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Hence a = 5.2 m/s* upward; the tension is 60 N at the top, 52.5 N at the midpoint and 45 N at the
body. It rises uniformly along the rope, by 7.5 N per metre. B

LOI HAY GAP / COMMON MISTAKE — Cho lyc cing bing nhau & moi diém cua day
c6 khéi lugng, hoac cho T = mg khi vat con gia tbe. Day nhe mdi c6 luc cang déu,vaT= mg
chi khi vt treo dimg yén hodc chuyén dong thing déu.

Taking the tension equal everywhere on a massive rope, or setting T = mg while the body still
accelerates. Only a light string has uniform tension, and T = mg holds only for a hanging body at rest
or in uniform motion.

LOI HAY GAP / COMMON MISTAKE — Viét phan lyc N = mg cho moi vt ndm trén
mat. N = mg chi diing khi mit ngang va khoéng con luc nio khac c¢6 thanh phan thang ding;
vat trén mat nghiéng, hodc c6 luc kéo xién, thi N ddi.

Writing N = mg for every body resting on a surface. N = mg holds only for a horizontal surface with
no other force having a vertical component, on an incline, or with an oblique pull, N changes.

5.4. Lwe dan hoi caa 10 xo — Elastic force of a spring

DINH LUAT 5.10 (Pinh luat Hooke) / LAW 5.10 (Hooke's law) — Trong gi6i han dan
hoi, Iye dan hoi ciia 16 xo ti 16 voi do bién dang, huéng ngugc chidu bién dang: Fan = k|Al|,
voi Al =1 1o, k 1a d§ crng (N/m).

Within the elastic limit the elastic force of a spring is proportional to its deformation and opposes it:

Fo = klAl), where Al = | — Iy and k is the stiffness (N/m).

Pham vi: 16 xo nhe (khdi lugng bo qua) nén hai dau chiu luc dan hdi bang nhau; ngoai
giéi han dan hoi, F khong con ti 1& véi Al Do cing k ti 1¢ nghich véi chiéu dai 10 xo cung
chat, cung tiét dién (xem (5.7) bén dudi).

Scope: a light spring (mass neglected) has equal elastic forces at its two ends; beyond the elastic

limit F is no longer proportional to Al. The stiffness k is inversely proportional to the length of a
spring of the same material and cross-section (see (5.7) below).

HE QUA 5.11 (Lo xo ghép song song) / COROLLARY 5.11 (Springs in parallel) — Hai
16 xo do cung ki, ko ghép song song (cung gian mot doan) tuong duwong mdt 10 xo co6 k =k +
ko.

Two springs of stiffness ki, k> in parallel (same extension) are equivalent to one spring with k = k; +

k.

Chirng minh. / Proof.
Cung d6 gidn x, lyc tong cong 13 F = kix + kox = (ki + ko)x.
With the same extension x the total force is F = kix + kox = (k1 + ka)x.

k=ki+k (5.5)
|
HE QUA 5.12 (Lo xo ghép néi tiép) / COROLLARY 5.12 (Springs in series) — Hai 16 xo

d6 ctng ki, ka ghép nbi tiép (cung chiu mot luc) twong dwong mot 10 xo co 1/k = 1/k; + 1/ka.
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Two springs of stiffness ki, k2 in series (same force) are equivalent to one spring with 1/k = 1/k; +
k.

Chirng minh. / Proof.
Lo xo nhe nén luc & hai 16 xo cing bang F, con do gidn cong lai: x = F/ki + F/k» = F(1/k
+ 1/k»).

The springs are light so both carry the same force F, while the extensions add: x = F/k; + F/k> =
F(l/k; + k).

1/k=1/ki + 1/ke (5.6)

HE QUA 5.13 (Cit 16 x0) / COROLLARY 5.13 (Cutting a spring) — Lo xo dong déu c6
d6 ctng k, chiéu dai ty nhién lo. Cit ldy mot doan dai I; thi doan d6 c6 do cimg ki = k-1o/l;.
Poan cang ngin cang cing.

A uniform spring has stiffness k and natural length ly. A piece of length [; cut from it has stiffness k; =
k-lo/l1. The shorter the piece the stiffer it is.

Chirng minh. / Proof.

Chia 16 xo thanh n doan bang nhau, mdi doan c6 d6 cimg kn. n doan ghép ndi tiép cho k =
ko/n theo (5.6), nén k, = nk.

Divide the spring into n equal pieces, each of stiffness k.. The n pieces in series give k = k./n by
(5.6), so k. = nk.

Mot doan gdm p phan nhu thé (11 = p-lo/n) 13 p 10 x0 ka nbi tiép: ki = ka/p = nk/p = k-1o/11.
Véi ti s6 1i/lp bat ky, ldy p/n xap xi tiy y.

A piece of p such parts (11 = p-lo/n) is p springs k. in series: ki = ko/p = nk/p = k-ly/l;. For any
ratio 11/lo, approximate it by p/n as closely as wanted.

kils = klo (5.7)

@ ka ko

() ki

Hinh 5.3. Hai 10 xo ghép: (a) nbi tiép, (b) song song
Figure 5.3. Two springs combined: (a) in series, (b) in parallel
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PHAN TICH / ANALYSIS — Bé cho 10 xo, d cimg va chiéu dai, ri cit hoic ghép. Quy
trinh: cét trude (do cimg ti 16 nghich chiéu dai), réi ghép (song song cong do cing, ndi tiép
cong nghich d4o), cudi ciing méi treo vat va ding dinh luat Hooke.

The problem gives a spring, its stiffness and length, then cuts or joins it. Procedure: cut first (stiffness
inversely proportional to length), then join (parallel adds stiffness, series adds reciprocals), and only
then hang the body and use Hooke's law.

VI DU 5.4 (Cit rdi ghép 10 x0) / EXAMPLE 5.4 (Cut then combine springs) — Lo xo
déng déu do cing 90 N/m, chiéu dai ty nhién 30 cm, dugc cét thanh hai doan dai 10 cm va 20
cm. Hai doan ghép song song roi cung treo vao mot vat 2,0 kg. Tinh d§ cing cua bo va do
gidn khi can bang, so vdi 16 xo ban ddu. Liy g = 9,8 m/s2.

A uniform spring of stiffness 90 N/m and natural length 30 cm is cut into pieces 10 cm and 20 cm
long. The pieces are joined in parallel and together support a 2.0 kg body. Find the stiffness of the
pair and the extension at equilibrium, compared with the original spring. Take g = 9.8 m/s”.

Loi giai. / Solution.
1. Theo (5.7): ki =90 x 30/10 =270 N/m cho doan 10 cm, ko =90 x 30/20 = 135 N/m
cho doan 20 cm.

By (5.7): ki1 =90 x 30/10 = 270 N/m for the 10 cm piece, k> = 90 x 30/20 = 135 N/m for the
20 cm piece.

2. Ghép song song: k =270 + 135 = 405 N/m. (Hai doan c6 chiéu dai ty nhién khac
nhau nén cac diém treo dit sao cho hai doan cung bi gidn mot doan x.)
In parallel: k =270 + 135 = 405 N/m. (The pieces have different natural lengths, so the
suspension points are set to make both stretch by the same x.)
3. Can bﬁng: kx =mg, nén x =2,0 x 9,8/405 = 0,048 m = 4,8 cm.
Equilibrium: kx = mg, so x = 2.0 % 9.8/405= 0.048 m = 4.8 cm.
4. Lo xo ban dau: xo = 19,6/90 = 0,218 m = 21,8 cm.
The original spring: xo = 19.6/90 = 0.218 m = 21.8 cm.
Vay bo c6 do cung 405 N/m, gian khoang 4,8 cm, béng khoang 1/4,5 d6 gian cua 10 xo
ban dau (21,8 cm).
Hence the pair has stiffness 405 N/m and stretches about 4.8 cm, about 1/4.5 of the original
spring's extension (21.8 cm). W

NHAN XET / REMARK — Cit 10 xo thanh hai nira roi ghép song song cho d6 ctng gap
bdn 1an ban ddu: mdi nira cing gap doi, hai nira song song cong lai. Ghép ndi tiép hai nira thi
tré vé dang 10 xo ban dau.

Cutting a spring in half and joining the halves in parallel gives four times the original stiffness.: each
halfis twice as stiff, and two in parallel add. Joining the two halves in series returns the original
spring.
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5.5. Ma sat nghi, ma sat trugt, ma sat lan va géc ma sat — Static, kinetic and

rolling friction; the friction angle

Ma sat xuit hién & mit tiép xuc khi hai vat trugt, hodc cé xu hudng truot, 1én nhau. Luc
ma sat nam trong mit tiép xuc, nguoc v4i chuyén dong (hodc xu hudng chuyén dong) cua
vat so vOi mat.

Friction arises at the surface of contact when two bodies slide, or tend to slide, over each other.

The friction force lies in the contact surface and opposes the motion (or the tendency to move) of
the body relative to the surface.

DINH LUAT 5.14 (Dinh luit ma sat Coulomb) / LAW 5.14 (Coulomb's laws of friction)
— (a) Ma sat nghi: khi vét chua truot, f cAn bang v6i thanh phan lyc lam vat ¢6 xu hudng
trugt, va 0 < £ < puN. (b) Ma sat truot: khi vat dang truot, f = uN, huéng nguge vén toe cia
vat so voi mat. Hé s6 p khong phu thude dién tich tiép xuc, va p < pa.

(a) Static friction.: while the body does not slide, f balances the component of force that tends to make
it slide, and 0 <f < usN. (b) Kinetic friction: while the body slides, f = uN, directed against the velocity
of the body relative to the surface. The coefficient u is independent of contact area, and u < .

0 < f< poN (nghi) f=puN (truot) (5.8)

Pham vi: m6 hinh ding véi mat kho, tdc do truot khong qué 16n; p phu thudc cdp vat liéu
va dd nham, tinh béng sb khong don vi. Ma sat nghi 1a lyc bi dong: do 16n cua n6d do diéu
kién can bang quyét dinh, va chi dat gia tri p.N khi vat sap truot. Ma sat ldn cta banh xe,
6 bi nhé hon ma sat trugt chuc 1an, nén bai toan thuong cho lan khong c6 ma sat can
(dong luc hoc lan xem & chuong veé Vit rén).

Scope: the model holds for dry surfaces and moderate sliding speeds; u depends on the pair of
materials and the roughness and has no unit. Static friction is a passive force: its size is fixed by
the equilibrium condition, and it reaches usN only when the body is about to slip. Rolling
resistance of wheels and bearings is tens of times smaller than sliding friction, so problems often
let a rolling body meet no resistance (rolling dynamics belongs to the rigid-body chapter).

30
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F@)

Hinh 5.4. Ma sat tic dung 1én vat 5 kg trén san ngang khi luc kéo ngang F ting dan (po = 0,5; p
=0,4)
Figure 5.4. Friction on a 5 kg body on a horizontal floor as the horizontal pull F grows (1o = 0.5; u =
0.4)
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PINH NGHIA 5.15 (Géc ma sat) / DEFINITION 5.15 (Friction angle) — Goi R=N+f
1a phan Iyc toan phan ctia mit 1én vat (tong vecto ciia N va f). Goc ma sat ¢ ciia cip bé mat [a
goc thoa tan @ = . VAt con dung yén khi R ndm trong hinh nén c6 truc 14 phép tuyén, nira
goc ¢ dinh ¢ (hinh n6n ma sat).

Let R = N + f be the total reaction of the surface on the body (vector sum of N and f). The friction
angle ¢ of the pair of surfaces satisfies tan ¢ = u,. The body stays at rest while R lies inside the cone

whose axis is the normal and whose half-angle is ¢ (the friction cone).

Li do: goc O giita R va phap tuyén thoa tan = f/N. Diéu kién ma sat nghi f < u.N twong
duong tan 6 < tan o, tirc 0 < o.

Reason: the angle 0 between R and the normal satisfies tan 0 = f/N. The static condition < usN
is equivalent to tan 6 < tan ¢, that is 0 < ¢.

HE QUA 5.16 (Piéu kién dimg yén trén mit nghiéng) / COROLLARY 5.16 (Condition
for rest on an incline) — Vat dat trén mat phiang nghiéng goc a ding yén khi va chi khi o <
o, tirc tan o < pn. Goc nghiéng ma vat bit du truot cho phép do pa = tan a.

A body on an incline of angle o, stays at rest if and only if o < ¢, that is tan o < u,. The tilt angle at
which the body starts to slide gives s = tan o.

Chirng minh. / Proof.
Chiéu 1én phap tuyén va 1én phuong dbc: N = mg cos a, f = mg sin o.
Project onto the normal and along the slope: N = mg cos o, f = mg sin a.

Piéu kién nghi f < p.N cho mg sin a < pamg cos a, tirc tan o < p, = tan @.

The static condition < usN gives mg sin o. < usmg cos a, that is tan o. < s = tan ¢. A

PINH LY 5.17 (Luc kéo nhd nhit)/ THEOREM 5.17 (Smallest pulling force) — Kéo vit
khéi lugng m trugt déu trén san ngang nham (hé sb p) bang luc F hop véi phuong ngang goc
B (hudng 1én): F = umg/(cos B + p sin B). Luc nho nhat Fuin = umg/N(1 + p2) = mg sin ¢ dat
khi tan p = p, tirc B = @, mién F sin p < mg.

Pull a body of mass m along a rough horizontal floor (coefficient u) at constant speed with a force F
at angle B above the horizontal: F = umg/(cos B + u sin B). The smallest force Fuin = umg/N(1 + u?) =
mg sin ¢ occurs when tan f = u, that is § = ¢, provided F sin  <mg.

Chirng minh. / Proof.

Theo phuong ngang, F cos B = f; theo phuong thing dung, N = mg — F sin B; vat truot
nén = pN.

Horizontally F cos p = f; vertically N = mg — F sin f; the body slides so f = uN.

Fcos B =u(mg —Fsin ) = F=pumg/(cos B + psin ) (5.9)

Dit p = tan o, tirc cos @ = 1/(1 + p2) va sin ¢ = wN(1 + p2). Khi d6 cos B+ p sin p = V(1

+ p2)(cos P cos ¢ + sin P sin @) = V(1 + p2)cos(P — ).
Put u = tan ¢, so cos ¢ = IN(1 + 1) and sin 9 = uN(1 + @?). Then cos p + u sin p = (I +
W) (cos f cos ¢ + sin p sin ¢) = (I + Weos(f — ¢).
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Mau s6 16n nhit bang V(1 + p2) khi cos(p — ¢) = 1, tic B = ¢; luc d6 F nhé nhat va bang
umg/N(1 + p2) = mg sin @.

The denominator is largest, (I + W), when cos(p — @) = 1, that is p = ¢, then F is smallest,
umg/N(I + 1?) = mg sin g. M

Céch giai hinh hoc: phan Iyc R cta san hop véi phuong thang ding goc ¢, va P, R, F tao
tam giac luc khép kin (Hinh 5.5). Khi P va hudng R ¢6 dinh, F nhé nhat tmg v6i F vuong
goc R; tam gidc vuong cho Fmin = mg sin ¢ ngay lap ttc.

Geometric route: the floor's reaction R makes angle ¢ with the vertical, and W, R, F form a
closed force triangle (Figure 5.5). With W and the direction of R fixed, F is smallest when F is
perpendicular to R; the right triangle gives Fuin = mg sin ¢ at once.

Hinh 5.5. Kéo vat trén san nham bﬁng lyc xién va tam gidc lyc voi hinh nén ma sat (u = 0,5; tan

B=w
Figure 5.5. Pulling a body over a rough floor with an oblique force, and the force triangle with the
friction cone (u = 0.5; tan = )

10 1

0 2.6 40 60 80
Q)
Hinh 5.6. Luc kéo F theo goc B cho vat 5 kg, = 0,5; F nho nhit ¢ tan f = p
Figure 5.6. Pulling force F against angle f for a 5 kg body, 1t = 0.5; F is smallest at tan f = u

PHAN TICH / ANALYSIS — DPé héi luc nho nhét khi duge chon goc kéo. Hai hudng: dai
s6 (viét F theo B rdi dwa mau sé vé dang tich véi cos(p — ¢)) va hinh hoc (tam giac luc véi
hinh nén ma sat). Mot cach dung dé giai, cach kia dé kiém.

The question asks for the smallest force when the pulling angle is free. Two routes: algebraic (write F
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against § and bring the denominator to a product with cos(f — ¢)) and geometric (force triangle with
the friction cone). Use one to solve and the other to check.

VI DU 5.5 (Géc kéo téi wu) / EXAMPLE 5.5 (Optimal pulling angle) — Kéo thung 5,0 kg
trugt déu trén san ngang, p = 0,5, bang soi ddy hop phuong ngang goc p. Tim B dé luc kéo
nho nhat, gia trj nhé nhat do, va so voi luc kéo nim ngang. Liy g = 9,8 m/s2.

Pull a 5.0 kg crate at constant speed over a horizontal floor, u = 0.5, with a rope at angle p to the
horizontal. Find p for the smallest pull, that smallest value, and compare with a horizontal pull. Take
g=9.8m/s’.

Loi giai. / Solution.

1. Chiéu 1én hai phuong, theo (5.9): F = umg/(cos p + p sin p).
Project on the two directions; by (5.9): F = umg/(cos fp + u sin p).

2. Luc nho nhit khi tan p = p = 0,5, tirc p = 26,6° (goc co tan p = 0,5).
The pull is smallest when tan ff = u = 0.5, that is f = 26.6° (the angle with tan f = 0.5).

3. Fanin = pmg/\(1 + ) = 0,5 x 49/N1,25 ~ 21,9 N.
Foin = pumg/N(1 + 12) = 0.5 x 49N1.25~21.9 N,

4. Kiém diéu kién: N =mg — F sin p =49 — 21,9 x 0,447 ~ 39,2 N > 0, thung chua roi
san. Kéo ngang (B = 0) can F = umg = 24,5 N.
Check: N=mg — Fsin f =49 — 21.9 x 0.447 = 39.2 N > 0, so the crate stays on the floor.
A horizontal pull (f = 0) needs F = umg = 24.5 N.

Vay luc nho nhat khoang 21,9 N, tng voi B =~ 26,6°, nhé hon luc kéo ngang 24,5 N
khoang 11%.

Hence the smallest force is about 21.9 N at f = 26.6° about 11% below the 24.5 N of a
horizontal pull. W

PHAN TiCH / ANALYSIS — Béy chéo xuéng mat san lam tang phan lyc N, nén ma sat
tang theo luc ddy. Nén hoi trude: ¢6 gid tri lyc ndo du dé day khong? Dau ciia mau s trong
biéu thirc F tra 16i cAu hoi d6 trude khi thay sb.

Pushing obliquely down into the floor raises the normal force N, so friction grows with the push. Ask
first: is there any force that suffices? The sign of the denominator in the expression for F answers that
before any numbers go in.

VI DU 5.6 (Piéu kién ket) / EXAMPLE 5.6 (Jamming condition) — P4y thing 10 kg trén
san ngang nham (p = 0,4) bang luc hop phuong ngang goc B hudng xudng. (a) Voi p = 45°,
luc day nho nhat dé thung truot déu. (b) Goc B 16n nhét dé con day dugc thung, bat ké do 16n
luc. Lay g = 9,8 m/s2.

Push a 10 kg crate over a rough horizontal floor (u = 0.4) with a force at angle 5 below the
horizontal. (a) For f = 45°, the smallest push that keeps the crate sliding at constant speed. (b) The
largest p at which the crate can still be pushed, whatever the size of the force. Take g = 9.8 m/s”.

Loi giai. / Solution.
1. Chiéu: F cos p=f=pN va N =mg + F sin f. Thé N vao:
Project: F cos p =f=uN and N = mg + F sin f. Substitute N:
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F(cos B — pusin B) = umg (5.10)
2.(a) p=45%cos f—pusin B=0,7071 x (1 — 0,4) =0,4243, nén F = 0,4 x 98/0,4243 =
92,4 N.
(@) p=45°cosfp—usinf=0.7071 x (1 —0.4) =0.4243, so F = 0.4 x 98/0.4243 = 92.4
N.
3. (b) F duong hitu han khi cos B — psin >0, tic tan f < 1/u=2,5,  <68,2°. Tu =
68,2° tro 1én vé trai khong vuot 0 du F 10n bao nhiéu: thung bi ket.
(b) F is positive and finite when cos § — u sin > 0, that is tan f < I/u = 2.5, p < 68.2°.
From fp = 68.2° upward the left side cannot exceed () however large F is: the crate jams.
Vay 6 B = 45° can ddy it nhat khoang 92,4 N; thung bi ket khi p > 68,2° (tan p > 1/p).
Hence at p = 45° the push must be at least about 92.4 N, the crate jams for f > 68.2° (tan >
). |

NHAN XET / REMARK — Diéu kién ket tan B > 1/ néi rang goc gitra luc ddy va phap
tuyén ciia san khong vuot goc ma sat: tan(90° — B) < p. Khi lyc ddy nam trong hinh nén ma
sat, ma sat nghi tu diéu chinh dé can béng moi luc ¢6 d6 16n bét ky.

The jamming condition tan B > 1/u says the push makes with the floor's normal an angle not above the

friction angle: tan(90° — p) < u. When the push lies inside the friction cone, static friction adjusts
itself to balance a force of any size.

PHAN TICH / ANALYSIS — Vat trén mat nghiéng cung chiu F song song mit nghiéng.
Chura biét vat dimg yén hay trugt, nén chua biét ma sat nghi dang bao nhiéu va hudng nao.
Cach lam: x¢ét hai tinh huéng to1 han (vat sép truot xuéng, vat sép truot 1én), & moi tinh huéng
ma sat nghi dat gia tri 16n nhat v6i huéng da biét; khoang F can tim nam giira hai tinh hudng
do.

A body on an incline is also acted on by a force F parallel to the incline. It is not known whether the
body rests or slides, so neither the size nor the direction of static friction is known. Method: consider
the two limiting cases (about to slide down, about to slide up); in each, static friction is at its
maximum with a known direction; the required range of F lies between these two cases.

VI DU 5.7 (Ma sat nghi d6i chiéu) / EXAMPLE 5.7 (Static friction reverses) — V4t 2,0
kg trén mat phang nghiéng 30°, p = 0,3. Giir vt bang luc F song song mat nghiéng, hudng
1én. Tim khoéng gi4 tri cua F dé vat ding yén; v6i F = 12 N, ma sat nghi c6 d6 16n va huéng
thé nao? Lay g = 9,8 m/s%

A 2.0 kg body on a 30° incline, u = 0.3, is held by a force F parallel to the incline and pointing up the

slope. Find the range of F for which the body stays at rest; for F' = 12 N, what are the magnitude and
direction of static fiiction? Take g = 9.8 m/s’.

Loi giai. / Solution.
1. mg sin 30°=9,8 N; N =mg cos 30° = 16,97 N; uN = 5,09 N. Vi tan 30° = 0,577 >
0,3, khong c6 F thi vat truot xuéng.
mg sin 30° = 9.8 N; N =mg cos 30°= 16.97 N; uN = 5.09 N. Since tan 30°= 0.577 > 0.3,
with no F the body slides down.
2. Sép truot xuéng: ma sat nghi cuc dai hudng 1én mat dbc, Fi + puN = mg sin 30°, nén
F1=9,8-5,09~4,71 N.
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About to slide down: maximum static friction up the slope, F; + uN = mg sin 30°, so F| =
9.8 —5.09=4.71 N.

3. Sép truot 1én: ma sat nghi cuc dai hudng xudng dbc, F2 = mg sin 30° + pN = 9,8 +
5,09 =149 N.
About to slide up: maximum static friction down the slope, F> = mg sin 30° + uN = 9.8 +
5.09=14.9 N.

4. F = 12 N nam trong khoang. Chiéu dwong 1én dbc: F + f — mg sin 30° =0, nén f=9,8
— 12 =-2,2 N: ma sat nghi huéng xudng ddc, d6 1én 2,2 N, nho hon uN = 5,09 N.
F =12 N lies inside the range. With up-slope positive: F + f — mg sin 30° =0, so f = 9.8 —
12 = —2.2 N: static friction points down the slope, magnitude 2.2 N, less than uN = 5.09 N.
Vay vat dung yén khi 4,71 N <F <149 N. O F = 12 N, ma sat nghi 1a 2,2 N huéng
xubng doc.
Hence the body rests for 4.71 N<F < 14.9 N. At F = 12 N static friction is 2.2 N, pointing down
the slope. W

NHAN XET / REMARK — Khi F = mg sin o.= 9,8 N, ma st nghi bang 0; F nh6 hon gia tri

nay thi ma sat hudng 1én déc, 16n hon thi hudéng xudng. Ma sat nghi d6i chiéu khi F di qua gia
tri d6, va do 1ém cua nd ddi lién tuc tir 0.

When F = mg sin o. = 9.8 N, static friction is zero, below this value friction points up the slope, above

it down the slope. Static friction reverses as F passes this value, its magnitude varying continuously
through 0.

LOI HAY GAP / COMMON MISTAKE — Dung f = pN cho ma s4t nghi. Ma s4t nghi chi
bang N & trang thai téi han; vat 5 kg kéo bang 10 N ngang ma chua truot thi =10 N,
khong phai puN.

Using = uN for static friction. Static friction equals usN only at the point of slipping; a 5 kg body
pulled by 10 N horizontally that has not slipped has f = 10 N, not uN.

LOI HAY GAP / COMMON MISTAKE — Cho ma sat luén nguoc chidu chuyén dong cua
vat so voi dat. Ma sat tac dung nguoc chiéu chuyén dong twong ddi gitta hai mit tiép xtic; ma
sat nghi gitra khéi trén va khéi dudi co thé cing chidu véi chuyén dong cua khdi trén so véi
dat (Vidu 5.11).

Taking friction to always oppose the body's motion relative to the ground. Friction opposes the
relative motion of the two surfaces in contact, static friction between an upper and a lower block can
point along the upper block's motion relative to the ground (Example 5.11).

LOI HAY GAP / COMMON MISTAKE — Giit nguyén N = mg khi c6 Iyc kéo hay diy
xién. N =mg — F sin f khi kéo 1én, N = mg + F sin p khi ddy xudng; ma sat doi theo.
Keeping N = mg when the pull or push is oblique. N = mg — F sin [ for an upward pull, N = mg + F
sin f for a downward push; friction changes with it.

PHAI THUQC / MEMORISE — Ma sat nghi: 0 < f < ui,N, gia tri do cén bang quyét dinh.
Ma sat trugt: £ = uN. Géc ma sat tan ¢ = pi. Luc kéo nho nhat trén san ngang: Fuin = mg sin ¢
tai tan § = p.

Static friction: 0 <f < usN, fixed by equilibrium. Kinetic friction: f = uN. Friction angle tan ¢ = .

Smallest pull on a horizontal floor: Fuin = mg sin ¢ at tan f = u.
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5.6. Luc can ciia chat lwu va lwe nAng — Fluid drag and lift

PINH LUAT 5.18 (Luc cén ciia chét lwvu) / LAW 5.18 (Fluid drag) — Vat chuyén dong
trong chét luu (khi, 16ng) chiu luc can nguoc chiéu van tdc. O tée dd nho hodc trong chét luu
nhét: Fe =bv. O tbe do lon trong khong khi: Fc = cv2. Céc h¢ s6 b, ¢ phu thudc hinh dang vat;
¢ con ti 18 v6i khdi lwong riéng cua chat luu va voi tiét dién chin dong.

A body moving through a fluid (gas or liquid) feels a drag opposite to its velocity. At low speed or in a
viscous fluid: Fy = bv. At high speed in air: Fy = cv2. The coefficients b, ¢ depend on the shape of the
body; c also grows with the density of the fluid and with the cross-section facing the flow.

Pham vi: day 1a hai mo6 hinh thuc nghiém. Bai toan cho sin dang luc can va hé sb (hoac
van toc giéi han); ranh gidi giita hai ché d6 phu thudc kich thudc vat va do nhot, khong
do dinh luat Newton quyét dinh. Luc day Archimedes cua khong khi dugc bo qua.

Scope: these are two empirical models. A problem gives the form of the drag and its coefficient

(or the terminal speed),; the boundary between the two regimes depends on the size of the body
and the viscosity, and Newton's laws do not decide it. The buoyancy of air is neglected.

PINH LY 5.19 (Vén téc giéi han) / THEOREM 5.19 (Terminal speed) — Vit roi tir trang
thai nghi trong chét luu, chiu trong luc mg va luc can Fe, c6 gia tbe giam dan va dat vén tdc
gi6i han khong d6i ven khi Fe = mg: ven = mg/b (lyc can bv) hodc v = V(mg/c) (luc can cv?).
O van toc v, gia toc 1a a = g(1 — v/van) hodc a = g(1 — v¥/va?).

A body falling from rest in a fluid under its weight mg and drag F, has a decreasing acceleration and
reaches a constant terminal speed v, when Fq = mg: v, = mg/b (drag bv) or v, = \(mg/c) (drag cv?). At
speed v the acceleration is a = g(1 — v/v,) or a = g(1 — v/v{).

Chirng minh. / Proof.

Chiéu dwong huéng xubng: mg — F. = ma. V&i Fe = bv: a =g — bv/m = g(1 — v/va) néu
dit ven = mg/b. V&i Fe = cv2 a =g — cv¥/m = g(1 — v¥/van?) néu dit ver® = mg/c.

Take down as positive: mg — Fq = ma. With Fq = bv: a = g — bv/m = g(1 — v/vy) if vi = mg/b.
With Fa = cvi:a =g — cvi/m = g(1 — vN?) if v = mg/e.

Khi v < vgn, a > 0 nén v con ting; khi v tién toi ven, a tién t6i 0. Néu v > vgnthia<0va v
giam, nén van toc khong vugt ven khi tha tir nghi.

While v < v;, a > 0 so v still grows, as v approaches v, a approaches 0. If v> v, then a < 0 and v
falls, so the speed never passes v when released from rest.

vgh = mg/b hodc ve®=mg/c (5.11)

o

Luc nang la thanh phén luc chét luu tac dung 1én vat, vudng gbéc véi van tde tuong doi

clia vat va chat luu. Mot canh nghiéng bé dong khi xudng dudi; theo dinh luat 111, dong

khi diy canh 1én. Qua bong xoay kéo 16p khi quanh nd, 1am quy dao cong ra khoi mat

phang ném. Bai toan 16p 10 khong tinh lyc nang bang sd, chi can nhan ra chiéu va
nguyén nhén cia no.

Lift is the component of the fluid force on a body that is perpendicular to the relative velocity of
body and fluid. A tilted wing turns the airstream downward, by the third law the air pushes the
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wing up. A spinning ball drags the air layer around it, curving its path out of the plane of the
throw. At this level lift is not computed numerically,; only its direction and cause need to be

identified.

v=gt
6 m/s

0 1 3 4 5
t(s)

Hinh 5.7. Van tdc theo thoi gian cua vat roi tir nghi véi cung van tde gidi han 6 m/s: lyc can ti 1¢
v, ti 1€ v? va roi tu do

Figure 5.7. Speed against time for a body released from rest with the same terminal speed of 6 m/s: drag
proportional to v, to v?, and free fall

PHAN TICH / ANALYSIS — Pé cho van tdc gi6i han cua vt roi trong khong khi. Tt ven
suy ra hé s6 ¢, roi moi yéu cAu khéc (gia tde & mot van toc, van tde gi6i han khi d6i khdi

lwong) chi 14 thay vao a = g(1 — v?/ve?) hodc vgn o Vm.
The problem gives the terminal speed of a body falling in air. From v, find the coefficient c, every
further request (acceleration at a given speed, terminal speed after a change of mass) is then a
substitution in a = g(1 — v?/v?) or v, oc\m.

Vi DU 5.8 (Vén toc gidi han cua du) / EXAMPLE 5.8 (Terminal speed of a parachute)

— Ngudi nhay du cung du ning 80 kg ¢6 vén tée gidi han 6,0 m/s, luc can Fe = cv2. Tinh c;
gia toc khi v = 3,0 m/s va khi v = 0,99vn; van tc gidi han khi tong khdi lwong thanh 100 kg

(cing du). Liy g = 9,8 m/s2.
A parachutist with the canopy, 80 kg in all, has a terminal speed of 6.0 m/s, with drag Fy = cv>. Find
¢, the acceleration at v = 3.0 m/s and at v = 0.99v,, the terminal speed when the total mass becomes

100 kg (same canopy). Take g = 9.8 m/s".

Loi giai. / Solution.
1. O van téc gidi han cver? = mg, nén ¢ = mg/ven? = 80 x 9,8/36 ~ 21,8 kg/m.
At terminal speed cvi = mg, so ¢ = mg/vi =80 % 9.8/36 = 21.8 kg/m.

2.v=3,0m/s:a=g(1 —9/36)=0,75g = 7,35 m/s>.
v=3.0m/s: a=g(l —9/36) =0.75g = 7.35 m/s°.
3.v=0,99vgn: a=g(1 —0,98)=0,0199¢ =~ 0,195 m/s>.
v=0.99v:a=g(l —0.98) =0.0199g = 0.195 m/s°.
4. Khéi luong 100 kg, cung ¢: ven' = V(mg/c) = venV(100/80) = 6,0 x 1,118 ~ 6,71 m/s
With 100 kg and the same c: v/' = \(mg/c) = viN(100/80) = 6.0 x 1.118 = 6.71 m/s.
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Vay ¢ = 21,8 kg/m; a = 7,35 m/s? tai 3,0 m/s va = 0,195 m/s? tai 0,99vgh; Ve méi = 6,71
m/s.

Hence ¢ = 21.8 kg/m; a = 7.35 m/s? at 3.0 m/s and = 0.195 m/s* at 0.99v; the new v¢= 6.71 m/s.
[ |

NHAN XET / REMARK — Gia toc giam khi v ting, nén do thi v—t cong xudng va tiém cén
dudng v = vgn (Hinh 5.7). Lyc can ti 18 v? dua van tdc vé v, nhanh hon luc can ti 16 v khi hai

truong hop ¢ cting ven. Tha vat tir luc c6 van tde 16n hon ven thi a < 0 va van téc giam dan vé
Vgn tir phia trén.

The acceleration falls as v grows, so the v—t graph bends over and approaches the line v = v, (Figure

5.7). Drag proportional to v? brings the speed up to v, sooner than drag proportional to v when both
have the same v.. A body released with speed above v, has a < 0 and slows toward v, from above.

LOI HAY GAP / COMMON MISTAKE — Cho vét roi trong khong khi van cé gia tbc g
mai mai, hodc dung ven = mg/b cho luc can bac hai. Hai dang lyc can cho hai cong thic vgn
khéc nhau; kiém tra dang lyc can dé cho trude khi ap dung.

Letting a body fall in air with acceleration g for ever, or using v, = mg/b for quadratic drag. The two

drag laws give two different formulas for v, check which drag the problem gives before applying
either.

5.7. Phwong phap giai; hé vat ndi, may Atwood va rong roc ddong — Method;
connected bodies, the Atwood machine and movable pulleys

Sau budc dung cho moi bai dong luc hoc ctia chuong:
Six steps for every dynamics problem of the chapter:

1. Tach vat: chon vat hodc hé dé viét dinh luét I V4t ndi bﬁng day dugc xét riéng ting
vat, hodac gop ca h¢ khi can tim gia toc chung va cac luc cang bén trong bi triét tiéu.
Isolate: choose the body or system for the second law. Bodies joined by strings are taken one

by one, or as a whole when the common acceleration is wanted and the internal tensions
cancel.

2. V& lyc: mdi luc ghi 1d vat ndo gay ra no. Chi v& luc tac dung 1én vat dang xét; khong
v€ luc ma vat tac dung 1én mat hay day, va khong thém lyc hudng tam hay luc da.
Draw the forces: name the body that exerts each one. Draw only forces acting on the body

under study; omit forces the body exerts on the surface or string, and add no centripetal
force or force of momentum.

3. Chon truc: mdt truc theo hudng gia tde (hoac chuyén dong du kién), truc kia vuong
gdc. Voi vat ndi bang day, chon chiéu duong ctia mdi vat theo chiéu chuyén dong dy
kién dé moi gia toc cung dau.

Choose axes: one along the acceleration (or expected motion), the other perpendicular. For
bodies joined by a string, take each body's positive direction along its expected motion so
that every acceleration has the same sign.

4. Viét dinh luat II cho ting vat, chiéu lén timg truc. Phuong vudng goc cho N, phuong
chuyén dong cho a.
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Write the second law for each body and project it on each axis. The perpendicular direction
gives N, the direction of motion gives a.

5. Lién két: day khong dan cho cing d6 10n gia toc (c6 hé sb 2 & rong roc dong); hai vat
tua nhau cung gia toc theo phuong vudng goc mit tiép xuc.
Constraints: an inextensible string gives equal acceleration magnitudes (with a factor 2 at a
movable pulley); two bodies in contact share the acceleration normal to their surface.

6. Giai va kiém: N >0, T >0, f< uuN khi vat ding yén, ddu cta a khdp véi chidu da gia
su, don vi, truong hop gidi han (u =0, mot khdi luong béng 0). Néu ara nguoc dau
thi chiéu that nguoc lai: d6i chiéu ma sat va giai lai.

Solve and check: N> 0, T >0, f < usN for a body at rest, the sign of a agrees with the
assumed direction, units, limiting cases (u = 0, a mass equal to 0). If a comes out with the
opposite sign the real direction is reversed.: flip the friction and solve again.

PINH LY 5.20 (May Atwood) / THEOREM 5.20 (Atwood machine) — May Atwood: hai
vat m; > mp nbi bang day nhe khong din vét qua rong roc ¢ dinh nhe khong ma sat. Vat m;
di xubng vai gia toc a = (m; — m2)g/(m; + my); luc cang T = 2mimag/(my + my); luc tac dung
1én tryc rong roc 1a 2T.

Atwood machine: two bodies m; > m; joined by a light inextensible string over a light frictionless
fixed pulley. Body m; descends with acceleration a = (m; — mz)g/(m; + mz), the tension is T =
2mmg/(m; + my),; the force on the pulley axle is 2T.

Chirng minh. / Proof.
Theo tinh chat 5.8, hai phia c6 cung T va hai vat cing d6 16n gia toc a. Chiéu duong
xudng cho my, 1én cho my:

By property 5.8, both sides carry the same T and both bodies the same acceleration magnitude a.
Positive downward for mi, upward for m>:

mig — T=mia, T—mzg=mea

Cong hai phuong trinh: (m; — m2)g = (m; + mz)a. Thé a vao phuong trinh thi hai:

Add the two equations: (m; — mz)g = (m; + mz)a. Put a in the second equation:
a=(mi—mz)g/(m1 + mz), T=mz(g+a)=2mimzg/(m1+ m2) (5.12)

Rong roc nhe dimg yén chiu hai luc cing ciing hudng xudng va luc d& cia truc nén luc
1én truc 1a 2T.

The light pulley at rest carries two downward tensions and the axle's support, so the force on the
axleis 2T. |

NHAN XET / REMARK — Trudng hop gidi han kiém cong thire (5.12): m; = m; cho a =0,
T =mg (hé can béng). my =0choa=g, T=0 (vat m; roi ty do). Lyc 1én truc 2T =
4mmog/(m; + my) ludn nhé hon tong trong luc (m; + mo)g khi m; # my, vi hé ¢6 gia toc khoi
tam hudng xudng.

Limiting cases check formula (5.12): m; = m; gives a = 0, T = mg (equilibrium). m> = 0 givesa =g, T
=0 (body m; in free fall). The axle force 2T = 4mmzg/(m; + my) is always below the total weight (m;
+ my)g when m; # m, because the centre of mass of the system accelerates downward.
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PHAN TICH / ANALYSIS — Ba vét ndi thanh chudi: hai vat trén ban (c6 ma sat khac
nhau) va mot vat treo. Day khong dan nén ca ba c6 cung dd 16n a. Cong ba phuong trinh thi
cac lyc cang bén trong khir nhau, cho a ngay; sau d6 mdi lyc cang lay tir phuong trinh ctia vat
dung & hai dau. Phai kiém trude: vat treo c6 du nang thing ma sat nghi tdi da khong.

Three bodies in a chain: two on the table (with different friction) and one hanging. The string is
inextensible so all three share the magnitude a. Adding the three equations cancels the internal
tensions and gives a at once; each tension then comes from the equation of a body at an end. Check
first: is the hanging body heavy enough to beat the maximum static friction?

Vi DU 5.9 (H¢ ba vit noi tiép) / EXAMPLE 5.9 (Chain of three bodies) — Trén mit ban
ngang c6 vat m; = 2,0 kg (i1 = 0,1) ndi bang day voi vat mp = 3,0 kg (12 = 0,3). Day thir hai
budc m; vat qua rong roc & mép ban va treo ms = 4,0 kg (Hinh 5.8). Tha hé tir nghi. Tinh gia
téc va cac luc cang. Lay g = 9,8 m/s2.

On a horizontal table, body m; = 2.0 kg (i = 0.1) is tied to body m> = 3.0 kg (1> = 0.3). A second

string ties mz over a pulley at the table edge to a hanging body ms = 4.0 kg (Figure 5.8). Release the
system_from rest. Find the acceleration and the tensions. Take g = 9.8 m/s”.

Loi giai. / Solution.
1. Kiém diéu kién chuyén dong: msg = 39,2 N 16n hon tong ma sat toi da pimig + pomag
=1,96 + 8,82 = 10,78 N, nén hé chuyén dong theo chiéu m; di xubng.
Motion check: msg = 39.2 N exceeds the total maximum friction uim;g + yuomzg = 1.96 +
8.82 =10.78 N, so the system moves with ms descending.

2. Pinh luat II cho timg vat, chiéu duong theo chiéu chuyén dong:
Second law for each body, positive along the motion:

T12 — pimig = mia
T2z — T12 — p2mag = maa
m3g — T23 = m3a
3. Cong ba phuong trinh: m3g — pimig — pomag = (m; + mz + m3)a, nén a = (39,2 — 1,96
—8,82)/9,0 = 3,16 m/s%.

Add the three: msg — uimig — puomag = (m; + mz2 + ms)a, soa = (39.2 — 1.96 — 8.82)/9.0 =
3.16 m/s.

4. T3 =m3(g—a)=4,0 x (9,8 —3,158) = 26,6 N; Tio =mi(a+ pug)=2,0 x (3,158 +
0,98) ~ 8,28 N. Kiém bang phuong trinh ctia m»: 26,57 — 8,28 — 8,82 = 9,47 N = mpa.
Tos =m3(g —a) =4.0 (9.8 —3.158) =26.6 N; T12 =mi(a + ug) = 2.0 x (3.158 + 0.98) =
8.28 N. Check with the equation of mz: 26.57 — 8.28 — 8.82 = 9.47 N = mza.
Vay a= 3,16 m/s?, Ti2 = 8,28 N, T23 = 26,6 N.
Hencea=3.16 m/s*, T12=8.28 N, T-3=26.6 N. &
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Hinh 5.8. Hai vt trén ban nham ndi véi vat treo qua rong roc
Figure 5.8. Two bodies on a rough table joined to a hanging body over a pulley

TINH CHAT 5.21 (Rong roc dong) / PROPERTY 5.21 (Movable pulley) — Rong roc
d6ng nhe khong ma sat duoc treo bang mot day nhe khong din vong qua né, hai nhanh day
thang dtng. (i) Vat treo vao truc chiu luc nang 2T tir hai nhanh day. (i) Khi truc dich chuyén
doan s thi dau day & phia kia dich chuyén 2s; do d6 gia toc cua dau day gip doi gia toc cua
truc.

A light frictionless movable pulley hangs on a light inextensible string looped around it, with two
vertical branches. (i) A body hung from the axle is lifted by the force 2T from the two branches. (ii)
When the axle moves a distance s, the other end of the string moves 2s; hence the acceleration of that
end is twice that of the axle.

Chirng minh. / Proof.
(i) Rong roc nhe (m ~ 0) can bang lyc: hai nhanh day kéo 1én v&i T mdi nhanh, vét treo
kéo xubng, nén lyc treo bang 2T.

(i) The light pulley (m = 0) is in force balance: the two branches pull up with T each and the
hung body pulls down, so the hanging force is 2T.

(ii) Tong chiéu dai day khong ddi. Truc ha xudng s thi hai nhanh thang dung dai thém s
mdi nhanh, tong cong 2s; phan day con lai phai ngin di 2s. Pau day dich chuyén 2s trong
cung khoang thoi gian, nén vén tdc va gia téc ctia dau day gap doi.

(ii) The total length of string is fixed. If the axle drops by s, the two vertical branches lengthen by
s each, 2s in all; the rest of the string must shorten by 2s. The end moves 2s in the same time, so
its speed and acceleration are doubled. W

PHAN TICH / ANALYSIS — Vat my treo ¢ dau day, ddu kia vong qua rong roc dong mang
vat M 10i budc vao tran. Hai 4n gia toc nhung chi mot lién két: a» = 2am. Hai phuong trinh
dong luc hoc (cho mz va cho M), cong lién két, du giai. Liy chiéu duong cia my huéng
xuéng, cua M hudng lén, vi du dodn m; di xuéng khi 2m, > M.

Body m> hangs at one end of a string whose other end passes around a movable pulley carrying body
M and is tied to the ceiling. Two unknown accelerations but one constraint: a; = 2ay. Two dynamic
equations (for m; and for M) plus the constraint suffice. Take m: positive downward and M positive
upward, since m; is expected to descend when 2m; > M.
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Vi DU 5.10 (Lién két & rong roc dong) / EXAMPLE 5.10 (Constraint at a movable
pulley) — Day nhe mot dau budc vat my = 3,0 kg, vat qua rong roc ¢d dinh, vong qua rong
roc dong nhe treo vat M = 4,0 kg 101 budc vao tran (Hinh 5.9). Tha tir nghi. Tinh gia tbc cua
my va ciia M, lyc cing day. Lay g = 9,8 m/s%.

A light string is tied at one end to body m; = 3.0 kg, passes over a fixed pulley, loops around a light
movable pulley that carries body M = 4.0 kg, and is tied to the ceiling (Figure 5.9). Release from rest.
Find the accelerations of m» and of M, and the tension. Take g = 9.8 m/s".

Loi giai. / Solution.
1. Lién két theo tinh chat 5.21: m di xudng a» thi rong roc dong, ciing M, di 1én ay =

a/2.
Constraint by property 5.21: if mz descends with a> the movable pulley, and M with it, rises

with ay = az/2.
mzg — T =mgaz, 2T — Mg = Mam = Mayz/2

2. Thé T = mx(g — a2) vao phuong trinh thir hai: 2mag — 2mpa; — Mg = May/2, nén
Put T = m2(g — az) into the second equation: 2mzg — 2maa> — Mg = Maz/2, so

a2 = (2mz — M)g/(2mz + M/2) (5.13)

3.86:a= (6,0 —4,0) x 9,8/(6,0 +2,0) = 2,45 m/s?; am = 1,225 m/s* = 1,23 m/s*; T = 3,0
x (9,8 —2,45)=22,05 N.
Numbers: a> = (6.0 — 4.0) x 9.8/(6.0 + 2.0) = 2.45 m/s’; ayy = 1.225 m/s’ = 1.23 m/s*; T =
3.0 X (9.8 —2.45) =22.05 N.
4. Kiém cho M: 2T =44,1 N va M(g + am) = 4,0 x 11,025 =44,1 N,
Check for M: 2T = 44.1 N and M(g + ay) = 4.0 x 11.025 = 44.1 N.
Vay m, di xudng véi 2,45 m/s%, M di 1én v6i khoang 1,23 m/s2 luc cing ddy 22,05 N (=
22,1 N).
Hence m; descends at 2.45 m/s’, M rises at about 1.23 m/s*, and the tension is 22.05 N (= 22.1
N). m

a mz
am

Hinh 5.9. Day qua rong roc ¢ dinh va rong roc dong: m: di xuéng, M di 1én
Figure 5.9. String over a fixed and a movable pulley: m: descends, M rises
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NHAN XET / REMARK — Rong roc dong cho lgi vé luc, thiét vé dudng di: nhanh day di
2s khi vat 1én s. Vi ma = M/2 hé can bang (a2 = 0 trong cong thirc), diing voi can bang lyc
2T =Mgva T =mg.

A movable pulley gains in force and loses in distance: the string end moves 2s while the body rises s.
For my = M/2 the system balances (a> = 0 in the formula), in agreement with the force balance 2T =
Mg and T = myg.

LOI HAY GAP / COMMON MISTAKE — Cho a; = am ¢ hé ¢6 rong roc dong, hodc cho
luc cang hai nhanh ciia rong roc nhe khac nhau. Quang duong dau dy gap d6i quang duong
truc; luc cing & moi nhanh cuia mot day nhe vét qua rong roc nhe bang nhau.

Setting a; = ay in a system with a movable pulley, or taking different tensions in the two branches of a
light pulley. The string end covers twice the distance of the axle; the tension in every branch of one
light string over light pulleys is the same.

PHAN TiCH / ANALYSIS — Hai khéi chong 1én nhau, hai mit tiép xtc c6 hai ma sat. Gia
sir trude: hai khdi cung gia toc. Khi d6 ma sat nghi can cho khdi trén dwgc tinh tir a chung; so
v6i gia tri t6i da pmig. Vuot thi gia thiét sai, chuyén sang truot tuong ddi v6i ma sat trugt va
gia toc khac nhau. Héi "F nho nhét dé truot" tirc 1a dit dung bang gia tri t6i da.

Two blocks stacked, two surfaces in contact, two frictions. Assume first that both blocks share one
acceleration. The static friction needed on the upper block follows from the common a; compare it
with the maximum pim;g. If it is exceeded the assumption fails, and the blocks slide relative to each
other with kinetic friction and different accelerations. "The smallest F for slipping” means setting it
exactly equal to the maximum.

VI DU 5.11 (Hai khéi chong 1én nhau) / EXAMPLE 5.11 (Stacked blocks) — Khéi m; =
2,0 kg nam trén khdi mz = 4,0 kg, khdi du6i dat trén san ngang. H¢ s6 ma sat gitra hai khdi 1a
0,3 (nghi bang truot), giita khdi dudi va san 1a 0,1. Kéo khdi dudi bang luc ngang F. (a) F nho
nhit dé khéi dudi bat dau truot. (b) F 16n nhét dé hai khéi chuyén dong cung nhau. (c) Gia toc
ctiia mdi khéi khi F =30 N. Liy g = 9,8 m/s2.

Block m; = 2.0 kg lies on block m» = 4.0 kg, which rests on a horizontal floor. The coefficient between
the blocks is 0.3 (static equal to kinetic), between the lower block and the floor 0.1. Pull the lower
block with a horizontal force F. (a) The smallest F for the lower block to start sliding. (b) The largest
F for the blocks to move together. (c) The accelerations of the blocks when FF' = 30 N. Take g = 9.8
m/s’.

Loi giai. / Solution.

1. (a) Khi F con nhd, cé hai khdi dting yén. Khéi duéi bat dau truot khi F bang ma sat
nghi t6i da cta san: F = po(m; + ma2)g = 0,1 x 6,0 x 9,8 = 5,88 N.
(a) For small F both blocks stay at rest. The lower block starts to slide when F equals the
floor's maximum static friction: F = px(m; + m2)g = 0.1 X 6.0 x 9.8 = 5.88 N.

2. (b) Cung gia toc a: khdi trén chi chiu ma sat nghi tir khéi dudi, f=mia < umig, nén a
< g =2,94 m/s?. Ca hé: F — po(m; + mp)g = (m; + my)a. Vi a 16n nhat:
(b) With common acceleration a, the upper block feels only static friction from the lower
one, f=mia <umig, so a <uig = 2.94 m/s’. Whole system: F — pu>(m; + mz)g = (m; +
mz)a. With the largest a:
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Fmax = (m1 + mz)(m + uz)g (5.14)

3. Fmax = 6,0 x 0,4 x 9,8 = 23,52 N.
Finax = 6.0 X 0.4 x 9.8 =23.52 N.

4. (c) F =30 N> 23,52 N nén hai khi truot 1én nhau. Khi trén nhan ma sat trugt pm;g
huéng tién, a; = g = 2,94 m/s2. Khoi duéi: F — pumig — pa(m; + mz)g = moaz, nén as
= (30 — 5,88 — 5,88)/4,0 = 4,56 m/s’.
(c) F =30 N> 23.52 N so the blocks slip. The upper block gets kinetic friction uimig

pointing forward, a; = pig = 2.94 m/s’. Lower block: F — puimig — p2(m; + mz)g = maaz, so
a>= (30— 5.88 — 5.88)/4.0 = 4.56 m/s°.

Viy: (a) 5,88 N; (b) 23,52 N; (¢) a1 = 2,94 m/s? va a» = 4,56 m/s%, khdi dudi chay nhanh
hon khéi trén.
Hence: (a) 5.88 N, (b) 23.52 N; (c) a; = 2.94 m/s’ and a> = 4.56 m/s’, the lower block running
ahead of the upper. B

PHAN TICH / ANALYSIS — Hai vat ndi bang day vat qua dinh mot ném cé dinh c6 hai
mat nghiéng 30° va 60°, c6 ma sat. Khong biét vat nao truot, hodc b truot khong. Xét hai
tinh huéng to1 han nhu bai kéo trén mat nghiéng: ¢ mdi tinh huéng ma sat nghi dat cuc dai,
mdi vat co dang can bang luc da biét huéng ma sat. Hai bat phuong trinh cho khoang gia tri
clia my dé hé dimg yén.

Two bodies are joined by a string over the top of a fixed wedge with faces at 30° and 60°, both rough.
1t is not known which body slides, or whether either does. Take the two limiting cases as in the pull on
an incline: in each, static friction is at its maximum and each body has a force balance with known
friction directions. Two inequalities give the range of m for which the system stays at rest.

Vi DU 5.12 (Hai mit nghiéng c6 ma sat) / EXAMPLE 5.12 (Two rough faces) — Ném cd
dinh c6 hai mat nghiéng 30° va 60° (Hinh 5.10), h¢ s6 ma sat 0,10 trén ca hai mit. Vat m; =
3,0 kg & mat 30° ndi bang day nhe khong dan vit qua rong roc & dinh v6i vat ma & mit 60°.
(a) Tim khoang gia tri ctia ma dé hé dimg yén. (b) Voi my = 2,5 kg, tinh gia tdc va lyc cing
day. Lay g = 9,8 m/s%

A fixed wedge has faces at 30° and 60° (Figure 5.10), with friction coefficient 0.10 on both. Body m;
3.0 kg on the 30° face is joined by a light inextensible string over a pulley at the apex to body m> on
the 60° face. (a) Find the range of m; for which the system stays at rest. (b) For m> = 2.5 kg, find the
acceleration and the tension. Take g = 9.8 m/s’.

Loi giai. / Solution.
1. (a) T6i han mz di xudng (m; di 1én): ma sat huéng ngugc chuyén dong trén ca hai
mit. Can bang & ngudng:
(a) At the threshold of m> descending (m; rising): friction opposes motion on both faces.
Balance at the threshold:

m2g sin 60° = m1g sin 30° + pm1g cos 30° + pmag cos 60°
2. Rut gon: ma(sin 60° — p cos 60°) = mi(sin 30° + p cos 30°), nén my = 3,0 x
0,5866/0,816 = 2,16 kg.

Simplify: ma(sin 60° — u cos 60°) = m(sin 30° + y cos 30°), so mz2 = 3.0 x 0.5866/0.816 =
2.16 kg.
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3. Téi han m; di xudng (m> di 1én): mig sin 30° = mag sin 60° + pmig cos 30° + pmog
cos 60°, nén mz = my(sin 30° — p cos 30°)/(sin 60° + p cos 60°) = 3,0 x 0,4134/0,916
~ 1,35 kg.

Threshold of m; descending (m: rising): m;g sin 30° = mzg sin 60° + um;g cos 30° + umzg
cos 60° so mz = my(sin 30° — u cos 30°)/(sin 60° + u cos 60°) = 3.0 % 0.4134/0.916 = 1.35
kg.

4. (b) mz = 2,5 kg > 2,16 kg nén my truot xuéng. Chiéu duong theo chiéu chuyén dong,
hai vat cung a:

(b) m> = 2.5 kg > 2.16 kg so m> slides down. Positive along the motion, both bodies share a:

m2g sin 60° — T — pm2g cos 60° =mza, T — migsin 30° — pm1g cos 30° = msa

5. Cong: a = [mz(sin 60° — p cos 60°) — mi(sin 30° + p cos 30°)]g/(m1 + m2) = (2,5 X
0,816 — 3,0 x 0,5866) x 9,8/5,5 = 0,50 m/s. Lyc cang T = m(a + g sin 30° + ug cos
30°)=3,0 x (0,50 +4,9 + 0,85) = 18,7 N.

Add: a = [m>(sin 60° — u cos 60°) — my(sin 30° + p cos 30°)]g/(m; + mz) = (2.5 x 0.816 —
3.0 x 0.5866) x 9.8/5.5 = 0.50 m/s*. The tension is T = m;(a + g sin 30° + ug cos 30°) = 3.0
X (0.50 +4.9 +0.85)=18.7 N.

Vay hé dimg yén khi 1,35 kg <m» < 2,16 kg; v6i mp = 2,5 kg thi a = 0,50 m/s? (m» di
xudng) va T~ 18,7 N.

Hence the system rests for 1.35 kg <m> <2.16 kg, for m> = 2.5 kg, a= 0.50 m/s’ (m> descending)
and T=18.7N. &

Hinh 5.10. Hai vat nbi day vat qua dinh ném cé hai mit nghiéng 30° va 60°
Figure 5.10. Two bodies joined by a string over the apex of a wedge with faces at 30° and 60°

NHAN XET / REMARK — Khoang dung yén 1,35 kg dén 2,16 kg rong hon khi ma sat 16n
hon: dat p = 0, khodng co lai thanh mot gia tri my = mjsin 30°/sin 60° = 1,73 kg (can béng
khong ma sat). Ma sat nghi bién can bang thanh mot khoang.

The range of rest, 1.35 kg to 2.16 kg, widens with friction: for u = 0 it shrinks to the single value m; =

mysin 30%sin 60° = 1.73 kg (frictionless balance). Static friction turns an equilibrium point into an
interval.

LOI HAY GAP / COMMON MISTAKE — Cho hé vét nbi ddy ludn chuyén dong theo
chiéu vat ning hon ma khéng so luc kéo v4i ma sat nghi t6i da, hodc gia sir ddy cing ma
khong kiém T > 0. Vi du 5.9 phai so msg véi tong ma sat tdi da trudc khi viét phuong trinh
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chuyén dong.

Letting a system of connected bodies always move toward the heavier body without comparing the
pull with the maximum static friction, or assuming a taut string without checking T > (. Example 5.9
must compare msg with the total maximum friction before any equation of motion is written.

PHAI THUQC / MEMORISE — May Atwood: a = (m; — ma)g/(m; + my), T = 2mmog/(m;
+ my). Rong roc dong: lyc nang 2T, ddu ddy di gip d6i. Dy nhe qua rong roc nhe khong ma
sat: T bang nhau hai phia.

Atwood machine: a = (m; — mz)g/(m; + mz), T = 2mmzg/(m; + mz). Movable pulley: lifting force 2T,
string end moves twice as far. Light string over a light frictionless pulley. the same T on both sides.

5.8. Bang chién lwgc va thuat nglv — Strategy table and glossary

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Ba lyc dong phang tac dung lén
vat can bang, biét cac goc Hg¢ thtrc Lami hoac tam giac lyc khép kin

. 5.2
Three coplanar forces on a body in = Lami's relation or the closed force triangle
equilibrium, angles known
Cho d¢ 16n hai lyc, héi hgp luc  F?>=F? + F»? + 2FFxcos a, va gidi han [F; —
hodc goc gitra chiing F)l<F<Fi+F 51
Two force magnitudes given, F?=F;?+ F? + 2FF>cos o, with the bounds |F '
resultant or angle wanted — )| <F<F+F;
9 N A R kil; = klo; song song cong k, ndi tiép con
Cat, ghép 10 xo r0i treo vat H 0 . £ song cong p cong
. o . 1/k; sau cung kx = mg
Cutting or joining springs, then ) . 5.4
. kil; = klo; parallel adds k, series adds 1/k; finally
hanging a body
kx = mg
"Luc nho nhat", "gbc kéo tdi Tam giac lyc v6i hinh non ma sat; F =
uu" umg/(cos B+ psin B), tan f=p 55
"Smallest force", "best pulling Force triangle with the friction cone; F = '
angle" umg/(cos f+ wsin ), tan p = u
Pay thé nao ciing khong truot XX . ,
,,y, & & Huot, Mau s6 cos f — psin B <0, tirc tan f > 1/p
hoi goc gidi han N . , .
(Iyc nam trong hinh nén ma sat)
The body never moves however ] ) ) 5.6
o o Denominator cos f — usin p <0, that is tan >
hard it is pushed, limiting angle i o I
1/u (force inside the friction cone)
wanted
Vit chua truot, hdi khoang gia ~ Hai tinh huéng to1 han, ma sat nghi cuc dai &
tri luc, goc hay khéi lugng mdi chiéu 57512
Body not yet sliding, range of Two limiting cases, maximum static friction in B
force, angle or mass wanted each direction
Roi trong khong khi hodc chat  a = g(1 — v?/va?) hodc a = g(1 — V/Ven); Ve
long, cho van tdc gidi han \m cho lyc can v2 ]
Fall in air or liquid, terminal a=g(l —vW?3)ora=g(l —v); v tX\/m_fbr v?
speed given drag
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Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

Day hay xich c6 khoi lugng, hdi  Gia toc tir ca hé, r0i cat day tai diém xét va

luc cang tai mot diém viét dinh luét I cho mot phﬁn 53
Rope or chain with mass, tension Acceleration from the whole system, then cut at '
at a point wanted the point and write the second law for one part

Day khong dén: cing a (hé s6 2 ¢ rong roc
d6ng); cong phuong trinh dé triét luc cing
trong 5.9,5.10

Inextensible string: same a (factor 2 at a movable

Nhiéu vat ndi day, ban c6 ma
sat, rong roc ¢d dinh hodc dong
Several bodies on strings, rough
table, fixed or movable pulleys

/ puier pulley),; add equations to cancel internal tensions

Hai khoi chong 1én nhau, "bat Gia st cung a, tinh ma sat nghi can va so voi

dau truot tuong ddi" wmig 511
Stacked blocks, "start to slip Assume a common a, compute the static friction '
relative to each other" needed and compare with yim;g

Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

h¢ trong d6 vat khong chiu luc thi ding yén
H¢ quy chiéu quan tinh  Inertial frame hodc chl.lyen .d()ng thang déu
a frame in which a force-free body rests or
moves uniformly

do murc quan tinh, h¢ so trong F = ma
measure of inertia, the factor in F = ma

Khdi lugng Mass

téng vecto cac lyc tac dung 1én vat

Hop luc Resultant force :
op vector sum of the forces on a body

thay mot luc bang cac thanh phan

Phan tich luc Resolution of a force ) ) i
replacing a force by its components

hai luc cua dinh luat 111, dat vao hai vat
khéac nhau

the two forces of the third law, on two different
bodies

Cap luc va phan luc Action and reaction pair

hinh v€ riéng mdt vat cung moi lyc tac dung
1én nd

a single body drawn with every force acting on
it

So d0 vat ty do Free-body diagram

luc hip din cua Trai Dat 1én vat, P = mg
Trong luc Weight gravitational pull of the Earth on a body, W =
mg
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Thuéat ngir

Term (Vietnamese)

Tiéng Anh

English

Giai thich ngin
Short definition

Phan luc phap tuyén

Luc cang day

Do cung 16 xo

Gi6i han dan hoi

Ma sét nghi
Ma sat truot
Hé s6 ma sat

GOc ma sat

Hinh n6n ma sat

Luc can cua chat luu

Van toc gidi han

Luc ning

May Atwood

Rong roc dong

Normal force

Tension

Spring stiffness

Flastic limit

Static friction

Kinetic friction

Coefficient of friction

Friction angle

Friction cone

Fluid drag

Terminal speed

Lift

Atwood machine

Movable pulley

lyc cua mat tiép xuc, vuong goc voi mat

force of the contact surface, perpendicular to it

luc day kéo vat doc theo day

force a string exerts along itself

hé sb k trong F = kAl, don vi N/m
the factor k in F = kAl, unit N/m

bién dang 16n nhat ma vat con 14y lai hinh
dang cii

largest deformation from which the body still
recovers its shape

luc gilr vat khai trugt, 0 < f < pN

force preventing sliding, 0 <f < uN

f= uN, nguoc chiéu van tbc tuong ddi

= uN, against the relative velocity

ti s6 f/N, khong c6 don vi
the ratio f/N, without unit

gbc ¢ co tan @ = Uy

the angle ¢ with tan ¢ = ;s

n6n cac huéng ciia phan lyc toan phan ma
vat con dimg yén

cone of directions of the total reaction that keep

the body at rest

luc cua chat luu ngugc chiéu van toc

force of the fluid opposing the velocity

tdc d0 ma lyc can can béng trong luc
the speed at which drag balances weight

thanh phan Iyc chit luu vudng goc van toc
tuong dbi

fluid force component perpendicular to the

relative velocity

hai vat ndi day vét qua rong roc ¢ dinh
two bodies joined by a string over a fixed pulley

rong roc co truc dich chuyén, treo trén day
pulley whose axle moves, hung on the string
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

hé thire giita gia toc cac vat do day hodc

A 1A : tiép xtc
Lién ket Constraint P ) o
relation between accelerations imposed by a

string or contact

5.9. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 5.1/ Problem 5.1 — Vit 5,0 kg nam trén san ngang, p = 0,25, dugc kéo tir nghi bang luc
ngang 20 N. (a) Tinh gia tdc. (b) Van tdc va quing dudng sau 4,0 s. (c) Bo luc kéo & thoi
diém do6, vat di thém bao xa thi dimg? Liy g = 9,8 m/s2.

A 5.0 kg body lies on a horizontal floor, u = 0.25, and is pulled from rest by a horizontal force of 20
N. (a) Find the acceleration. (b) The speed and distance after 4.0 s. (c) The pull is removed at that
moment,; how much farther does the body go before stopping? Take g = 9.8 m/s’.

Bai 5.2 / Problem 5.2 — Vit 0,50 kg treo vao dau mot 10 xo 1am 16 xo gian 4,9 cm. (a) Tinh
d6 cung. (b) Treo ciing vat vao hai 16 xo giéng thé ghép ndi tiép, rdi ghép song song: do gidn
mdi trudng hop. (c) Cit 10 xo ban dau 1am dbi, treo cung vét vao mot nira: d6 gidn. Ly g =
9,8 m/s>.

A 0.50 kg body hung from a spring stretches it 4.9 cm. (a) Find the stiffness. (b) Hang the same body
from two such springs in series, then in parallel: the extension in each case. (c) Cut the original
spring in half and hang the body from one half: the extension. Take g = 9.8 m/s.

Bai 5.3 / Problem 5.3 — Pén 2,0 kg treo bang hai ddy nhe d6i xtimg budc vao hai diém
ngang nhau trén tran. (a) Goc giita hai ddy 1a 120°: lyc cing mdi ddy. (b) Goc giita hai day 1a
90°: luc cang. (c) Mbi day chiu tdi da 25 N: gbc 16n nhit giira hai day. Ly g = 9,8 m/s2.

A 2.0 kg lamp hangs from two light symmetric strings tied to two points at the same height on the
ceiling. (a) The angle between the strings is 120°: the tension in each. (b) The angle is 90°: the
tension. (c) Each string can bear at most 25 N: the largest angle between the strings. Take g = 9.8

m/s’.

Bai 5.4 / Problem 5.4 — May Atwood c6 hai vat 0,60 kg va 0,40 kg, day nhe khong dan,
rong roc nhe khong ma sat, tha tir nghi. Tinh gia tdc, luc cang day, luc tac dung 1én truc rong
roc, va van toc cung quing dudng sau 2,0 s. Ldy g = 9,8 m/s2.

An Atwood machine has bodies of 0.60 kg and 0.40 kg, a light inextensible string and a light
frictionless pulley, released from rest. Find the acceleration, the tension, the force on the pulley axle,
and the speed and distance after 2.0 s. Take g = 9.8 m/s”.

Mikc 2 — Hoc sinh giéi quoc gia — Level 2— National olympiad

Bai 5.5 / Problem 5.5 — Pdy vat 4,0 kg 1én déu trén mit nghiéng 30°, p = 0,20, bang luc F
nam ngang (hudéng vao mit nghiéng). (a) Tinh F. (b) Khi goc nghiéng o 16n dan, dén gia tri
nao thi khong thé diy vat 1én bang luc ngang du F 16n dén dau? Lay g = 9,8 m/s%

Push a 4.0 kg body up a 30° incline at constant speed, u = 0.20, with a horizontal force F (directed
into the incline). (a) Find F. (b) As the angle o. grows, at what value is it impossible to push the body
up with a horizontal force however large F is? Take g = 9.8 m/s’.
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Bai 5.6 / Problem 5.6 — Vit m; = 2,0 kg ndm trén ban ngang nhin, ndi bang day nhe vit qua
rong roc ¢d dinh & mép ban, rdi xudng vong qua rong roc dong nhe treo vat my = 3,0 kg va
budc dau day vao gia cd dinh (ngang voi mép ban). Tha hé tir nghi. Tinh gia tdc m, ma va luc
cang day. Ly g = 9,8 m/s2.

Body m; = 2.0 kg lies on a smooth horizontal table, tied by a light string over a fixed pulley at the
table edge, down and around a light movable pulley that carries body m; = 3.0 kg, with the string end
tied to a fixed support (level with the table edge). Release from rest. Find the accelerations of m; and
m> and the tension. Take g = 9.8 m/s”.

Bai 5.7 / Problem 5.7 — Khdi m; = 1,0 kg nam trén khdi m; = 2,0 kg, khdi dudi dat trén san
ngang. Hé s6 ma st giira hai khdi 0,20, gitta khdi dudi va san 0,10. Mot day nhe bude khdi
trén, vit qua rong roc gan vao tudng bén trai rdi budc vao khdi dudi. Kéo khdi dudi sang phai
bang luc ngang 20 N, khéi trén di sang trai. Tinh gia toc va luc cing day. Liy g = 9,8 m/s%.
Block m; = 1.0 kg lies on block m» = 2.0 kg, which rests on a horizontal floor. The coefficient between
the blocks is 0.20, between the lower block and the floor 0.10. A light string tied to the upper block
passes over a pulley fixed to the left-hand wall and is tied to the lower block. The lower block is pulled
to the right by a horizontal 20 N force, and the upper block moves left. Find the acceleration and the
tension. Take g = 9.8 m/s”.

Bai 5.8 / Problem 5.8 — Khi roi trong khong khi véi lyc can Fe = cv?, mdt vat co gia tdc 8,4
m/s? khi van toc 1 4,0 m/s. Tinh van tdc gidi han; gia tdc khi v = 8,0 m/s; van toc gidi han
néu khdi luong vét gap bén lan (cung hinh dang, cung c). Ly g = 9,8 m/s2.

A body falling in air with drag Fa = cv? has acceleration 8.4 m/s* when its speed is 4.0 m/s. Find its
terminal speed, the acceleration at v = 8.0 m/s; the terminal speed if the mass is four times larger

(same shape, same c). Take g = 9.8 m/s’.
Mirc 3 — Olympic quf')c té — Level 3— International olympiad

Bai 5.9 / Problem 5.9 — Soi diy dong chat dai 2,0 m, khdi lwong 1,2 kg nam trén mit ban
ngang nham (u = 0,40, nghi bang truot), mot doan x thdng qua mép ban. Mép ban coi 1 nhin
va tron. (a) Gia tri 16n nhit cua x dé day con dung yén. (b) Tha day khi x = 1,0 m: gia toc
ngay sau khi tha. (¢) Luc cing tai mép ban ¢ luc d6. Ly g = 9,8 m/s2.

A uniform rope 2.0 m long, mass 1.2 kg, lies on a rough horizontal table (u = 0.40, static equal to
kinetic) with a length x hanging over the edge. The edge is smooth and rounded. (a) The largest x for
which the rope stays at rest. (b) The rope is released when x = 1.0 m. its acceleration just after
release. (c) The tension at the table edge at that moment. Take g = 9.8 m/s’.

Bai 5.10 / Problem 5.10 — Day thu nhét vt qua rong roc ¢d dinh ndi vat m; vdi truc cua
rong roc dong P (nhe). Day thir hai vit qua P mang hai vat ma = 2,0 kg va ms = 3,0 kg ¢ hai
dau. Day nhe khong dan, rong roc khong ma sat. (a) Voi mi = 4,0 kg: gia tdc ba vat va luc
cing hai day. (b) Tim m; dé m; dung yén so v6i dat, va kiém bang gia tbc ciia m; va ma. Ly
g=9,8 m/s’.

A first string over a fixed pulley joins body m; to the axle of a light movable pulley P. A second string
over P carries bodies m; = 2.0 kg and m3 = 3.0 kg at its ends. Strings are light and inextensible,
pulleys frictionless. (a) For m; = 4.0 kg: the accelerations of the three bodies and the tensions in both
strings. (b) Find m; for which ms stays at rest relative to the ground, and check with the accelerations
of m; and m. Take g = 9.8 m/s’.

Bai 5.11 / Problem 5.11 — V4t 2,0 kg ndm trén mit nghiéng 20°, i = 0,50 (nghi bang truot).
Mot lyc F nam trong mat nghiéng, vudng goc voi duong dbc chinh (theo phurong ngang ciia
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mat nghiéng), ting dan tir 0. (a) F 16n nhat dé vat con dimg yén. (b) Vi F = 8,0 N, gia toc
dau va hudéng chuyén dong so v6i duong dbc chinh. Ly g = 9,8 m/s.

A 2.0 kg body lies on a 20° incline, u = 0.50 (static equal to kinetic). A force F lying in the plane of
the incline, perpendicular to the line of steepest descent (along the horizontal of the incline), grows
from 0. (a) The largest F for which the body stays at rest. (b) For F = 8.0 N, the initial acceleration
and the direction of motion relative to the line of steepest descent. Take g = 9.8 m/s’.

Bai 5.12 / Problem 5.12 — Kéo vat 6,0 kg trugt déu 1én mit nghiéng 25°, u = 0,30, bing luc

F hop v6i mat nghiéng géc B (hudng 1én khdi mat). Chimg minh F = mg sin(a + ¢)/cos( — @)
v6i tan @ = p, tim P dé F nho nhét, tinh Fumin va so voi luc kéo song song mit nghiéng. Ly g =
9,8 m/s>.

Pull a 6.0 kg body at constant speed up a 25° incline, u = 0.30, with a force F at angle [5 to the incline
(pointing up and away from the surface). Show that F = mg sin(o. + ¢)/cos(p — @) with tan ¢ = y, find
B for the smallest F, compute F,, and compare with a pull parallel to the incline. Take g = 9.8 m/s”.

5.10. Loi giai bai tu luyén — Solutions to practice problems

Bai 5.1 — Problem 5.1

1. (@) N=mg=49 N, f = uN = 12,25 N. Dinh luat II theo phuong ngang: F — f = ma,
nén a= (20 — 12,25)/5,0 = 1,55 m/s>.
(a) N=mg =49 N, f=uN = 12.25 N. Second law horizontally: F — f = ma, so a = (20 —
12.25)/5.0 = 1.55 m/s°.
2.(b)v=at=1,55x4,0=62m/s;s=at’2=1,55%x16/2=12,4 m.
(b)v=at=155*x4.0=62m/s;s=at’2 =155 *x16/2 =12.4 m.
3. (¢) Sau khi bo luc kéo chi con ma sat truot: a' = —pg = —2,45 m/s>. Quang dudng dirng
s'=v?%/(2ug) = 6,2%/4,9 = 7,84 m.
(c) With the pull removed only kinetic friction remains: a’' = —ug = —2.45 m/s*. Stopping
distance s' = v/(2ug) = 6.2%/4.9 = 7.84 m.
Vay a = 1,55 m/s?; sau 4,0 s vit c6 v = 6,2 m/s va di dugc 12,4 m; sau d6 di thém khoang
7,84 m thi dung.
Hence a = 1.55 m/s’; after 4.0 s the body has v = 6.2 m/s and has gone 12.4 m, it then travels
about 7.84 m more before stopping. R

Bai 5.2 — Problem 5.2

1. (a) kx =mg nén k = 0,50 x 9,8/0,049 = 100 N/m.
(a) kx =mgso k= 0.50 x 9.8/0.049 = 100 N/m.

2. (b) Nbi tiép: kot = k/2 =50 N/m, d6 gian x =4,9/50 = 0,098 m = 9,8 cm. Song song:
kss =2k =200 N/m, x =4,9/200 = 0,0245 m = 2,45 cm.
(b) Series: ks = k/2 = 50 N/m, extension x = 4.9/50 = 0.098 m = 9.8 cm. Parallel: k, = 2k =
200 N/m, x = 4.9/200 = 0.0245 m = 2.45 cm.

3. (c) Nira 10 xo ¢6 1; = 10/2, nén ki = k lo/li = 200 N/m va x = 2,45 cm, bang trudng hop
song song.
(c) Half a spring has ;1 = lo/2, so ki =k lo/l; = 200 N/m and x = 2.45 cm, the same as the
parallel pair.
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Vay k=100 N/m; d¢ gian 9,8 cm (néi tiép), 2,45 cm (song song), 2,45 cm (nura 16 x0).

Hence k = 100 N/m; the extension is 9.8 cm (series), 2.45 cm (parallel), 2.45 cm (half spring).
|

Bai 5.3 — Problem 5.3
1. Mbi day hop phuong thang ding goc 6/2 (6 1a goc giita hai ddy). Thanh phan ngang
ctia hai lyc cang triét tiéu, thanh phan dung cin bang trong luc:
Each string makes angle 0/2 with the vertical (0 the angle between the strings). The
horizontal components cancel and the vertical ones balance the weight:
2T cos(0/2) =mg
2.(a) 0 =120° cos 60°=1/2nén T=mg = 19,6 N.
(a) 0 = 120°: cos 60°=1/2s0 T =mg =19.6 N.
3.(b) 6=90° T = mg/(2cos 45°) = 19,6/N2 ~ 13,9 N.
(b) 0 =90°: T = mg/(2cos 45°) = 19.6/N2 = 13.9 N.
4.(c) T=25N: cos(0/2) =19,6/50 = 0,392, 6/2 = 66,9°, 8 =~ 133,8°.
(c) T=25N:cos(0/2) = 19.6/50 = 0.392, /2 = 66.9°, 6 = 133.8°.
Vay T =19,6 N ¢ 120°, T = 13,9 N & 90°; dé day khong dit thi goc gitta hai day khong
vuot qua khoang 133,8°.

Hence T=19.6 N at 120°, T= 13.9 N at 90°; for the strings not to break the angle between them
must not exceed about 133.8°. W

Bai 5.4 — Problem 5.4
1. Theo (5.12): a = (0,60 — 0,40) x 9,8/(0,60 + 0,40) = 1,96 m/s*; T =2 x 0,60 x 0,40 x
9,8/1,00=4,704 N ~ 4,70 N.
By (5.12): a = (0.60 — 0.40) x 9.8/(0.60 + 0.40) = 1.96 m/s’; T =2 x 0.60 x 0.40 x
9.8/1.00 =4.704 N~ 4.70 N.
2. Luc 1én tryc: 2T = 9,408 N = 9,41 N (nh6 hon tong trong luc 9,8 N).
Force on the axle: 2T = 9.408 N= 9.41 N (less than the total weight 9.8 N).
3.Sau2,0s:v=at=3,92 m/s; s=at?’/2=1,96 x 4/2=13,92 m.
After 2.0s:v=at =3.92m/s; s = at’2 = 1.96 x 4/2 = 3.92 m.
Vay a=1,96 m/s>, T = 4,70 N, luc 1én truc = 9,41 N; sau 2,0 s v=13,92 m/s va s = 3,92
m.

Hence a = 1.96 m/s*, T=4.70 N, axle force = 9.41 N, after 2.0 s v=3.92m/sands = 3.92m. W
Bai 5.5 — Problem 5.5

1. (a) Chiéu duong 1én déc. Doc mit nghiéng: F cos o — mg sin o — = 0. Vudng goc: N
=mg cos o + F sin a. Ma sat truot = uN.

(a) Up the slope positive. Along the incline: F cos a — mg sin a — f = 0. Perpendicular: N =
mg cos o. + F sin a. Kinetic friction f = uN.

F(cos o — p sin o) = mg(sin a + p cos a)
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2.86: F=39.2 % (0,5+ 0,2 x 0,866)/(0,866 — 0,2 x 0,5) = 39,2 x 0,6732/0,766 ~ 34,5 N.
Kiém: N =33,95+34,45x0,5~512 N, f~ 10,2 N; F cos a =29,8 N = 19,6 + 10,2.
Numbers: F =39.2 X (0.5 + 0.2 x 0.866)/(0.866 — 0.2 x 0.5) = 39.2 x 0.6732/0.766 = 34.5
N. Check: N = 33.95 + 34.45 x 0.5=51.2N, f=10.2 N, Fcoso =29.8 N=19.6 + 10.2.

3. (b) F hitu han duong chi khicosa —psina >0, thctana < l/u=5,a<78,7°. Th a =
78,7° trd 1én lyc ngang bi ma sét (ting theo F) triét hét, vat ket.
(b) F is finite and positive only if cos o — p sin a > 0, that is tan o < l/u =35, a < 78.7°.

From o= 78.7° upward the friction (growing with F) cancels any horizontal push and the
body jams.

Vay F = 34,5 N; khong day 1én duoc khi o> 78,7°.
Hence F = 34.5 N; pushing up is impossible for o. > 78.7°. W

Bai 5.6 — Problem 5.6
1. Lién két theo tinh chat 5.21: m> di xudng a> thi doan day dtmg dai thém 2 phan, m;
phai di vé phia mép ban véi a; = 2a,.
Constraint by property 5.21: if mz descends with a, the vertical branches lengthen twice
over, so m; must move toward the edge with a; = 2ao.
T =mia1 = 2miaz, mzg— 2T = mzaz
2. Thé T: mag = (m2 + 4my)az, nén a» = 3,0 x 9,8/(3,0 + 8,0) = 2,67 m/s2, a1 = 5,35 m/s?,
T=2,0x5,345~=10,7 N.
Substitute T: mxg = (m2 + 4my)az, so az = 3.0 x 9.8/(3.0 + 8.0) = 2.67 m/s’, a; = 5.35 m/s’, T
=2.0x5345=10.7 N.
3. Kiém cho ma: ma(g — a2) =3,0 x 7,127 =21,4 N =2T.
Check for mz: ma(g —az) = 3.0 x 7.127 = 21.4 N = 2T.
Vay a1 = 5,35 m/s?, a» = 2,67 m/s>, T = 10,7 N.
Hence a; = 5.35m/s’, ax=2.67m/s’>, T<10.7N. &

Bai 5.7 — Problem 5.7
1. Day khong dan: hai khéi cuing d6 16n a, khéi dudi di phai, khoi trén di trai. Ma sat tir
khoi dudi 1én khoi trén hudng phai (chong lai chuyén dong trai cia khoi trén so voi
khéi dudi), phan luc ma sat 1én khoi dudi hudng trai.
Inextensible string: both blocks have the same a, the lower going right, the upper going left.

Friction from the lower block on the upper points right (against the upper block's leftward
motion relative to the lower), and its reaction on the lower block points left.

T — pimig =mia, F—T— pimig — pz2(mi + mz2)g = mea

2.Cong: F —2puimig — po(mg + mp)g = (m; + mz)a, nén a = (20 — 3,92 — 2,94)/3,0 = 4,38

m/s2.

Add: F — 2uimig — po(m; + ma)g = (m; + my)a, soa = (20 — 3.92 — 2.94)/3.0 = 4.38 m/s°.
3. T=ma+ pmg=4,38 + 1,96 = 6,34 N. Kiém cho khdi duéi: 20 — 6,34 — 1,96 —
2,94=8,76 N=2,0 x 4,38.

T=ma~+ pumig =4.38 + 1.96 = 6.34 N. Check for the lower block: 20 — 6.34 — 1.96 —
2.94=876 N=2.0 %x4.38.
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Vaya=4,38m/s>va T = 6,34 N.
Hencea =4.38m/s’and T=634N. m

Bai 5.8 — Problem 5.8

1. Theo (5.11) a=g(1 — v*/van?). V6i v=4,0 m/s: 8,4/9,8 = 1 — 16/vgn?, nén 16/ven® = 1/7
va vgn? = 112 m%/s?, vgn = 10,6 m/s.
By (5.11) a =g(1 —v?/é). Forv =4.0m/s: 8.4/9.8 =1 — 16/v so 16/vZ = 1/7 and v =
112 m?/s? vi= 10.6 m/s.
2.Khiv=38,0m/s:a=9,8 x (1 —64/112)=9,8 x 3/7 =4,2 m/s>.
Atv=80m/s:a=9.8 x (1 —64/112) = 9.8 x 3/7 = 4.2 m/s°.
3. van ¢ Vm: khéi luong gap bon thi ven gép hai, bang 2 x 10,58 = 21,2 m/s.
vi oc\Nm: four times the mass doubles v, giving 2 x 10.58 =~ 21.2 m/s.
Vay ven = 10,6 m/s; a = 4,2 m/s? tai v = 8,0 m/s; vgh méi = 21,2 m/s.
Hencevi=10.6 m/s; a =4.2m/s* atv =8.0 m/s; the new v, =21.2 m/s. &

Bai 5.9 — Problem 5.9

1. Khéi lugng trén don vi dai A = 1,2/2,0 = 0,60 kg/m. Phan thong co trong luc Axg kéo
day; phan trén ban ¢ phan Iyc N = A(L — x)g va ma sat nghi t6i da pA(L — x)g.
Mass per unit length /. = 1.2/2.0 = 0.60 kg/m. The hanging part has weight ixg pulling the
rope; the part on the table has N = (L — x)g and maximum static friction u(L — x)g.

2. (a) Piéu kién dimg yén: Axg < pML — x)g, tirc x < pL/(1 + p) = 0,40 x 2,0/1,40 =
0,571 m.
(a) Condition for rest: xg < uA(L — x)g, that is x <uL/(1 + ) = 0.40 x 2.0/1.40 = 0.571 m.

3.(b) x=1,0 m> 0,571 m nén day truot. Ca dy c6 khdi lugng M, cing d6 16n gia tdc
a: Axg — pML — x)g=Ma, nén a = g[x — (L —x)]/L=9,8 x (1,0 — 0,40)/2,0 = 2,94
m/s>.

(b) x = 1.0 m > 0.571 m so the rope slides. The whole rope of mass M has one acceleration
magnitude a: Axg — uAML — x)g = Ma, soa = g[x — u(L — x)]/L = 9.8 x (1.0 — 0.40)/2.0 =
2.94 m/s°.

4. (c) Cat day tai mép ban, xét phan thdng (khdi lwong Ax = 0,60 kg): Axg — T = Axa, nén
T =0,60 x (9,8 —2,94) = 4,12 N. Kiém bang phan trén ban: T — pA(L — x)g =AML —
x)a cho T = 0,60 x 2,94 + 0,40 x 0,60 x 9,8 = 1,764 + 2,352 =~ 4,12 N.

(c) Cut the rope at the edge and take the hanging part (mass Ax = 0.60 kg): /xg — T = Jxa,
so T=0.60 x (9.8 — 2.94) = 4.12 N. Check with the part on the table: T — uJ(L — x)g = (L
—x)agives T = 0.60 x 2.94 + 0.40 x 0.60 x 9.8 = 1.764 + 2.352=4.12 N.

Vay Xmax = 0,571 m; a = 2,94 m/s?; lyc cang tai mép ban = 4,12 N.
Hence xmax = 0.571 m; a = 2.94 m/s°; the tension at the table edge =~ 4.12 N. ®
Bai 5.10 — Problem 5.10

1. Chiéu duong xubng cho ca ba vat. Day 1: yi + yp khong ddi, nén ap = —a;. Day 2: (y2
—yp) + (3 — yp) khong d6i, nén a, + a3 = 2ap = —2a;. Rong roc P nhe: T; = 2T>.
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Positive downward for all three bodies. String 1: y; + yp is constant, so ap = —aj,. String 2:
(v2 — yp) + (v3 — yp) is constant, so ax + a3 = 2ap = —2a,. The light pulley P: T; = 2T>.

mig — T1 = miai, mzg— T2 =mzaz, m3g— T2 =m3za3

2.Théai=g— Ti/mi =g — 2To/my, a2 = g — To/ma, a3 = g — To/m; vao a, + a3 = —2ay:
Puta=g—Tiym =g —2T/m;, a> =g — To/ms, a3 =g — To/mszinto ax + a3 = —2a;:

T2=4g/(4/m1+ 1/m2 + 1/m3)

3.(a) T2=39,2/(1,0+ 0,5+ 0,333) < 21,4 N; T1 =2T> ~ 42,8 N. a1 = 9,8 — 42,76/4,0 =
—0,89 m/s? (m, di lén), a, = 9,8 — 21,38/2,0 = —0,89 m/s? (m; di 1én), a3 = 9,8 —
21,38/3,0 = 2,67 m/s? (m;3 di xudng). Kiém: a» + a3 = 1,78 = —2ay.

(@) T>=39.2/(1.0 + 0.5+ 0.333) = 21.4N; Ty = 2Ty~ 42.8 N. a; = 9.8 — 42.76/4.0 = —0.89
m/s? (m; rises), a> = 9.8 — 21.38/2.0 = —0.89 m/s* (m: rises), az = 9.8 — 21.38/3.0= 2.67
m/s? (m3 descends). Check: a> + a3 = 1.78 = —2a,.

4. (b) a3 = 0 cho T2 = mag, tuc 4/m; + 1/my + 1/m3 = 4/m3, nén 4/m; = 3/m3 — 1/my = 1,0
-0,5=0,5vam; =8,0 kg. Kiém: T =29,4 N, a, =9,8 — 14,7 =—4,9 m/s2, T, = 58,8
N, a1 =9,8 —7,35=2,45m/s?, a, + a3 = —4,9 = —2aj.

(b) as = 0 gives T> = ms3g, that is 4/m; + 1/m> + 1/m3 = 4/m3, so 4/m; = 3/m3 — 1/m> = 1.0 —
0.5=0.5and m; = 8.0 kg. Check: T>=29.4N, a>=9.8—14.7=—-4.9m/s’, T1 = 58.8 N, a;
=98—735=245m/s’ a> + a3 = —4.9 = —2a,.

Vay (a) mi, my di 1én 0,89 m/s?, m; di xudng 2,67 m/s?, T = 42,8 N, To = 21,4 N; (b) mu
= 8,0 kg.

Hence (a) m; and m> rise at 0.89 m/s’, ms descends at 2.67 m/s’, T1 = 42.8 N, T>= 21.4 N, (b) m;
=8.0kg m

Bai 5.11 — Problem 5.11

1. Trong mit nghiéng co hai lyc: thanh phan trong lyc mg sin 20° = 6,70 N xudng dbc
va F vudng goc voi nd. Phap tuyén: N = mg cos 20° = 18,42 N, ma sat nghi t6i da pN
=9,21 N. Ma sat nghi nam trong mat nghiéng, cin bang hop ciia hai lyc trén.

In the plane of the incline there are two forces: the weight component mg sin 20° = 6.70 N
down the slope and F perpendicular to it. Normal: N = mg cos 20° = 18.42 N, maximum
static friction uN = 9.21 N. Static friction lies in the plane and balances the resultant of
those two.

2. (a) Diéu kién dimg yén: f=V(F? + (mg sin 20°)%) < uN, nén Fuax = V(9,212 — 6,70%) =
V(84,8 — 44,9) ~ 6,31 N.

(a) Condition for rest: f = N(F? + (mg sin 20°)?) < uN, s0 Finax = N©9.212 = 6.70%) = (84.8 —
44.9) = 6.31 N,

3. (b) F = 8,0 N: hop luc cua hai lyc trong mat nghiéng R = \/(8,02 +6,70*) =~ 10,44 N >
9,21 N nén vt truot. Ban diu van tdc 0, vat bat dau chuyén dong theo huong R; ma
sat truot nguoc van tde, tirc nguoc R, nén vat gitr chuyén dong trén duong théng theo
R.

(b) F = 8.0 N: the resultant of the two in-plane forces is R = N(8.0? + 6.70%) ~ 10.44 N >

9.21 N so the body slides. It starts from rest along R; kinetic friction opposes the velocity,
that is opposes R, so the body keeps moving along the straight line of R.
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4. Gia toc a= (R — uN)/m = (10,44 — 9,21)/2,0 = 0,61 m/s2. Hudng chuyén dong léch
khoi duong dbc chinh gbc co tan bé“mg F/(mg sin 20°) = 8,0/6,70, tirc khoang 50°, vé
phia cua F.

Acceleration a = (R — uN)/m = (10.44 — 9.21)/2.0 = 0.61 m/s*. The direction of motion

departs from the line of steepest descent by the angle whose tangent is F/(mg sin 20°) =
8.0/6.70, about 50°, toward F.

VAy Fmax = 6,31 N; v6i F = 8,0 N thi a = 0,61 m/s?, huéng 1éch khoang 50° so voi duong
déc chinh vé phia luc F.

Hence Fpax = 6.31 N; for F = 8.0 N, a = 0.61 m/s, directed about 50° from the line of steepest
descent toward F. W

Bai 5.12 — Problem 5.12
1. Doc mat nghiéng: F cos f = mg sin a + f. Vuong goc: N =mg cos o — F sin B. Truot: f
= uN.
Along the incline: F cos f = mg sin a. + f. Perpendicular: N = mg cos a. — F sin p. Sliding: f
= uN.
F(cos B + pusin B) = mg(sin o + P cos a)

2. it p = tan ¢. Nhén tir va mAu cho cos ¢: vé phai mg(sin o cos ¢ + cos a sin @)/cos ¢
=mg sin(a + ¢)/cos @; cos B+ psin f = (cos B cos ¢ + sin B sin @)/cos ¢ = cos(P —
®)/cos ¢. Chia hai vé:

Put u = tan ¢. Multiply by cos ¢ the right side is mg(sin a. cos ¢ + cos a sin ¢)/cos ¢ = mg
sin(o. + @)/cos ¢, cos p + usin f = (cos f cos ¢ + sin f sin p)/cos ¢ = cos(f — @)/cos .
Dividing:

F = mg sin(a + ¢)/cos(B — ¢)

3. F nho nhét khi cos(B — @) = 1, tic p = ¢ = 16,7° so v6i mit nghiéng; Fimin = mg sin(a +
@) = 58,8 x sin 41,7° = 39,1 N. Kiém: N = mg cos oo — F sin B =153,3 —39,1 x 0,287 =
42,1 N> 0.

F is smallest when cos(f — @) = 1, that is p = ¢ = 16.7° to the incline; Fuin = mg sin(a + ¢)

=588 xs5in41.7°=39.1 N. Check: N =mg cos o — Fsin =533 —39.1 x0.287=42.1 N
> 0.

4. Kéo song song (= 0): F = mg(sin o + p cos a) = 58,8 x (0,4226 + 0,2719) = 40,8 N,
16n hon Fuin khoang 4%.

Parallel pull (f = 0): F = mg(sin a + ucos a) = 58.8 x (0.4226 + 0.2719) = 40.8 N, about
4% above Fpin.

Vay B = 16,7° so v6i mat nghiéng, Fmin = 39,1 N; kéo song song mit nghiéng can khoang
40,8 N.

Hence = 16.7° to the incline, Fyin = 39.1 N; a parallel pull needs about 40.8 N. ®
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Chwong 6. Pong lrc hoc ning cao: hé quy chiéu phi quan tinh,
chuyén dong tron, hép din — Chapter 6. Advanced dynamics: non-inertial

frames, circular motion, gravitation

Muc tiéu chwong — Chapter objectives

« Viét phuong trinh chuyén dong trong hé quy chiéu c6 gia téc bang cach thém lyc quan
tinh —mdo, va chon hé quy chiéu cho 16i giai ngan nhat.
Write the equation of motion in an accelerating frame by adding the inertial force —mdy, and
pick the frame that gives the shortest solution.

* Tinh trong luong biéu kién, goc 1éch day treo, gia tdc cuia vat va ném di dong; giai
cing mot bai bang hai hé quy chiéu roi ddi chiéu.
Find apparent weight, the tilt of a hanging string, and the accelerations of a block and a
movable wedge, solve one problem in two frames and compare.

« Lap phuong trinh huéng tdm cho khiic cua nghiéng, con lic ndn, vong nhao, vt trén
dia quay, ké ca diéu kién day cang, vat roi mat, ma sat nghi.
Set up the centripetal equation for a banked bend, a conical pendulum, a loop, and bodies on
a turntable, including the conditions for a taut string, loss of contact and static friction.

* Dung lyc li tdim dung pham vi: chi cho vat dirng yén trong hé quay.
Use the centrifugal force within its limits: only for bodies at rest in the rotating frame.

« Tinh van tbc, chu ky, ban kinh quy dao vé tinh tir dinh luat van vat hip dan; dung dinh
luat Kepler 11, g theo do cao va theo vi d9.

Find the speed, period and radius of a satellite orbit from the law of gravitation; use Kepler's
third law and g at altitude and at latitude.

6.1. HE quy chiéu phi quan tinh va lyc quan tinh — Non-inertial frames and
inertial forces

Quy udc ky hi¢u cua chuong. Tiéng Viét: luc quén tinh Fg, luc li tdm Fj, ma sat Fns, gia
téc hudng tam an, gia toc tuong ddi aq. Tiéng Anh: inertial force Fin, centrifugal force
F.r, friction Fy, centripetal acceleration ac, relative acceleration ayel. Léy g =9,8 m/s?, ban
kinh Trai Pat R = 6,37x10° m, tich GM cua Trai Pat bang 3,99x10' m?/s2, trir khi dé cho
khac. Mt dat duoc coi 1a hé quén tinh, bo qua su tu quay cua Trai bit.

Notation for the chapter. Vietnamese: Fy inertial force, Fi: centrifugal force, Fus friction, am
centripetal acceleration, as relative acceleration. English: inertial force Fi, centrifugal force
F, friction Fy, centripetal acceleration ac, relative acceleration are. Take g = 9.8 m/s’, the
radius of the Earth R = 6.37x10° m and the product GM of the Earth as 3.99x10' m/s?, unless

the problem says otherwise. The ground is treated as an inertial frame and the rotation of the
Earth is ignored.

Ba dinh lust Newton & Chuong 5 viét dwoc dudi dang md = F chi trong hé quy chiéu
quéan tinh. Budng thang méy dang ting toc, toa tiu dang phanh, mit ban quay 1a nhiing hé
khong c6 tinh chat d6. C6 hai cach giai bai toan trong chung: ding & mat dat va giir
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nguyén dinh luat Newton, hodc ding trong hé chuyén dong va thém mdt lyc mdi. Muc
nay xac dinh lyc méi iy va néi rd khi nao nd xuat hién.

The three laws of Newton from the chapter on Newton's laws take the form ma = F only in an
inertial frame. A lift cabin that is speeding up, a train carriage that is braking and a rotating
table are frames without that property. A problem set in them can be solved in two ways: stand

on the ground and keep Newton's laws unchanged, or stand in the moving frame and add a new
force. This section fixes that force and says when it appears.

PINH NGHIA 6.1 (H¢ quy chiéu phi quan tinh) / DEFINITION 6.1 (Non-inertial frame)
— Heé quy chiéu quan tinh 13 hé trong d6 vat khong chiu luc (hodc chiu cac luc cin bing)
dung yén hodc chuyén dong thing déu. Hé chuyén dong co gia tbc dbi véi mot hé quan tinh 1a
hé quy chiéu phi quén tinh.

An inertial frame is one in which a body acted on by no force, or by balanced forces, stays at rest or
moves uniformly in a straight line. A frame that accelerates relative to an inertial frame is a non-
inertial frame.

PINH LY 6.2 (Luc quan tinh) / THEOREM 6.2 (Inertial force) — Goi S 14 hé quan tinh
va S' 14 hé chuyén dong tinh tién (khong quay) véi gia toc do dbi véi S. Vat khdi lwong m
chiu hop luc thuc F (do céc vat khac tac dung) c6 gia téc a' dbi véi S' thoa méan

ma' =F + ﬁqt, voi F)qt = —md.

Luc F)qt goi la lyc quan tinh.

Let S be an inertial frame and S' a frame in pure translation with acceleration ay relative to S. A body
of mass m acted on by the real net force F (exerted by other bodies) has acceleration @' in S’ satisfying
ma' =F + ﬁm, with ﬁm = —ma,.

The force Fo is called the inertial force.

Chirng minh. / Proof.

Theo cong thirc cong van toc Galileo (Chuong 3), ¥ = ¥' + U, véi i 1a van toc cua S' ddi
v6i S. Trong mdi khoang At, 6 bién thién van toc théa AD = A¥' + Azi. Chia cho At va
cho At dan t4i 0, ta duoc d = @' + do.

By the Galilean velocity addition formula (Chapter 3), Vv =v' + U, where U is the velocity of S’

relative to S. In each interval At the change of velocity obeys Av = AV' + Au. Dividing by At and
letting At tend to 0 gives d = d' + d.

Trong hé quén tinh S, dinh lust I Newton cho md = F. Thay d = d' + do:
‘d’r

In the inertial frame S, Newton's second law gives ma = F. Substituting @ = d' + do:

m(d' + do) =F = md' = F — mdo (6.1)
S6 hang —mdo 1a mot luc cong thém vao F.
The term —md,y is one more force added to F m
Luc quan tinh c¢6 ba dic diém can nhd. Mot: khong do vét nao tac dung nén khong cé
phan lyc, dinh luat III Newton khong ap dung cho né. Hai: né ti 1& véi khéi lugng giong
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trong luc, cling gdy mot gia tbc —do cho moi vat. Ba: n6 chi c6 mat khi ta gidi trong hé
phi quén tinh; khi giai & mat dat, bai toan khong cé luc nay.

The inertial force has three features to remember. First, no body exerts it, so it has no reaction
and Newton's third law does not apply to it. Second, it is proportional to the mass like weight,
and gives every body the same acceleration —ay. Third, it exists only when we work in the non-
inertial frame; in a ground-frame solution the problem contains no such force.

PINH NGHIA 6.3 (Gia toc trong truong hié¢u dung) / DEFINITION 6.3 (Effective
gravity) — Gia tdc trong trudng hiéu dung trong hé phi quan tinh tinh tién véi gia tdc do 1a
gna = g — do. Trong luc va luc quan tinh gop thanh mgha.

The effective gravitational acceleration in a translating non-inertial frame with acceleration Q is 54/

=g — ay. Weight and the inertial force combine into mge
ghd =g — do (6.2)

PINH NGHIA 6.4 (Trong lwong biéu kién) / DEFINITION 6.4 (Apparent weight) —
Trong lugng biéu kién cua vat 1a d6 16n luc ma vat ép 1én gia d& (hodc kéo day treo) khi vat
dung yén so v6i gia d& hay ddy dy. Theo dinh luat IIT Newton nd bang d6 16n phan luc cua
gia do 1én vat.

The apparent weight of a body is the magnitude of the force it presses on its support (or pulls on its
string) while at rest relative to that support or string. By Newton's third law it equals the magnitude of
the support's reaction on the body.

6.2. Trong lwong biéu kién, thang may va diy treo trong xe — Apparent weight,

lifts and a string hanging in a vehicle

HE QUA 6.5/ COROLLARY 6.5 — Vat khdi lugng m dimg yén trong budng thang may c6
gia toc thang dimg a (a > 0 khi huéng 1én, a < 0 khi huéng xudng) c6 trong lugng biéu kién P'
=m(g + a). Khi a = —g (budng roi ty do), P'= 0.

A body of mass m at rest in a lift cabin with vertical acceleration a (a > 0 upwards, a < 0 downwards)
has apparent weight P' = m(g + a). When a = —g (free-falling cabin), P' = 0.

Chirng minh. / Proof.

Trong hé gan budng, chon tryc thang dimg hudng 1én. Céc luc 1én vat: phan lyc N hudng
Ién, trong luc mg hudéng xudng, lyc quan tinh —ma (hudéng xudng khi a > 0). Vat ding
yén trong budng nén hop luc bang 0:

In the frame of the cabin take the vertical axis upwards. The forces on the body are the reaction

N upwards, the weight mg downwards and the inertial force —ma (downwards when a > 0). The
body is at rest in the cabin, so the net force is zero:

N—-mg—ma=0 = N=m(g+a) (6.3)

Theo dinh luat III Newton, P' =N =m(g + a). Kiém tra & mat dat: N — mg = ma, cung két
qua.

By Newton's third law P' = N = m(g + a). Check in the ground frame: N — mg = ma, the same
result. ®
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Véi a < —g, budng di xudng nhanh hon roi tu do (c6 diy kéo xudng), vat khong thé nam
yén trén san ma bay 1én phia tran; cong thirc P' = m(g + a) chi 4p dung khi N > 0.

For a < —g the cabin is pulled down faster than free fall, so the body cannot stay on the floor
and rises towards the ceiling; the formula P' = m(g + a) applies only when N > 0.

Vi DU 6.1 (Trong lweng biéu kién trong thang may) / EXAMPLE 6.1 (Apparent weight
in a lift) — Mot nguoi khoi luong 60 kg ding trén can 10 xo dit trong budng thang may. Tir
trang thai nghi, thang may di 1én nhanh dan déu vdi gia toc 1,2 m/s? trong 3,0 s, chuyén dong
déu trong 4,0 s, réi ham déu voi gia téc 1,8 m/s? cho toi khi dimg. Ly g = 9,8 m/s2. Tinh s6
chi ctia can (don vi niuton) & ba giai doan va tong quing duong thang may di dugc.

A person of mass 60 kg stands on a spring scale in a lift cabin. Starting from rest, the lift rises with
uniform acceleration 1.2 m/s’ for 3.0 s, moves uniformly for 4.0 s, then decelerates uniformly at 1.8
m/s’ until it stops. Take g = 9.8 m/s’. Find the reading of the scale (in newtons) in the three stages and
the total distance travelled by the lifi.

Loi giai. / Solution.

Chon hé gan budng, truc hudng 1én; a 1a gia toc ciia budng (dwong khi hudng 1én). Can
chi phan lyc N ctia san 1&én nguoi:

Use the frame of the cabin with the axis pointing up, a is the acceleration of the cabin (positive
upwards). The scale reads the reaction N of the floor on the person:

N=m(g+a)

1. Giai doan 1: a=+1,2 m/s?>, N; = 60-(9,8 + 1,2) = 660 N.
Stage 1: a = +1.2m/s?, N; = 60-(9.8 + 1.2) = 660 N.
2. Giaidoan 2:a=0, N> =60-9,8 = 588 N.
Stage 2: a =0, N> = 60-9.8 = 588 N.
3. Giai doan 3: thang may di 1én va cham dan nén gia toc hudng xudng, a = —1,8 m/s?,
N3 =60-(9,8 —1,8) =480 N.
Stage 3: the lift rises and slows down, so the acceleration points down, a = —1.8 m/s’, N3 =
60-(9.8 — 1.8) = 480 N.
Quang duong. Cubi giai doan 1: v=1,2-3,0=3,6 m/s va s; = (1/2)-1,2-3,0> = 5,4 m. Giai
doan 2: s> = 3,6°4,0 = 14,4 m. Giai doan 3: thoi gian ham 3,6/1,8 = 2,0 s, s3 = 3,6%/(2-1,8)
=3,6 m.
Distance. At the end of stage 1: v =1.2-3.0 = 3.6 m/s and s; = (1/2)-1.2-:3.0° = 5.4 m. Stage 2: s
= 3.6-4.0 = 14.4 m. Stage 3: braking time 3.6/1.8 = 2.0's, s3 = 3.6°/(2-1.8) = 3.6 m.

Vay can chi 660 N, 588 N, 480 N; thang may di duoc 5,4 + 14,4 + 3,6 =23,4 m.
Hence the scale reads 660 N, 588 N and 480 N, the lift travels 5.4 + 14.4 + 3.6 =23.4m. &

NHAN XET / REMARK — Can chi 16n hon 588 N & giai doan 1 va nho hon & giai doan 3
du thang may ludn di lén: s6 chi phu thudc vao GIA TOC, khong phu thude chiéu van tdc.
D6i thang may di xudng nhanh dan cho cing 1,2 m/s? thi N = 60-(9,8 — 1,2) = 516 N.

The scale reads more than 588 N in stage 1 and less in stage 3 although the lift always moves up: the
reading depends on the ACCELERATION, not on the direction of the velocity. If the lift went down
and sped up at the same 1.2 m/s’, N = 60-(9.8 — 1.2) = 516 N.
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HE QUA 6.6/ COROLLARY 6.6 — Vit treo bang day nhe trong hé phi quan tinh tinh tién
v6i gia tde do, ndm yén so véi hé, thi diy nam doc theo gna = g — do, luc cing biang m(g — do|.
V6i xe chay trén dudng ngang c6 gia toc a, ddy 1éch goc B so voi phuong thing dimg, tan p =
a/g.

A body hanging on a light string at rest in a translating non-inertial frame with acceleration dy has

the string along gy =g — do, and the tension equals m|g — Qy|. For a vehicle on level ground with
acceleration a, the string makes an angle  with the vertical, tan f = a/g.

Chirng minh. / Proof.

Trong hé gan xe vat ding yén, nén luc cing cin bang vai tong trong luc va luc quan tinh:
T + mg — mdo = 0, tirc T= —mghd. Day nam doc Gna va T = m|Gndl.

In the frame of the vehicle the body is at rest, so the tension balances the sum of weight and

inertial force: T + mg — mdp =0, i.e. T = —mGey: The string lies along Goyand T = m|gey].

Trén duong ngang, g thang dimg xubng va do nam ngang, hai vecto vudng goc. Thanh
phan ngang ctia Gna c6 d 16n a, thanh phan dung g, nén tan p = a/g.

On level ground g points straight down and ay is horizontal, so the two are perpendicular. The
horizontal component of e has magnitude a and the vertical one g, hence tan = a/g. ®

PHAN TiCH / ANALYSIS — Xe 1én dbc nén gia toc khong vudng goc véi trong luc: ding
ngay gna = g — do va phan tich theo hai phuong gin véi san xe (doc dbc, vudng goc dbc). Day
1éch so voi phap tuyén cia san, do goc & d6 cho gon.

The vehicle climbs a slope, so the acceleration is not perpendicular to gravity: use gy =g — ao at
once and resolve along the two directions tied to the floor (along the slope, normal to the slope). The

string deviates from the normal to the floor, so measure the angle there.

Vi DU 6.2 (Gia téc trong trwong hi¢u dung trén déc) / EXAMPLE 6.2 (Effective gravity
on a slope) — O 6 Ién déc nghiéng 12° so véi phuong ngang va téng téc déu voi gia tbe 2,5
m/s? doc theo dbc. Qua cau khéi lugng 0,30 kg treo vao tran xe (tran song song mit doc) bang
day nhe, nim yen so v6i xe. Tim goc 1éch cia day so v6i phuwong vudng goc voi tran xe va
luc cang day. Ly g = 9,8 m/s2.

A car climbs a 12° slope with uniform acceleration 2.5 m/s* along the slope. A sphere of mass 0.30 kg
hangs from the roof of the car (roof parallel to the slope) on a light string, at rest relative to the car.

Find the angle of the string with the normal to the roof and the tension. Take g = 9.8 m/s’.

Loi giai. / Solution.

Hé gén xe, truc x doc ddc hudng 1€n, truc y vudng goc dbe hudng ra xa mat dbc. Thanh
phan ctia Gra = § — do: theo x 12 —g sin 12° — a (hudng xudng ddc), theo y 13 —g cos 12°.
Take the frame of the car with x along the slope upwards and y normal to the slope, away from

it. The components of gy = g — Qo are —g sin 12° — a along x (down the slope) and —g cos 12°
along y.

tan 3 = (gsin 12° + a) /(g cos 12°)
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Sb: g sin 12° ~ 2,038 m/s2, g cos 12° = 9,586 m/s?, tir 86 2,038 + 2,5 = 4,538, nén tan p =
0,4734 va B = 25,3°.
Numbers: g sin 12°= 2.038 m/s*, g cos 12°= 9.586 m/s’, numerator 2.038 + 2.5 = 4.538, so tan
p=0.4734 and p = 25.3°.
T = mV((g sin 12° 4+ a)2 + (g cos 12°)2)

T = 0,30-\(4,5382 + 9,586%) =~ 0,30-10,61 = 3,18 N.
T=0.30N(4.538" + 9.586°) = 0.30-10.61 = 3.18 N.

Kiém tra & miat dat: doc doc T sin B — mg sin 12° = ma, vudng goc doc T cos p = mg cos
12°; chia hai phuong trinh dugc ctng biéu thiic tan p.

Check in the ground frame: along the slope T sin § — mg sin 12° = ma, normal to the slope T cos
S =mg cos 12°; dividing the two gives the same expression for tan p.

Vay day léch khoang 25° so véi phéap tuyén cia tran, qua cau lui vé phia sau xe, lyc cing
khoang 3,2 N.

Hence the string deviates about 25° from the normal to the roof, the sphere lags towards the rear
of the car, and the tension is about 3.2 N. W

a

/

Hinh 6.1. Qua ciu treo trong 6 to 1én dbc, v& trong hé quy chiéu gin xe (Vi du 6.2)
Figure 6.1. Sphere hanging in a car climbing a slope, drawn in the frame of the car (Example 6.2)

NHAN XET / REMARK — Trudng hop gi6i han: mit dudng ngang va a = 2,5 m/s? cho tan

B=alg~0255, P~ 14,3°, dung Hé qua 6.6. Xe 1én ddc cung gia tdc thi goc 16n hon, vi thanh
phan doc dc cua trong luc cong thém vao gia tdc.

Limiting case: level road and a = 2.5 m/s’ give tan = a/g = 0.255, p= 14.3° as in Corollary 6.6. On
the slope with the same acceleration the angle is larger, because the along-slope component of gravity
adds to the acceleration.

tan 3 =a/g (6.4)

PHAI THUQC / MEMORISE — Trong hé gin vt c6 gia toc ao: thém lyc —mao vao hinh v&
luc, roi giai nhu bai can bang. Trong lwong biéu kién P' = m(g + a), a dwong khi gia tbc
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hudng 1én.
In a frame with acceleration ao: add the force —may to the free-body diagram, then solve as an
equilibrium problem. Apparent weight P' = m(g + a), with a positive when the acceleration points up.

LOI HAY GAP / COMMON MISTAKE — V& lyc quan tinh trong hé mat dét, hoac da
dung luc quan tinh ma con viét thém gia toc a clia vét trong vé phai: mdi bai chon MOT hé va
giit nguyén dén cudi.

Drawing the inertial force in the ground frame, or using the inertial force and also keeping the
acceleration a of the body on the right-hand side: choose ONE frame per problem and keep it to the
end.

LOI HAY GAP / COMMON MISTAKE — Nhiam diu gia t6c thang may: chdm dan khi di
1én co gia téc hudng xudng (a < 0), trong lugng biéu kién nho hon mg.

Getting the sign of the lift acceleration wrong: a lift that slows down while rising has a downward
acceleration (a < 0), so the apparent weight is less than mg.

6.3. Ném di dong va vat trén ném — A4 movable wedge and a block on it

Khi vat truot trén mot ném ma ném lai tu do chuyén dong trén san, gia toc cia ném chua
biét, nén hé gan ném 1a hé phi quéan tinh véi gia toc phai tim. Bai toan cho co hoi ddi
chiéu hai cach: hé gin ném (thém lyc quan tinh) va hé mit dat (bén phuong trinh
Newton).

When a block slides on a wedge that is itself free to move on the floor, the acceleration of the
wedge is unknown, so the frame of the wedge is a non-inertial frame whose acceleration is to be
found. The problem lets us compare two methods: the wedge frame (with an inertial force) and
the ground frame (four Newton equations).

PINH LY 6.7 (Vit truot trén ném di dong) / THEOREM 6.7 (Block on a movable
wedge) — Ném khdi lwong M, miat nghiéng nhin goc a, dit trén san ngang nhin; vat khoi
luong m trugt trén mat nghiéng. Khi tha tir nghi:

gia toc ciia ném (ném di ra xa phia mit nghiéng) A = mg sin o cos /(M + m sin’a);

gia toc cua vat ddi v6i ném, doc mit nghiéng, a = (M + m)g sin o/(M + m sin’a);

luc nén gitra vat va ném N = Mmg cos o/(M + m sin’a).

A wedge of mass M with a smooth inclined face of angle a stands on a smooth horizontal floor; a
block of mass m slides on the face. Released from rest:

the acceleration of the wedge (moving away from the inclined side) is A = mg sin o. cos a/(M + m
sin‘e);

the acceleration of the block relative to the wedge, along the face, is are = (M + m)g sin a/(M + m
sin‘e);

the contact force between block and wedge is N = Mmg cos o/(M + m sin’a,).

Chirng minh. / Proof.

Céch 1, hé gan ném. Hé nay c6 gia toc A (ngang, vé phia xa mit nghiéng) nén vat chiu
thém lyc quan tinh mA hudng nguoc lai. Vat chuyén dong doc mat nghiéng, nén theo
phuong vudng goc mit nghiéng gia toc bang 0:
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Method 1, wedge frame. This frame has acceleration A (horizontal, away from the inclined side),
so the block feels an extra inertial force mA in the opposite direction. The block moves along the
face, so its acceleration normal to the face is zero:

N =m(gcos a — A sin a)

Doc mit nghiéng, hudng xudng: m ag = mg sin a + mA cos o, tirc aq = g sin a + A cos a.
Ném 1a vat trong hé quan tinh (mat dat); luc ngang duy nhét 1én ném 1a thanh phan ngang
cua luc nén:

Along the face, downwards: m are = mg sin o + mA cos a, i.e. are = g sin o + A cos o. The

wedge, seen from the ground (an inertial frame), has the horizontal component of the contact
force as the only horizontal force:

MA = Nsina

Thay N: MA = m sin o (g cos a — A sin ), suy ra A(M + m sin%o)) = mg sin o cos o. Thé
A vao hai biéu thirc con lai:

Substituting N: MA = m sin a. (g cos o — A sin a), so A(M + m sin’a) = mg sin a cos a. Putting A
into the other two expressions:

atg = g sin a (M 4+ m sin?a + m cos?a)/(M + m sin?a) = (M + m)g sin o/ (M + m
sinZa)

N = mg cos a (M + m sin?a — m sin?a) /(M + m sin?a) = Mmg cos a/(M + m
sinZa)
Cach 2, hé mat dat. Gia toc cua vat ddi véi dat 1a téng gia tdc cua ném va gia tde tuong
d6i: thanh phan ngang A — aw cos a, thanh phan dimg —a« sin a. Phuong trinh Newton
cta vat (N huéng vudng goc mit nghiéng, 1én va vé phia mit nghiéng) va ctia ném:
Method 2, ground frame. The acceleration of the block relative to the ground is the sum of the
wedge acceleration and the relative acceleration: horizontal component A — arel cos o, vertical

component —are Sin a. The Newton equations for the block (N normal to the face, upwards and
towards the inclined side) and for the wedge:

—Nsina=m(A —aw¢cosa), Ncosa—mg=—m aw sina, MA=Nsina

Tur phuong trinh thir nhét va thir ba: aw cos a = (M + m)A/m, va N = MA/sin 0. Thé vao
phuong trinh tht hai: MA cot o = mg — (M + m)A tan a, suy ra A = mg sin o cos o/(M +
m sin?a): trung két qua ctia cach 1.

From the first and third equations: are; cos a = (M + m)A/m and N = MA/sin o. Putting these
into the second: MA cot a = mg — (M + m)A tan a, so A = mg sin o cos o/(M + m sin’a): the
same as method 1. &

A = mg sin a cos a/(M + m sinZa) (6.5)
ata = (M + m)g sin a/(M + m sin?a) (6.6)
PHAN TICH / ANALYSIS — C6 hai 4n gia toc (A cta ném, ay ctia vat dbi voi ném) va luc

nén N. Chon hé gin ném: né cho mét phwong trinh vudng goc mit nghiéng va mot phuwong
trinh doc mat nghiéng, cong mdt phuong trinh ciia ném trong h¢ mat d4t. Hé mat dat cho dang
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bdn phuong trinh nhung phai chiéu gia téc twong dbi 1én hai truc. Lam cé hai rdi so sanh dé
tu kiém.

There are two unknown accelerations (A of the wedge, a..i of the block relative to the wedge) and the
force N. The wedge frame gives one equation normal to the face, one along the face, plus one equation
for the wedge in the ground frame. The ground frame gives four equations but the relative
acceleration must be projected on two axes. Do both and compare the results as a self-check.

Vi DU 6.3 (Hai hé quy chiéu cho ném di dong) / EXAMPLE 6.3 (Two frames for a
movable wedge) — Ném khdi lugng M = 3,0 kg, mit nghiéng nhin hop véi phuong ngang
goc a = 35°, dat trén san ngang nhan. Vat khdi lugng m = 1,0 kg dat trén mat nghiéng, tha tir
nghi. Tim gia tc clia ném, gia tc clia vat d6i voi ném, lyc nén cua vat Ién ném va gia tc clia
vat d6i v6i san. Lay g = 9,8 m/s%

A wedge of mass M = 3.0 kg with a smooth face at o. = 35° to the horizontal stands on a smooth
horizontal floor. A block of mass m = 1.0 kg is placed on the face and released from rest. Find the
acceleration of the wedge, the acceleration of the block relative to the wedge, the force between block
and wedge, and the acceleration of the block relative to the floor. Take g = 9.8 m/s’.

Loi giai. / Solution.
Ap dung Pinh 1y 6.7. Trudc hét sin 35° = 0,5736, cos 35° = 0,8192, miu s6 M + m sin’a
=3,0+1,0-0,3290 = 3,329 kg.

Apply Theorem 6.7. First sin 35° = 0.5736, cos 35° = 0.8192, and the denominator is M + m
sin‘o.= 3.0 + 1.0:0.3290 = 3.329 kg.

1.Ném: A =1,0-9,8-0,5736-0,8192/3,329 = 1,38 m/s?.
Wedge: A = 1.0-9.8-0.5736-0.8192/3.329 = 1.38 m/s°.

2. Vat d6i v6i ném: aw = 4,0-9,8-0,5736/3,329 ~ 6,75 m/s%, doc mit nghiéng, hudng
xudng.
Block relative to the wedge: are1 = 4.0-9.8:0.5736/3.329 = 6.75 m/s°, along the face,
downwards.

3. Lucnén: N=3,0-1,0-9,8-0,8192/3,329 =~ 7,23 N.
Contact force: N = 3.0-1.0-9.8-0.8192/3.329 = 7.23 N.

4. Béi véi san: thanh phan ngang a, = A — ag cos a =~ 1,38 — 6,75-0,8192 =~ —4,15 m/s?
(huéng vé phia mit nghiéng), thanh phan dimg a, = —aw sin a ~ —3,87 m/s2, do 16n
V(4,152 + 3,87%) = 5,68 m/s>.

Relative to the floor: horizontal component ax = A — aye1 cos a = 1.38 — 6.75:0.8192 = —4.15

m/s? (towards the inclined side), vertical component ay, = —aye sin a = —3.87 m/s?,
magnitude \(4.152 + 3.87%) = 5.68 m/s>.

Kiém tra: mit dat cho theo phuong ngang —N sin o = m ax = —7,23-0,5736 ~ —4,15 N,
ding véi m ax = —4,15 N.

Check: in the ground frame the horizontal equation —N sin o. = m a, gives —7.23-0.5736 = —4.15
N, matching m ax = —4.15 N.

Vay ném gia téc 1,38 m/s2 vat trugt véi 6,75 m/s> doi voi ném, luc nén 7,23 N, gia toc
ctia vat ddi véi san khoang 5,68 m/s>.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 209



Vat 11 10 cho Ga choi / Olympiad Physics for Grade 10

Hence the wedge accelerates at 1.38 m/s°, the block slides at 6.75 m/s® relative to the wedge, the
contact force is 7.23 N, and the block's acceleration relative to the floor is about 5.68 m/s>. R

Hinh 6.2. Vit trén ném di dong v& trong hé¢ gén ném (Vi du 6.3): ba luc N, mg va lyc quan tinh
—mA, mii tén theo ti 1¢ 0,2 don vicho 1 N
Figure 6.2. Block on a movable wedge drawn in the wedge frame (Example 6.3): the three forces N, mg
and the inertial force —mA, arrows at 0.2 units per newton

NHAN XET / REMARK — Trudng hop gidi han M tién téi vo ciing (ném bi giir): A tién téi
0, aw tién toi gsina, N tién t6i mg cos a, ding bai mdt nghiéng ¢ dinh. Vat nhe hon ném
nhiéu 1an cho két qua twong tw. Néu M tién t6i 0, A tién toi g cot o va N tién t6i 0.

Limiting case M tending to infinity (wedge held fixed): A tends to 0, a, tends to g sin a. and N tends to

mg cos a, the fixed-incline result. A block many times lighter than the wedge gives a similar outcome.
If M tends to 0, A tends to g cot a.and N tends to 0.

PHAN TICH / ANALYSIS — Hoi vé khoang luc: vat dimg yén so v6i ném nghia 13 ag =0,
hop luc 1én vat gdm N, mg va (trong hé ném) lyc quan tinh can bang. C6 ma sat nghi thi luc
ma st nam gitra hai gia tri bién, mdi bién tng véi xu huéng trugt mot chiéu. Tim hai gia toc
bién ctia ném rdi nhan véi tong khdi lwong.

A question about a range of force: a block at rest relative to the wedge means ay = 0, and N, mg and
(in the wedge frame) the inertial force balance. With static friction the friction force lies between two
limits, each corresponding to a tendency to slide in one direction. Find the two limiting accelerations
of the wedge, then multiply by the total mass.

Vi DU 6.4 (Khoang lyc dé vat khong truot trén ném) / EXAMPLE 6.4 (Force range for
no sliding on a wedge) — Ném khéi lugng M = 6,0 kg, mat nghiéng goc a = 30° so voi
phuong ngang, dit trén san ngang nhan. Vat m = 2,0 kg dit trén mat nghiéng, hé s6 ma sat
nghi giira vat va ném 1a 0,25. Dy ném bang lyc F ndm ngang hudéng vé phia mit nghiéng.
Tim khoang gié tri ciia F dé vat dung yén so v6i ném. Ly g = 9,8 m/s2.

A wedge of mass M = 6.0 kg with a face at a = 30° to the horizontal stands on a smooth horizontal
floor. A block of mass m = 2.0 kg rests on the face, the coefficient of static friction between block and
wedge is 0.25. A horizontal force F pushes the wedge towards the inclined side. Find the range of F

for which the block stays at rest relative to the wedge. Take g = 9.8 m/s”.

Tai li€u nay dugc bién soan boi doi ngii cia website: https://globalmarket.vin
Trang 210



Vat 1i 10 cho Ga choi / Olympiad Physics for Grade 10

Loi giai. / Solution.

Hé (ném + vat) chiu luc ngang duy nhét F trén san nhin: F = (M + m)a, v6i a 13 gia tdc
chung, huéng vé phia mat nghiéng. Xét vat trong hé gin ném: luc quan tinh ma huéng ra
xa mat nghiéng.

The system (wedge + block) has F as its only horizontal force on the smooth floor: F = (M +

m)a, with a the common acceleration, towards the inclined side. Consider the block in the wedge
frame: the inertial force ma points away from the inclined side.

Chon tryc theo mit nghiéng (hudng 1én) va vudng géc mit nghiéng. Goi f 1a thanh phan
ma sat nghi doc mat nghiéng, duong khi huéng 1én. Can bang;

Take axes along the face (upwards) and normal to it. Let f be the component of static friction
along the face, positive upwards. Equilibrium gives:

f=mgsina —macosa N=m(gcosa+asina)

Diéu kién khong truot [f] < uN. Bién trén ciia a (vat c6 xu hudng trugt 1én, f < 0): a cos o
— g sin a < p(g cos a + a sin a). Bién dudi (xu huéng truot xudng, £> 0): g sin o — a cos o
< (g cos o+ a sin a).

No slipping requires |f] < uN. Upper limit of a (tendency to slide up, f < 0): a cos . — g sin a <
(g cos a + a sin a). Lower limit (tendency to slide down, f> 0): g sin o — a cos a < u(g cos o. +
a sin o).

g(tana—p)/(1+ptana) <a<g(tana+ p)/(1 — ptan a)

S6: tan 30° =~ 0,5774; amn = 9,8:(0,5774 — 0,25)/(1 + 0,1443) = 2,80 m/s?; amax =
9,8-(0,5774 + 0,25)/(1 — 0,1443) = 9,48 m/s>.

Numbers: tan 30° = 0.5774,; amin = 9.8:(0.5774 — 0.25)/(1 + 0.1443) = 2.80 m/s’; amaxr =
9.8:(0.5774 + 0.25)/(1 — 0.1443) = 9.48 m/s°.

F = S,O'a, nén Fmin ~ 22,4 N Vé. Fmax ~ 75,8 N
F: 8.0‘61, SO F}nin:22.4 ]\[arlci}:']naxz 75.8N

Vay vat ding yén so voi ném khi 22,4 N <F < 75,8 N.
Hence the block stays at rest relative to the wedge for 224 N<F<758N. m

NHAN XET / REMARK — Khi p = 0, hai bién tring nhau: a = g tan a, dung diéu kién ném
day vat ding yén khong ma sat. Biéu thirc bién giéng hét cong thire tbe d6 gidi han cua khic
cua nghiéng & Muc 6.4 néu thay a bang v¥/r: hai bai 1a mot bai vé can bang tuong ddi trén mat
nghiéng.

For y = 0 the two limits coincide: a = g tan a, the condition for a smooth wedge to hold the block at
rest. The limiting expressions are identical to the speed limits for a banked bend in Section 6.4 when a
is replaced by V'/r: the two problems are one problem of relative equilibrium on an incline.

LOI HAY GAP / COMMON MISTAKE — Viét MA = N sin o ma quén rang N 1 lic nén
THUC cua vat 1én ném, con luc quan tinh —mag khong tac dung 1én ném; hodc chiéu luc quan
tinh cta vat vao phuong trinh ctia ném.

Writing MA = N sin a but forgetting that N is the REAL force of the block on the wedge, while the
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inertial force —may does not act on the wedge; or putting the block's inertial force into the wedge's
equation.

LOI HAY GAP / COMMON MISTAKE — Coi gia tc cua vat d6i v6i dit bang g sin a doc
mit nghiéng (bai ném cb dinh) khi ném dang chuyén dong.
Taking the acceleration of the block relative to the ground as g sin a along the face (the fixed-incline

result) when the wedge is moving.

6.4. Pong luc hoc chuyén dong tron — Dynamics of circular motion

Chuong 4 cho gia tdc ctia chuyén dong tron: thanh phan hudng vao tim bang v¥/r = w’r.
Bay gid ghép véi dinh luat I Newton dé tim lyc. Diém can nhé nhét: khong c6 loai luc
nao tén I1a luc hudng tam trong danh sach lyc cua vat. Luc huong tam 1a tén cua téng cac
thanh phan hudng vao tdm cua nhitng luc c6 that (trong luc, luc cing, phan luc, ma sat,
luc hap dan).

The chapter on circular kinematics gave the acceleration: the component towards the centre is
V2/r = w’r. Now we combine it with Newton's second law to find forces. The point to remember:
no force called the centripetal force belongs on the list of forces on a body. The centripetal force
is the name for the sum of the components towards the centre of the real forces (weight, tension,
reaction, friction, gravitation).

PINH LY 6.8 (Phwong trinh hwéng tim) / THEOREM 6.8 (Centripetal equation) —
Trong hé quén tinh, vat khdi lugng m chuyén dong tron ban kinh r thoa: tong cac thanh phan
huéng vao tm cua cac luc thuc tac dung 1én vat bang mv¥/r = mw?r. V6i chuyén dong tron
déu, tong cac thanh phan tiép tuyén bang 0; voi chuyén dong tron khong déu, né bang m nhan
gia tdc tiép tuyén.

In an inertial frame a body of mass m moving on a circle of radius r satisfies: the sum of the
components towards the centre of the real forces on it equals mv’/r = me?r. For uniform circular
motion the sum of the tangential components is zero, for non-uniform motion it equals m times the
tangential acceleration.

Chirng minh. / Proof.

Chiéu dinh luat Il Newton md = =F lén phuong huéng vao tam va lén phuong tiép tuyén.
Theo Chuong 4 thanh phan hudng tdm ciia d bang v¥/r = ©’r, thanh phan tiép tuyén bang
a (bang 0 khi toc do khong doi).

Project Newton's second law md = SF on the direction towards the centre and on the tangent.

By the chapter on circular kinematics the component of d towards the centre is v’/r = w’r, and
the tangential component is a; (zero when the speed is constant).

LFn = mv?/r = mw?r, £F:= may 6.7)
o

Céach l1am cho moi bai chuyén dong tron: vé& cac luc thuc, chon mét truc hudng vao tim
duong tron cua chinh vat (khong phai tim cua ca co hé), viét ZF, = mv¥r, thém mot
phuong trinh theo phuong vudéng goc mit phang quay hoic tiép tuyén.
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The routine for every circular-motion problem: draw the real forces, pick an axis towards the
centre of the body's own circle (not the centre of the whole device), write XF, = mv’/r, and add
one equation along the perpendicular direction or the tangent.

PINH LY 6.9 (Khiic cua nghiéng) / THEOREM 6.9 (Banked bend) — Xe chay véi toc d6
v trén khiic cua tron ban kinh r, mat dudng nghiéng vao phia tim goc a, hé sé ma sat nghi p.
Xe khong trugt khi Vinin < V < Vinax, VOi

Vimax2 = rg (tan o+ p)/(1 — ptan o) (cAn ptan o < 1),

Viin2 = rg (tan o — p)/(1 + p tan &) néu tan o> 1, Va Vmin = 0 néu tan a < .

Khi p = 0 chi con mot tbe d6 khong can ma sat: Vop = rg tan o.

A vehicle drives at speed v round a circular bend of radius r on a road banked at angle o, towards the
centre, with coefficient of static friction y. It does not slip if Vimin <V < Viax, Where

Vimar™ = 1g (tan o+ p)/(1 — pu tan a) (needs y tan a < 1),

Vmin® = ¥g (tan o — w)/(1 + p tan @) if tan o> p1, and Vi, = 0 if tan o < .

For 1. = 0 only one speed needs no friction: vo, = rg tan a.

Chirng minh. / Proof.

Téc d6 16n nhat: xe c6 xu hudng vang ra phia ngoai, 1én dbc, nén ma sat f = uN hudng
xubng dbc, mot thanh phan cia né hudng vao tdm. Chiéu 1én phuong ngang huéng tim
va phuong thang dung:

Maximum speed: the car tends to skid outwards, up the slope, so friction f = uN points down the

slope and part of it points towards the centre. Projecting on the horizontal direction towards the
centre and on the vertical:

N sin o + puN cos a = mv?/r, N cos o — pN sin a = mg

Chia vé theo vé: v¥/(rg) = (sin a + p cos a)/(cos a — p sin o)) = (tan a + p)/(1 — p tan o).
Dividing side by side: v*/(rg) = (sin a + p cos a)/(cos a — u sin a) = (tan o. + w)/(1 — 1 tan ).

Téc do nho nhit: xe c6 xu hudng trugt xudng phia trong, ma sat huéng 1én dbc. Poi dau
i trong ca hai phuong trinh: v¥/(rg) = (tan o — w)/(1 + p tan o). Néu tan o < p thi xe dtng
yén ciing khong truot xudng, nén vmin = 0. Pit u = 0 dugc vopd = rg tan o.

Minimum speed: the car tends to slide down towards the inside, friction points up the slope.
Changing the sign of u in both equations gives v’/(rg) = (tan a — w)/(1 + ptan a). If tan o <u a
car at rest does not slide down either, so vmn = 0. Setting i = 0 gives vop = rg tan a. B

vZ=rgtan«a (6.8)

PHAN TICH / ANALYSIS — Dé cho ban kinh, goc nghiéng va p, hoi khoang toc do: do 1a
bai hai bién. Mbi bién ng véi mot chiéu ma sat nghi dat gia tri lon nhét. V& hinh mit cit,
chiéu gia tbc hudng tim nim NGANG (khong doc mit duong): d6 1a chd hay sai.

The problem gives the radius, the angle and i and asks for a range of speed: a two-limit problem.
Each limit corresponds to static friction at its maximum in one direction. Draw the cross-section; the
centripetal acceleration is HORIZONTAL (not along the road surface): that is where errors creep in.

Vi DU 6.5 (Hai bién ciia ma sat nghi) / EXAMPLE 6.5 (Two limits of static friction) —
Khtc cua ¢ ban kinh 80 m, mét duong nghiéng vao phia tim goc 8°, hé sb ma sat nghi giira
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lép va mdt duong udt 1a 0,10. Léy g=9,8 m/s>. Tim tdc d6 dé xe khong cAn ma sat, va
khoang toc do an toan (doi ra km/h).
A bend of radius 80 m has its road banked at 8° towards the centre; the coefficient of static friction

between tyre and wet road is 0.10. Take g = 9.8 m/s’. Find the speed at which no friction is needed
and the range of safe speeds (convert to km/h).

Loi giai. / Solution.

Ap dung Dinh 1y 6.9 véi tan 8° = 0,1405, rg = 80-9,8 = 784 m?%/s>.
Apply Theorem 6.9 with tan 8° = 0.1405 and rg = 80-9.8 = 784 m*/s°.

1. Khong cAn ma sat: Vopt = \/(784-0,1405) ~ 10,5 m/s = 37,8 km/h.
No friction needed: vop: = N(784-0.1405) = 10.5 m/s = 37.8 km/h.
2. Vitan a = 0,1405 > p = 0,10 nén c6 toc d6 nhéd nhat: vimin> = 784-(0,1405 — 0,10)/(1 +
0,0141) = 31,4 m?/s, Vmin = 5,60 m/s = 20,2 km/h.
Since tan a = 0.1405 > p = 0.10 there is a minimum speed: Vi’ = 784-(0.1405 — 0.10)/(1 +
0.0141) = 31.4 m?/s?, Viin = 5.60 m/s = 20.2 km/h.
3. Vmax® = 784-(0,1405 + 0,10)/(1 — 0,0141) = 191 m?/s?, Vmax = 13,8 m/s = 49,8 km/h.
Vimay® = 784-(0.1405 + 0.10)/(1 — 0.0141) = 191 m?/s?, Vinax = 13.8 m/s = 49.8 km/h.
Vay tbe do khong can ma sat 1a khoang 37,8 km/h; xe git dugc duong véi tde do tur
khoang 20,2 km/h dén 49,8 km/h.

Hence the speed needing no friction is about 37.8 km/h; the car holds the road at speeds from
about 20.2 km/h to 49.8 km/h. ®

tam / centre —

— N

Hinh 6.3. Xe & tc do 16n nhét trén khic cua nghiéng 8° (Vi du 6.5): ma sat huéng xudng ddc,
téng ctia N va f cong voi mg cho gia tbe hudng tim nim ngang
Figure 6.3. Car at maximum speed on a bend banked at 8° (Example 6.5): friction points down the slope,
and N plus f plus mg give a horizontal centripetal acceleration

NHAN XET / REMARK — Téc d9 vop khong phu thudc khéi lugng xe. Véi xe dap va xe
tai cung khuc cua, cung vop; diéu kién ma sat ciing chi chira p, khong chira khéi lugng.

The speed vop does not depend on the mass of the vehicle. A bicycle and a lorry on the same bend have
the same vop, the friction condition also contains u only, not the mass.

PINH LY 6.10 (Con lic nén) / THEOREM 6.10 (Conical pendulum) — Qué cu khdi
luong m treo bang ddy nhe dai ¢, quay déu trong mit phang ngang voi day hop voi phuong
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thang ding goc 0 khong doi (con lic non). Khi d6

cos 0 = g/(w?0), luc cang T = mw?(, chu ky quay 2nV(L cos 6/g).

Chuyén dong nay chi c6 khi o? > g/; véi o? < g/t qua ciu chi treo thang ding.

A sphere of mass m hangs on a light string of length € and revolves uniformly in a horizontal circle
with the string at a constant angle 0 to the vertical (conical pendulum). Then

cos 0 = g/(w?*t), tension T = mw?t, period of revolution 2z\(€ cos 0/g).

This motion exists only for w’ > g/l; for v’ < g/l the sphere hangs vertically.

Chirng minh. / Proof.

Qua cau chuyén dong tron ban kinh r = { sin 0 trong mit phang ngang, hop luc huéng
vao tAm (ndm ngang), gia toc thang dimg bang 0. Hai luc: trong lyc mg va luc cing T:
The sphere moves on a circle of radius v = € sin 0 in a horizontal plane, the net force points to

the centre (horizontal) and the vertical acceleration is zero. Two forces act: weight mg and
tension T:

T cos ® =mg, T sin 6 = mw?2f sin 6

Phuong trinh thtr hai cho T = me2¢ (khi sin 0 # 0). Thé vao phuong trinh thir nhat: cos 0
= g/(®*L), nén can 0l > g dé cos 0 < 1. Chu ky 2n/o = 2V(L cos 0/g).

The second equation gives T = mw?*C (for sin 8 # 0). Putting it into the first: cos 0 = g/(w?*(), so
w?l > g is needed for cos 0 < 1. The period 2/ = 2a\(€ cos 6/g). W

NHAN XET / REMARK — Khi o ting, cos 0 = g/(w?) giam va 0 ting dan t&i 90° ma
khong dat: day khong bao gio ndm ngang, vi thanh phan thiang dimg T cos 0 phai can bang
mg. Luc cang T = mo?{ tdng khong gidi han theo ®, nén day that s& dirt trude khi 0 toi sat
90°.

As w grows, cos 0 = g/(w’t) falls and 0 rises towards 90° without reaching it: the string is never
horizontal, because the vertical component T cos 0 must balance mg. The tension T = maw?*( grows
without bound with w, so a real string breaks long before 0 gets close to 90°.

PHAN TICH / ANALYSIS — Hai diy ndi qué cau vao truc: mdi day c6 thé chung. Gia sir
c4 hai ciang, viét hai phuong trinh (thing dng va hudng tim), tim T1, T> theo o, roi doi hoi
T2 > 0 dé suy ra ® nhoé nhat. Dudi ngudng d6 day dudi ching va bai thanh con lic nén mot
day (Pinh 1y 6.10); kiém tra lai bang khoang cach t6i diém budc ddy dudi.

Two strings join the sphere to the axis and either may go slack. Assume both are taut, write two
equations (vertical and centripetal), find T; and T in terms of w, then require T> > 0 to get the least w.
Below that threshold the lower string is slack and the problem becomes a one-string conical pendulum
(Theorem 6.10); verify by the distance to the lower fixing point.

VI DU 6.6 (Hai diy va diéu kién diy cing) / EXAMPLE 6.6 (Two strings and the taut
condition) — Qua cau nhé khéi lugng 0,20 kg budc vao hai diy nhe, mdi day dai 0,50 m;
dau kia ctia hai day budc vao hai diém A (trén) va B (du6i) cia mét tryc thang ding, AB =
0,60 m. Cho truc quay déu quanh phuong thing dimg véi tc do goc . Tim w nho nhét dé ca
hai day cang. V6i o = 10 rad/s, tinh lyc cang mdi day. Véi o = 5,0 rad/s, tinh lyc cang va goc
léch cua day trén. Ly g = 9,8 m/s2.

A small sphere of mass 0.20 kg is tied to two light strings, each 0.50 m long, their other ends are tied

to points A (upper) and B (lower) of a vertical axis, AB = 0.60 m. The axis rotates uniformly about the
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vertical with angular speed . Find the least w for both strings to be taut. For w = 10 rad/s, find the
tension in each string. For o = 5.0 rad/s, find the tension and the angle of the upper string. Take g =
9.8 m/s’.

Loi giai. / Solution.

Hinh hoc: qua cau cach déu A va B nén nam trong mit phang trung truc cia AB. Mdi day
hop véi truc gbe ¢ voi cos ¢ = 0,30/0,50 = 0,6, sin ¢ = 0,8, ban kinh quy dao r=0,50-0,8
= 0,40 m.

Geometry: the sphere is equidistant from A and B, so it lies in the perpendicular bisector plane

of AB. Each string makes an angle ¢ with the axis, cos ¢ = 0.30/0.50 = 0.6, sin ¢ = 0.8, and the
radius of the circle is r = 0.50-0.8 = 0.40 m.

Day trén kéo 1én va vao truc (T1), day dudi kéo xudng va vao truc (T2). Thang dimg va
hudng tam:

The upper string pulls up and towards the axis (T}), the lower one pulls down and towards the
axis (Tz). Vertical and centripetal equations:

(T1—T2) cos @ = mg, (T1+ T2) sin @ = mw?2¢ sin

Suy ra T1 + T2 = mo?C va T — T2 = mg/cos ¢, nén T> = (mw?l — mg/cos ¢)/2. Pidu kién
T2 >0 cho w? > g/(L cos ¢) = 9,8/(0,50-0,6) = 32,7 s 2, tltc ® > 5,72 rad/s.

Hence T; + T> = mw?€ and T; — T> = mg/cos ¢, so T>» = (mw?’t — mg/cos ¢)/2. The condition T> >
0 gives w’ > g/(t cos @) = 9.8/(0.50-0.6) = 32.7 s 2, i.e. 0 >5.72 rads.

Véi o = 10 rad/s: T1 + T2 = 0,20-100-0,50 = 10 N; T, — T> = 0,20-9,8/0,6 = 3,27 N. Vay
Ti=6,63N, T>~3,37 N.

Forw =10rad/s: T1 + T> = 0.20-100-0.50 = IO N; T; — T> = 0.20-9.8/0.6 = 3.27 N. Hence T; =
6.63 N, T>=3.37 N.

Véi o = 5,0 rad/s < 5,72 rad/s day dudi ching. Con lic nén mot diy: cos 6 =
9,8/(25-0,50) = 0,784, 6 =~ 38,4°, T = 0,20-25-0,50 = 2,5 N. Kiém tra: qua cau cach truc ¢
sin 6 = 0,310 m, cach A theo phuong dung € cos 0 = 0,392 m, nén cich B \/(0,3102 +
(0,60 — 0,392)?) = 0,374 m < 0,50 m: diy duéi chung dung.

For w = 5.0 rad/s < 5.72 rad/s the lower string is slack. One-string conical pendulum: cos 6 =
9.8/(25:0.50) = 0.784, 0 = 38.4°, T = 0.20-25-0.50 = 2.5 N. Check: the sphere is { sin = 0.310
m from the axis and € cos 0 = 0.392 m below A, so its distance from B is N(0.310° + (0.60 —
0.392)°) = 0.374 m < 0.50 m: the lower string is indeed slack.

Vay omin = 5,72 rad/s; ¢ 10 rad/s luc cang l1a 6,63 N va 3,37 N; ¢ 5,0 rad/s chi day trén
cang, T = 2,5 N, 1é€ch 38,4° so véi phuong théng ding.

Hence wmin = 5.72 rad/s; at 10 rad/s the tensions are 6.63 N and 3.37 N; at 5.0 rad/s only the
upper string is taut, T = 2.5 N, at 38.4° to the vertical. R
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mg

Hinh 6.4. Qua ciu ndi hai ddy vao truc quay & o = 10 rad/s (Vi du 6.6): T:, T2 va mg theo ti 18
0,1 don vi cho 1 N, khoang cach theo mét
Figure 6.4. Sphere on two strings joined to the axis at w = 10 rad/s (Example 6.6): T, T> and mg at 0.1
units per newton, distances in metres

NHAN XET / REMARK — Tdng hai lyc cang T1 + T> = mo2€ cho moi cip day dbi xing,
ké ca khi day duéi dai hon; hiéu ciia chung chi phu thudc trong luong va goc. Pay 1a cach
tach hai 4n béng hai phuong trinh ddc 1ap, gon hon viéc giai hé thé.

The sum T; + T> = mw’C holds for any symmetric pair of strings, and their difference depends only on
the weight and the angle. This separates the two unknowns with two independent equations, shorter
than solving by substitution.

LOI HAY GAP / COMMON MISTAKE — O con lic nén, lay ban kinh quy dao bang
chiéu dai ddy € trong me?r. Ban kinh ctia vong tron 1a € sin 0; chi khi chiéu T 1én phuong
ngang méi thay T sin 6 = mw2( sin 6, va sin O gian udc.

In a conical pendulum, taking the radius of the path as the string length € in me?r. The radius of the
circle is € sin 0; only when T is projected on the horizontal do we get T sin 0 = me?C sin 0, with sin 0
cancelling.

PINH LY 6.11 (Vong nhao 16n) / THEOREM 6.11 (Loop-the-loop) — V4t nho khéi lwong
m chuyén dong khong ma sat trén mit trong ciia vong tron thang dung ban kinh R. Goi v 1a
téc d6 & diém cao nhit, v, & diém thap nhat. Khi vat t6i diém cao nhat ma khong roi vong thi
v > V(gR). Néu tha tir nghi & d6 cao h so v6i diém thdp nhit trén dudong dan khong ma sat ndi
vao vong, vat qua dugc diém cao nhit khi h > 5R/2. Hiéu gitra lyc nén & diém thép nhét va
diém cao nhét ludn bang 6mg.

A small body of mass m moves without friction on the inner surface of a vertical circle of radius R. Let
v; be its speed at the top and vy at the bottom. If the body reaches the top without leaving the circle
then v, >(gR). If it is released from rest at height h above the lowest point on a smooth track joined
to the loop, it passes the top when h > 5R/2. The difference between the contact forces at the bottom
and at the top always equals 6mg.
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Chirng minh. / Proof.

Tai diém cao nht, trong lyc va phan luc N déu hudng xuéng tam: N + mg = mv¢/R. Vat
con tiép xuc khi N > 0, tc mvi/R > mg, hay v > gR.

At the top, weight and the reaction N both point down to the centre: N + mg = mvi’/R. The body
stays in contact while N > 0, i.e. mvi/R > mg, or v > gR.

Chi trong lyc thyc hién cong (phan lyc vudng goc véi chuyén dong), nén theo dinh ly
dong nang (Chuong 8) v? = 2g(h — y) tai dd cao y bat ky. O diém cao nhat y = 2R:

Only weight does work (the reaction is perpendicular to the motion), so by the work-energy
theorem (Chapter 8) v? = 2g(h — y) at any height y. At the top y = 2R:

vi? = 2g(h — 2R) > gR = h>5R/2

Hiéu lyc nén: & diém thap nhit Ny — mg = mvp*/R, & diém cao nhit N; + mg = mv¥/R.
Ciing theo dinh ly dong nang vi> = v + 4gR. Trur:

Difference of contact forces: at the bottom Ny — mg = mvy’/R, at the top N; + mg = mvi/R. Also
by the work-energy theorem vy’ = v + 4gR. Subtracting:

Nb — Nt = 2mg + m(vp? — vi?) /R = 2mg + 4mg = 6mg

PHAN TiCH / ANALYSIS — Bai vong nhao di theo ba budc: (1) viét phwong trinh huéng
tam tai diém can tim lyc; (2) ndi téc d6 & diém @6 voi do cao tha bang dinh Iy dong ning; (3)
xét didu kién N > 0 & diém nguy hiém nhit, 1a diém cao nhat. Piém ngang tdm cho gon: phan
lyc ngang mgt minh 1a lyc hudng tdm, trong luc nam tiép tuyén.

A loop problem has three steps: (1) write the centripetal equation at the point where the force is
wanted; (2) link the speed there to the release height by the work-energy theorem, (3) test N > 0 at the
most critical point, the top. The point level with the centre is simple: the horizontal reaction alone is
the centripetal force while weight is tangential.

VI DU 6.7 (Lwe nén trén vong nhio) / EXAMPLE 6.7 (Contact force in a loop) — Xe
nho khdi luong 0,25 kg truot khong ma sat tir d6 cao h = 1,20 m xudng dudng dan rdi vao
vong tron thing ding ban kinh R = 0,40 m (h tinh tir diém thap nhat). Tinh lyc nén cua vong
1én xe tai diém cao nhét, tai diém ngang tdm vong va tai diém thép nhét. Do cao tha nho nhét
dé xe qua vong 14 bao nhiéu? Liy g = 9,8 m/s.

A small cart of mass 0.25 kg slides without friction from height h = 1.20 m down a track and into a
vertical loop of radius R = 0.40 m (h measured from the lowest point). Find the force of the loop on
the cart at the top, at the point level with the centre and at the bottom. What is the least release height
for the cart to pass the top? Take g = 9.8 m/s”.

Loi giai. / Solution.

Téc do & cac do cao y = 2R, R, 0 (dinh Iy dong ning): v? = 2g(h — y). Piém cao nhit y =
0,80 m; ngang tam y = 0,40 m; thap nhaty = 0.

Speed at heights y = 2R, R, 0 (work-energy theorem): v’ = 2g(h — y). Top y = 0.80 m, level with
the centre y = 0.40 m; bottom y = 0.
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1. Piém cao nhat: v2 =2-9,8-0,40 = 7,84 m*s%; N + mg = mv¥/R nén N =
0,25-(7,84/0,40 — 9,8) = 0,25-9,8 = 2,45 N, hudng xudng.
Top: v’ = 2:9.8:0.40 = 7.84 m*/s’; N + mg = mv?/R so N = 0.25-(7.84/0.40 — 9.8) = 0.25-9.8
= 2.45 N, directed downwards.

2. Ngang tim: v> = 2-9,8-0,80 = 15,68 m?/s?; theo phuong ngang N = mv?/R =
0,25-15,68/0,40 = 9,80 N, hudng vao tam.
Level with the centre: VvV = 2:9.8-0.80 = 15.68 m?*/s°; horizontally N = mv?/R =
0.25-15.68/0.40 = 9.80 N, towards the centre.

3. Piém thap nhat: v> =2-9,8:1,20 = 23,52 m%/s%; N — mg = mv*R nén N =
0,25-(23,52/0,40 + 9,8) = 0,25-68,6 = 17,15 N, hudng 1én.
Bottom: v’ = 2-9.8:1.20 = 23.52 m?*/s’; N — mg = mv’/R so N = 0.25-(23.52/0.40 + 9.8) =
0.25:68.6 = 17.15 N, directed upwards.
Kiém tra Dinh ly 6.11: 17,15 — 2,45 = 14,7 N = 6-0,25-9,8. B§ cao nhd nhat hmin = 5R/2
= 1,00 m.

Check against Theorem 6.11: 17.15 — 2.45 = 14.7 N = 6:0.25-9.8. The least height is hmin = SR/2
=1.00 m.

Vay lucnénla2,45N, 9,80 N, 17,15 N va d6 cao tha nho nhat 13 1,00 m.
Hence the contact forces are 2.45 N, 9.80 N and 17.15 N, and the least release height is 1.00 m.
|

mg

Hinh 6.5. Xe tha tir h = 3R vao vong nhao (Vi dy 6.7): luc nén N va mg tai diém cao nhét, ngang
tam, thép nhét, theo ti 18 cung mot don vi cho moi miii tén
Figure 6.5. Cart released from h = 3R into a loop (Example 6.7): contact force N and weight mg at the
top, level with the centre and bottom, one common scale for all arrows

NHAN XET / REMARK — Néu xe chay trong 6ng kin (vat khong thé roi) thi diéu kién chi
con v¢ > 0, tire h > 2R: 6ng dd duoc vat & diém cao nhat bﬁng phan lyc hudng 1€n. Vi vong

ho, diéu kién 1a vi > V(gR).

If the cart runs in a closed tube (it cannot leave) the condition reduces to v; > 0, i.e. h > 2R: the tube

can supply an upward reaction at the top. For an open loop the condition is v, > \(gR).

NHAN XET / REMARK — Hiéu 6mg khong phu thudc h va R: do hai luc ké dat o day va
dinh vong, léy hiéu, ta dugc trong lugng cuia xe ma khong can biét toc do.

The difference 6mg does not depend on h or R: two force sensors at the bottom and the top of a loop,
subtracted, give the weight of the cart without knowing its speed.
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TINH CHAT 6.12 / PROPERTY 6.12 — Vit dit trén dia ndm ngang quay déu véi toc do
gdc , cach tryc r, dimg yén so véi dia khi ma sat nghi cung cép luc huéng tim: f= mo?r <
umg, tire o < V(ug/r). Vat xa truc hon truot trudc.

A body on a horizontal disc rotating uniformly at angular speed w, at distance r from the axis, stays at

rest relative to the disc when static friction supplies the centripetal force: f = mw’r <umg, i.e. @ <
N(ug/r). The body farther from the axis slips first.

LOI HAY GAP / COMMON MISTAKE — Thém Iyc hudng tdm vao hinh v& lyc clng véi
trong luc, lyc cang va phan luc 1ol cong lai: Iyc do bi dém hai lan. Chi v& luc thuc, rdi chiéu
1én phuong hudng tam.

Adding a centripetal force to the free-body diagram together with weight, tension and reaction and
then summing: that force is counted twice. Draw only real forces, then project on the centripetal
direction.

LOI HAY GAP / COMMON MISTAKE — Dung f = pN cho ma sat nghi ciia vét trén dia
hay xe & khuc cua: ma sat nghi chi BANG puN & ngudng truot, con lai né nho hon va do
phuong trinh hudng tim quyét dinh.

Using = uN for the static friction of a body on a disc or a car on a bend: static friction EQUALS uN
only at the point of slipping, otherwise it is smaller and fixed by the centripetal equation.

LOI HAY GAP / COMMON MISTAKE — O vong nhio, ding diéu kién v, = 0 tai diém
cao nhat nhu véi con lic bude day ctng. Vat chuyén dong trén mit trong clia vong phai c6 v
> gR, vi phan lyc khong thé kéo.

In a loop, using the condition v, = 0 at the top as for a pendulum on a rigid rod. A body on the inner
surface of a loop must have v > gR, because the reaction cannot pull.

Nb — Nt = 6mg (6.9)

6.5. HE quy chiéu quay va lwe li tam — Rotating frames and the centrifugal force

Pung trén ban quay, vat nam yén trén ban khong c6 gia téc ddi voi ta, du & mat dat né
chuyén dong tron. Dé phuong trinh cin bang van viét duoc, ta thém mot lyc hudng ra
ngoai. Luc nay c6 pham vi dung hep, nén phat biéu kém diéu kién.

Standing on a rotating table, a body that lies still on it has no acceleration relative to us,

although in the ground frame it moves on a circle. To keep an equilibrium equation we add an
outward force. The force has a narrow range of use, so it is stated together with its condition.

PINH NGHIA 6.13 (Luc li taim) / DEFINITION 6.13 (Centrifugal force) — Trong hé quy
chiéu quay déu véi tde do gb6c ® quanh mat truc ¢b dinh, vat ding yén ddi véi hé & khoang
céach r tinh tir truc chiju thém lyc li tAm ¢6 do 1on Fi = mw?r, phuong vudng goc vdi truc,
chiéu hudng ra xa truc. Cong thirc ndy KHONG 4p dung cho vat dang chuyén dong d6i v6i hé
quay: vat do con chiu mot luc nira (Iyc Coriolis) ma sach khong dung; bai c6 vat chuyén dong
trong hé quay giai & hé mat dat.

In a frame rotating uniformly at angular speed @ about a fixed axis, a body at rest in the frame at
distance r from the axis is acted on by an additional centrifugal force of magnitude F.; = me’r,
perpendicular to the axis and directed away from it. This formula does NOT apply to a body moving
relative to the rotating frame: that body feels another force (the Coriolis force) which this book does

not use, problems with bodies moving in the rotating frame are solved in the ground frame.
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Ly do cong thirc dung: & hé mat dat vat ding yén ddi v6i ban chuyén dong tron ban kinh
r nén can hop luc thyc hudng vao truc bang me?r. Trong hé quay vat dimg yén, tong luc
phai bang 0: cac luc thuc cong voi luc li tim me?r hudng ra ngoai cho 0, tirc hop luc
thuc van 1a mo?r huéng vao. Hai hé cho cung phuong trinh, chi khac cach viét.

Why the formula is right: in the ground frame a body at rest relative to the table moves on a
circle of radius r, so the real net force towards the axis must be mw?’r. In the rotating frame the
body is at rest and the total force must vanish: the real forces plus the outward centrifugal force
maw?r give zero, so the real net force is still ma?’r inwards. Both frames give the same equation,
written differently.

Fit = mw?r (6.10)

PHAN TiCH / ANALYSIS — Hai vt ndi day trén dia quay: tai thoi diém truot, moi vat
dung yén ddi voi dia nén dung hé quay véi luc li tam. Viét can bang ting vt theo phuong
béan kinh, nhé rang day chi kéo (T > 0) va ma sat nghi khong vuot pN. Héi @ 16n nhit: xem
vat nao dat gidi han ma sat trudc, roi cong can béng cua ca hé.

Two bodies joined by a string on a rotating disc. at the instant of slipping all bodies are at rest
relative to the disc, so use the rotating frame with centrifugal forces. Write the radial equilibrium of
each body, remembering that a string only pulls (T > 0) and static friction does not exceed uN. For the
largest w, find which body reaches its friction limit first, then add the equilibrium of the whole system.

Vi DU 6.8 (Hai vat noi diy trén dia quay) / EXAMPLE 6.8 (Two bodies joined by a
string on a rotating disc) — Hai vat nho A (0,30 kg) va B (0,50 kg) nam trén ciing mot ban
kinh ctia dia ngang quay déu quanh tryc thang dimg qua tdm, cach truc lan luot 0,20 m va
0,40 m. Day nhe khong dan dai 0,20 m nbi hai vat, thang nhung chua cang khi dia dimg yén.
Hé s6 ma sat nghi gitra mdi vat va dia 12 0,40. Tang dan o. Tim o dé ddy bét dau cing, © 16n
nhit dé hai vat con ding yén ddi véi dia, va luc cing day lac d6. Liy g = 9,8 m/s2.

Two small bodies A (0.30 kg) and B (0.50 kg) lie on the same radius of a horizontal disc rotating
uniformly about the vertical axis through its centre, at 0.20 m and 0.40 m from the axis. A light
inextensible string 0.20 m long joins them, straight but slack in tension when the disc is at rest. The
coefficient of static friction between each body and the disc is 0.40. w is increased slowly. Find w at
which the string starts to pull, the largest o for both bodies to stay at rest relative to the disc, and the
tension then. Take g = 9.8 m/s”.

Loi giai. / Solution.

Hé gén dia: mdi vat dung yén, chiu lyc li tim huéng ra, ma sat nghi f huéng vao (tai
ngudng), day kéo B vao trong (T) va kéo A ra ngoai (T).

Disc frame: each body is at rest, acted on by an outward centrifugal force, inward static friction
[ (at the limit), and the string, which pulls B inwards (T) and A outwards (T).

B: fs + T = mpw?re; A: fa=maw?ra+ T

Giai doan T = 0: mdi vét can f = mo’r < umg. B ¢ xa tryc nén dat gi6i han trude, tai ©* =
ng/rs = 0,40-9,8/0,40 = 9,8 s2, tirc o ~ 3,13 rad/s: day bt du cing.

Stage T = 0: each body needs [ = mw?r < umg. B is farther from the axis and reaches its limit
first, at @’ = ug/rg = 0.40-9.8/0.40 = 9.8 572, i.e. w = 3.13 rad/s: the string starts to pull.
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Cong hai phuong trinh: fa + fz = (mara + msrs)o?. Hai vat chi ding yén khi fa + f <
u(ma + me)g, va & ® 16n nhit ca hai f déu dat pmg:

Adding the two equations: f1 + f3 = (mars + mprg)w’. The bodies stay at rest only while fi1 + f3 <
w(my + mp)g, and at the largest o both f's reach umg:

Wmax? = Ug (ma + mg)/(mara + mpra)

S6: mara + mprg = 0,30-0,20 + 0,50-0,40 = 0,26 kg'm; oma’ = 0,40-9,8:0,80/0,26 =
12,06 s72, 0max = 3,47 rad/s.

Numbers: mara + mprg = 0.30-0.20 + 0.50:0.40 = 0.26 kg'm; wma’ = 0.40-9.8:0.80/0.26 =~ 12.06
572, Wmax = 3.47 rad/s.

Luc cang tir phuong trinh cua B véi fs = umsg: T = mp(w’rs — pg) = 0,50-(12,06-0,40 —
3,92) =~ 0,452 N. Kiém tra voi A: fa = 0,30-12,06-0,20 + 0452 ~ 1,176 N =
0,40-0,30-9,8.

The tension from B's equation with f3 = umsg: T = mp(w’rg — ug) = 0.50-(12.06-0.40 — 3.92) =
0.452 N. Check with A: f1 = 0.30-12.06:0.20 + 0.452 = 1.176 N = 0.40-0.30-9.6.

Vay day bat dau cing ¢ o = 3,13 rad/s; hai vét con dimg yén dén o =~ 3,47 rad/s, khi d6 T
~ 0,45 N.

Hence the string starts to pull at w = 3.13 rad/s; the bodies stay at rest up to o = 3.47 radys,
when T=0.45N. &

PHAN TICH / ANALYSIS — Hat x6 vao vong quay, ding yén ddi voi vong & goc cho
trude: dung hé quay. Luc li tAim ngang c6 d6 1o6n m?-(R sin 0), vi khoang céach t6i TRUC la
R sin 0 chir khong phai R. Phan tich mdi lyc theo hai phuwong gin véi vong, ban kinh va tiép
tuyén; ma sat chi c6 thanh phan tiép tuyén va bi chan boi pN. Chiéu ma sat d6i ddu khi o di
qua gia tri can bang khong ma sat.

A bead threaded on a rotating hoop, at rest relative to the hoop at a given angle: use the rotating
frame. The horizontal centrifugal force has magnitude mo’-(R sin 0), because the distance to the AXIS
is R sin 6 and not R. Resolve each force along the two directions tied to the hoop, radial and
tangential, friction has a tangential component only and is bounded by uN. The sense of friction
reverses as w passes the frictionless equilibrium value.

VI DU 6.9 (Hat trén vong quay cé ma sat) / EXAMPLE 6.9 (Bead on a rotating hoop
with friction) — Vong ddy manh ban kinh R = 0,40 m nam trong mit phing thing dtng,
quay déu quanh truc thang dimg di qua dudng kinh ctia né véi toc do goc . Hat nho khébi
lwong m x6 vao vong, hé sb ma sat nghi giira hat va vong 1a 0,30. Tim khoang ® dé hat dung
yén d6i v6i vong tai vi tri ma ban kinh ndi hat hop voi phuong thang dimg hudéng xudng goc
60°. Liy g = 9,8 m/s2.

A thin hoop of radius R = 0.40 m lies in a vertical plane and rotates uniformly about the vertical axis
through one of its diameters at angular speed w. A small bead of mass m is threaded on the hoop, the
coefficient of static friction between bead and hoop is 0.30. Find the range of w for which the bead
stays at rest relative to the hoop at the place where the radius to the bead makes an angle of 60° with
the downward vertical. Take g = 9.8 m/s”.
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