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Chuong 1. Ménh dé, tap hop va cac phwong phap chirng minh
— Chapter 1. Logic, sets and methods of proof

Muc tiéu chwong — Chapter objectives

« Lap phu dinh chinh x4c ctia ménh dé c6 lugng tir V, 3 va phén biét diéu kién can voi
diéu kién du.
Negate statements with the quantifiers V and 3 exactly, and tell necessary conditions from
sufficient ones.

« Pém phan tir cia hop ba tip bang bao ham — loai trir; nhan ra don anh, toan 4nh, song
anh va dung chung dé dém.
Count the elements of a union of three sets by inclusion—exclusion; recognise injections,
surjections and bijections and use them to count.

« Chon ding mét trong nam cach ching minh: truc tiép, phan dao, phan chimg, phan vi
dy, quy nap.
Choose the right one of five methods of proof: direct, contrapositive, contradiction,
counterexample, induction.

« Dung quy nap thudng, quy nap manh, quy nap Cauchy va nguyén 1y sap thi tu tot, véi
budc co so viét du.
Use ordinary, strong and Cauchy induction and the well-ordering principle, with the base
cases written out in full.

* Viét 1oi giai theo cAu tric ma giam khao chidm du diém: gia thiét, ké hoach, tung budc
c6 1y do, két luan.
Write a solution in the structure that earns full marks: hypotheses, plan, each step with its
reason, conclusion.

1.1. Ménh dé va lwong tir — Statements and quantifiers

Bai ching minh dugc chdm timg cAu, nén mdi cau trong 101 giai phai 1a mot khang dinh
dung hoac sai rd rang.

A proof'is marked sentence by sentence, so every sentence in a solution must be a claim that is
definitely true or definitely false.

PINH NGHIA 1.1 (Ménh dé) / DEFINITION 1.1 (Statement) — Ménh dé 14 mét cau
khang dinh c6 gia tri chan Iy xac dinh: ding hoic sai, khong thé vira diing vira sai. Cau chira
bién, nhu “n 1a s6 chin”, chua 1a ménh dé; né trd thanh ménh dé khi gan gia tri cho bién hodc
gan luong tir. Phi dinh ctia P ky hiéu —P: =P dung khi P sai va nguoc lai. Hop P vV Q dung khi
it nhat mot trong hai dung; hdi P A Q ding khi ca hai ding.

A statement is a declarative sentence with a definite truth value: true or false, never both. A sentence
with a free variable, such as “n is even”, is not yet a statement; it becomes one once the variable is
given a value or bound by a quantifier. The negation —P is true exactly when P is false. The
disjunction P Vv Q is true when at least one of the two is true; the conjunction P A Q is true when both
are.

PINH NGHIA 1.2 (Lugng tir) / DEFINITION 1.2 (Quantifier) — Lugng tir “véi moi” V
va “ton tai” 3. Ménh dé Vx € X: P(x) dung khi P(x) ding v6i moi phan tir x ciia X. Ménh dé
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Ax € X: P(x) diing khi c6 it nhdt mot phan tir x ctia X 1am P(x) dung.
The quantifiers “for all” V and “there exists” 3. The statement Vx € X: P(x) is true when P(x) holds

for every element x of X. The statement Ix € X: P(x) is true when at least one element x of X makes
P(x) true.

PINH LY 1.3 (Phii dinh hrgng tir) / THEOREM 1.3 (Negation of quantifiers) — Phu
dinh d6i V thanh 3, d6i 3 thanh V, rdi phu dinh phan con lai:

—(Vx € X: P(x)) Ia 3x € X: “P(x); —(3x € X: P(x)) 1a Vx € X: ~P(x).

V6i hai ménh dé: “PvQ)la(—P)A(—Q); ~(PAQ)la(—P)V (—Q).

Negation turns Vinto 7 and Finto V, then negates what remains:

—(Wx €X: P(x)) is 3x €X: ~P(x); —(Ix €X: P(x)) is Vx €X: —P(x).

For two statements: ~(P V Q) is (—P) A (—Q); ~(P N Q) is (—P) vV (—0).

Chirng minh. / Proof.

Ménh dé Vx: P(x) sai khi va chi khi khong phai moi x déu thoa P, tirc 1a c6 it nhat mot x
khong thoa P. D6 chinh 1a 3x: —P(x).

The statement Vx: P(x) is false exactly when not every x satisfies P, that is, when at least one x
fails P. That is precisely Ix: —P(x).

Ménh dé 3x: P(x) sai khi va chi khi khong c6 x nao thoa P, tirc 1a moi x déu khong thoa
P: vx: =P(x).
The statement Ix: P(x) is false exactly when no x satisfies P, that is, every x fails P: Vx: —P(x).

P v Q sai khi va chi khi ca P 1an Q cung sai, tic (—P) A (—Q) dung. P A Q sai khi va chi
khi it nhat mot trong hai sai, tirc (—P) V (—Q) diing.

P v Q is false exactly when both P and Q are false, that is, (—P) A (—Q) is true. P N Q is false
exactly when at least one of them is false, that is, (—P) V (—Q) is true. &

PHAI THUQC / MEMORISE — Phu dinh cta “véi moi x, P(x)” 1a “tdn tai X, khong P(x)”;
dé bac bo mot khéng dinh “v&i moi” chi can mot phan vi du.

The negation of “for all x, P(x) " is “there is an x with not P(x)”; one counterexample is enough to
refute a “for all” claim.

Vi DU 1.1 (Thi ty lwgng tir) / EXAMPLE 1.1 (Order of quantifiers) — Xét hai ménh dé
P: “v&i moi sb thuc y#0 tdn tai s6 thue x sao cho y+xy+1=0"vaQ: “tOn tai s6 thuc x
sao cho véi moi s6 thuc y # 0 ta cd y? + xy + 1 = 0”. Viét phu dinh cta P va cua Q, roi xac
dinh gia tri dung — sai ctia ca bon ménh de.

Consider P: “for every real y # 0 there is a real x with y’ + xy + 1 = 0" and Q: “there is a real x such

that y’ + xy + 1 = 0 for every real y # 0. Write the negations of P and Q, then decide the truth value
of all four statements.

Loi giai. / Solution.
Phu dinh theo Pinh 1y 1.3. —P: ton tai y # 0 sao cho véi moi x, y* + xy + 1 # 0. =Q: voi
moi x ton tai y # 0 sao cho y* + xy + 1 # 0.

Negations by Theorem 1.3. =P: there is y # 0 such that y° + xy + 1 # 0 for every x. =Q: for every
x there is y # 0 with y* + xy + 1 # 0.
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P dang: v6iy # 0 cho trude, chon x = —(y* + 1)/y thi y> +xy + 1 =y?> = (y* + 1) + 1 = 0.
Do d6 —P sai.

P is true: for a giveny # 0 take x = —(y* + 1)/y; then y? + xy + 1 =y? — (* + 1) + 1 = 0. Hence
—P is false.

Q sai: néu mot x théa mén thi y=1chox=-2,cony=2cho 5+ 2x=0, toc x = —5/2;
hai gia tri nay khac nhau. Vay khong c6 x chung, Q sai va —Q dang.

Q is false: if one x worked, then y = 1 would force x = —2, while y = 2 gives 5 + 2x = 0, so x =
—5/2; the two values differ. So no common x exists, Q is false and —Q is true.

Vay P dung, Q sai, —P sai, ~Q dung. Hai ménh dé P va Q chi khac tha ty lugng tir nhung
khéc gié tri chan ly.

Hence P is true, Q is false, —P is false, —~Q is true. P and Q differ only in the order of the
quantifiers, yet have different truth values. ®

NHAN XET / REMARK — Ddi chd V va 3 1am d6i nghia ménh dé. “Vy 3x” cho phép x
phu thudc y; “Ix Vy” doi mot x ding chung cho moi y. Khi x phu thudc y, hiy viét x = x(y)
dé thay 5.

Swapping V and 3 changes the meaning. “Vy 3x” lets x depend on y; “Ix V)" demands one x serving
every y. When x depends on y, write x = x(y) to make this visible.

LOI HAY GAP / COMMON MISTAKE — Phii dinh “moi hoc sinh trong d6i déu giai
dugc bai 17 thanh “moi hoc sinh trong doi déu khong giai duoc bai 17. Phu dinh ding 14 “c6
mot hoc sinh khong giai duogc bai 17

Negating “every member of the squad solved problem 1" as “every member failed problem 1. The
correct negation is “‘some member did not solve problem 1.

1.2. Kéo theo, di¢u kién can va di, ménh dé dao va phan dao — Implication,

necessary and sufficient conditions, converse and contrapositive

PINH NGHIA 1.4 (Kéo theo, ddo, phan dio) / DEFINITION 1.4 (Implication, converse,
contrapositive) — Ménh dé kéo theo P = Q (“néu P thi Q”) sai duy nhat khi P ding con Q
sai. V&i P = Q cho trude: ménh d& dao 1a Q = P; ménh dé phan déo 1a (-Q) = (-P). P & Q
nghia 1a ca P = Q 13n Q = P dung. Khi P = Q dung, P 1a diéu kién du cua Q va Q 1a diédu
kién can cua P.

The implication P = Q (“if P then Q") is false only when P is true and Q is false. For a given P = Q,
the converse is Q = P and the contrapositive is (—Q) = (—P). P & Q means that both P = Q and QO
= P hold. When P = Q is true, P is a sufficient condition for Q and Q is a necessary condition for P.

P=0Q Q = P (dao) (—Q) = (—P) (phan dao)
Q = P (converse) (—Q) = (—P) (contrapositive)
b

T T
b S
T F

NT SN O
ERZEE N v
ERZEE N v
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P=>0Q Q = P (dao) (—Q) = (—P) (phan dio)
Q = P (converse) (—Q) = (—P) (contrapositive)
S

F T
b b
T T

B2
v Sy

NT N T

PINH LY 1.5 (Phin dao twong dwong) / THEOREM 1.5 (Contrapositive equivalence)
— Ménh d P = Q va ménh dé phan déo (—Q) = (—P) ludn c6 cing gia tri chan ly. Ménh dé
dao Q = P thi khong bi rang budc boi P = Q.

The statement P = Q and its contrapositive (—Q) = (—P) always have the same truth value. The
converse Q = P is not tied to P = Q.

Chirng minh. / Proof.

P = Q sai khi va chi khi P dung va Q sai. (—Q) = (—P) sai khi va chi khi =Q dung va —P
sai, tirc 1a Q sai va P dang. Hai diéu kién giéng nhau, nén hai ménh dé cung dung hoic
cung sai.

P = Q is false exactly when P is true and Q is false. (—Q) = (—P) is false exactly when —Q is

true and —P is false, that is, Q is false and P is true. The two conditions coincide, so the two
Statements are true together or false together.

Véi ménh dé dao: 1ay P: “x =27, Q: “x2=4". P = Q ding nhung Q = P sai (x = —2).
For the converse: take P: “x = 2" and Q: “x* =4”. Then P = Q is true but Q = P is false (x =
-2). |

PHAN TICH / ANALYSIS — Pé hoi “tim diéu kién can va du” thi phai lam du hai chiéu.
V6i s6 nguyén, chidu thuan thuong dung tinh chit cua s6 nguyén td, chiéu dao thudng 13 phép
tinh truc tiép.

A problem asking for a “necessary and sufficient condition” needs both directions. For integers the
forward direction usually uses a property of primes and the reverse is usually a direct computation.

ViDU 1.2 (Piéu kién can va di) / EXAMPLE 1.2 (Necessary and sufficient condition) —
Cho s6 nguyén n. Chimg minh rang 12 chia hét n2 khi va chi khi 6 chia hét n. Tir d6 cho biét
“6 | n” 1a diéu kién gi ciia “12 | n?”, va néu ménh d& dao cta “12 | n? = 12 | n” ¢ dung khong.
Let n be an integer. Prove that 12 divides n’ if and only if 6 divides n. Hence say what kind of
condition “6 | n” is for “12 | n’”, and decide whether “12 | n’ =12 | n” is true.

Loi giai. / Solution.
1. Chiéu thuan. Gia str 12 | n%. Vi 4 | n% néu n 1¢ thi n? 18, v6 1y; nén n chan. Vi 3 | n? va
3 nguyén td, theo bo dé Euclid 3 | n.
Forward direction. Suppose 12 | n’. Since 4 | n’: if n were odd then n’ would be odd, absurd,
so n is even. Since 3 | n’ and 3 is prime, Euclid’s lemma gives 3 | n.
2.1 chin va 3 | n, ma 2 va 3 nguyén té cling nhau, nén 6 | n.
nis even and 3 | n, and 2 and 3 are coprime, so 6 | n.
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3. Chiéu dao. Néu n = 6m thi n? = 36m? = 12 - 3m?, chia hét cho 12.
Reverse direction. If n = 6m then n’> = 36m? = 12 - 3m?, which is divisible by 12.

Viay 12 |n2 < 6 | n, nén 6 | n 13 diéu kién can va di. Ménh @& “12 |n>= 12 |n” sai: n =6
cho n2 = 36 chia hét cho 12 nhung 12 4 6.

Hence 12 | n’> & 6 | n, so 6 | n is a necessary and sufficient condition. The statement “12 | n’ =
12| n” is false: n = 6 gives n° = 36, divisible by 12, but 12 /6. &

Vi DU 1.3 (Phan vi du) / EXAMPLE 1.3 (Counterexample) — Béc bé ba khang dinh bang
phan vi du: (a) n +n + 17 1a s6 nguyén t6 véi moi s6 tu nhién n; (b) néu 6 | ab thi 6 | a hodc 6
| b; (c) néu a? > b? thi a > b.

Refute each of the three claims with a counterexample: (a) n’ + n + 17 is prime for every natural

number n; (b) if 6 | ab then 6 | a or 6 | b; (c) if a’ > b’ then a > b.

Loi giai. / Solution.
1.(a) Véin=16: 16>+ 16 + 17 =289 = 172, hop s6. Cac giatrin=0, 1, ..., 15 déu cho
s6 nguyén t6 nén phan vi du nho nhét 1a n = 16.
(a) Forn =16: 16>+ 16 + 17 = 289 = 17, composite. The values n = 0, 1, ..., 15 all give
primes, so the smallest counterexample is n = 16.
2.(b) Véia=2,b=3:ab=6 chia hét cho 6, nhung 6 + 2 va 6 ¢ 3.
(b) Witha = 2, b = 3: ab = 6 is divisible by 6, but 6 {2 and 6 #3.
3.(c)Véia=-3,b=1:a>=9>1=b?nhunga<b.
(c) Witha=-3,b=1:a>=9>1=b’buta<b.
Vay ca ba khang dinh déu sai.

Hence all three claims are false. R

NHAN XET / REMARK — Mot chudi gia tri dau dang khong chimg minh duoc gi: n? +n +
17 nguyén té 16 1an lién tiép rdi méi sap. Quy nap khong day du 1a ngudn cua nhiéu “dinh 1y”
sai.

A run of true initial values proves nothing: n’ + n + 17 is prime sixteen times in a row and then fails.
Incomplete induction is the source of many false “theorems”.

NHAN XET / REMARK — Khi nghi ngd mét khéng dinh “v6i moi”, thir trudc cac gia tri
bién va céac gia tri suy bién O, 1, s6 am, hai bién béng nhau, hai bién chénh 1éch cuc 16m).
When a “for all” claim looks doubtful, try the boundary and degenerate values first (0, 1, negatives,
equal variables, wildly different variables).

1.3. Tap hop, phép toan va lwe lwgng — Sets, operations and cardinality

PINH NGHIA 1.6 (Phép to4n tip hgp) / DEFINITION 1.6 (Set operations) — V&i hai
tap A, B: hop A U B gdm céc phan tir thudc A hodc thudc B; giao A N B gom cac phan tir
thudc ca hai; hicu A\ B gém cac phﬁn tur thuoc A ma khong thugc B; A © B nghia 1a moi
phan tir ciia A thudc B. Trong tap nén X, phan bu ciia A 1a A°= X\ A. S6 phan tir ctia tap hitu
han A (luc luong) ky hiéu |A|. Hai tap bang nhau khi mdi tap 13 con cta tap kia: dé chung
minh A=BtachingminhxEA=>x€EBvaxeEB=x€EA.

For sets A, B: the union A U B consists of elements in A or in B; the intersection A N B of elements in
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both; the difference A \ B of elements in A but not in B; A € B means every element of A lies in B.
Inside a universe X the complement of A is A° = X \ A. The number of elements (cardinality) of a finite
set A is written |A|. Two sets are equal when each is a subset of the other: to prove A = B show x € A
=>x EBandx €B =>x EA.

PINH LY 1.7 (Céong thirc De Morgan) / THEOREM 1.7 (De Morgan’s laws) — Vi cac
tap A, B, C trong tip nén X: (A U B)° = A° N B¢ va (A N B)*= A° U B¢, Ngoaira A N (B U
CO)=(ANB)UANO).

For sets A, B, Cin a universe X: (A UB) ' =A° N B and (AN B)* =A° UB*. Also AN (B UC) = (AN
B) UAN C).

Chirng minh. / Proof.

Liyx € X.xE(AUB)Y & khong (x EAhoicx EB) @ x € Avaix€B o x € AN
B¢. Day la phu dinh cua “hodc” theo Dinh 1y 1.3.

Takex €EX. x €E(A UB)* &not (x EAorx €EB) @x EAandx B & x € A° N B. This is the
negation of “or” from Theorem 1.3.

Cong thtrc thtr hai: x € (AN B)°* © khong (x E Avax€EB)e© x € Ahoacx € Be x €
A° U BS.
Second law: x € (AN B) & not (x EAandx €EB) & x FAorx €B &x € A° UB-

Phén phdi: x EAN(BUC) & x €A va(x € Bhoicx € C) & (x € A va x € B) hoidc (x
EAvaxeC)exe(ANB)UANO).

Distributivity: x EAN (B UC) &x EAand (x EBorx €C) & (x EAand x €B) or (x €A and
XEC)&LSxEMANB UMANC). W

PINH LY 1.8 (Bao ham — loai trir hai tip) / THEOREM 1.8 (Inclusion—exclusion for two
sets) — V&i hai tap hitu han A, B: |JA U B|=|A| + [B| — |A N B|.
For finite sets A and B: |[A UB| = |A| + |B| — |A N B|.

|AUB|=|A|+ |B| —|ANB| (1.1)
Chirng minh. / Proof.
Hop AUBIlahoproiciabatip A\B,ANB,B\A.Dodo |AUB|=|A\B|+|ANB|+
IB\ A
A U B is the disjoint union of the three sets A\ B, AN B, B\ A. Hence |A UB| = |4\ B| + |4 N B|
+ |B | A].
Mat khac [A]=|A\B|+ |A N B|va |B| =B\ Al + |A N BJ|. Cong hai déng thirc: |A| + |B|
=|A\B|+|B\A|+2|A N B|.
Also |A| = |A\B| + |AN B|and |B| = |B\ A| + |4 N B|. Adding: |A| + |B] = |4\ B| + |B\ 4| +
214 N B.
Trur |A N B] hai vé dugc |A|+B|—|ANB|=|A\B|+|B\A|+|A N B|=|A UB,|.
Subtracting |A N B| from both sides gives |A| + |B| —|[ANB|=[4\B|+|B\A| +|[ANB| =14
UB|. &
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PINH LY 1.9 (Bao ham — loai trir ba tip) / THEOREM 1.9 (Inclusion—exclusion for
three sets) — Vi ba tap hitu han A, B, C:
For three finite sets A, B, C:

[AUBUC|=|A|+|B|+|C|—|ANnB|—=|BNnC|—|CNnA|+|AnBnNC(| (1.2)
Chirng minh. / Proof.
Ap dung Dinh 1y 1.8 cho hai tip A U B va C:
Apply Theorem 1.8 to the two sets A UB and C:

JAUBUC|=|AUB|+|C|=|(AUB)NC(|
Theo Pinh 1y 1.8, |A U B| = |A| + |B| — |A N BJ. Theo tinh phan phbi (Pinh 1y 1.7), (A U
ByNC=(ANC)u (BN C),nén &p dung Pinh 1y 1.8 lan nifa:
By Theorem 1.8, |A UB| = |A| + |B| — |A N B|. By distributivity (Theorem 1.7), (A UB) N C =
(AN C) UBNC), so Theorem 1.8 once more gives:
[AUB)NC|=|ANnC|+|BNnC|—]ANnBNC|

Giao cia AN CvaB N Cla AN BN C. Thay hai két qua vao dong dau dugc cong thirc
(1.2).

The intersection of A N Cand B N Cis A N B N C. Substituting both results into the first line
gives (1.2). &

A:4d|n B:6|n

135
270 135

33

68 34

67

C:10|n

Hinh 1.1. S6 phan tir mdi ving khi A, B, C 1a cac bdi cua 4, 6, 10 trong tap {1, ..., 2024}; ngoai
ba hinh tron c6 1282 s.
Figure 1.1. Number of elements in each region when A, B, C are the multiples of 4, 6, 10 in {1, ..., 2024},
outside the three discs lie 1282 numbers.

Hai sy kién vé boi dung trong ca chuong: trong {1, ..., N} ¢6 [N/m| boi cia m, va sb vira
chia hét cho m vira chia hét cho 1 14 boi cia BCNN(m, 1).

Two facts about multiples are used throughout: {1, ..., N} contains [N/m [ multiples of m, and a
number divisible by both m and [ is a multiple of lcm(m, |).
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{In<N:m|n}|=|N/m|], {n<N:m|nval|n}| =|N/BCNN(m,])] (1.3)

PHAN TICH / ANALYSIS — DPé hoi “it nhat mot trong ba” nén nghi ngay t6i hop ba tap.
Mdi tap 1a tap cac bdi cua mot $6, con giao cua cac tap la tap bdi cua BCNN: A N B 1a boi
cua 12, A N C bdi ctia 20, B N C bdi ctia 30, A N B N C bdi cua 60. Mdi luc lugng 1a mot
phan nguyén ctia phép chia.

“At least one of three” points straight to a union of three sets. Each set is the set of multiples of a
number, and intersections are multiples of the lcm: A N B are multiples of 12, A N C of 20, B N C of
30, AN BN Cof60. Each cardinality is the integer part of a quotient.

Vi DU 1.4 (Bao ham — loai trir) / EXAMPLE 1.4 (Inclusion—exclusion) — C6 bao nhiéu
s6 nguyén duwong khong vuot qua 2024 chia hét cho it nhit mét trong céc sb 4, 6, 10? C6 bao
nhiéu sb trong d6 khong chia hét cho s nao?

How many positive integers not exceeding 2024 are divisible by at least one of 4, 6, 10? How many
are divisible by none of them?

Loi giai. / Solution.

Goi A, B, C la tap cac ) trong {1, ..., 2024} chia hét cho 4, 6, 10. S6 bdi cia m trong tap
nay la [2024/m].

Let A, B, C be the sets of numbers in {1, ..., 2024} divisible by 4, 6, 10. The number of multiples
of mis [2024/m/.

|A| = 506, |B| = 337, |C| = 202

BCNN(4, 6) = 12, BCNN(4, 10) = 20, BCNN(6, 10) =30, BCNN(4, 6, 10) = 60 nén:
lem(4, 6) = 12, Icm(4, 10) = 20, lcm(6, 10) = 30, lcm(4, 6, 10) = 60, so:

JANB|=168,|[ANC|=101,|BNC|=67,|]ANBNC| =33

Theo (1.2): |A U B U C| =506 + 337 + 202 — 168 — 101 — 67 + 33 = 742.
By (1.2): |A UB UC| = 506 + 337 + 202 — 168 — 101 — 67 + 33 = 742.

S6 khong chia hét cho ca ba sb 12 2024 — 742 = 1282.
The numbers divisible by none of them number 2024 — 742 = 1282.

Vay c6 742 s6 chia hét cho it nhat mot trong ba sd va 1282 s6 khong chia hét cho s6 nao.
Hence 742 numbers are divisible by at least one of the three and 1282 by none. W

NHAN XET / REMARK — L&i hay gap khi 4p dung (1.2) 1a bo s6t s6 hang cudi |A N B N
C|. Kiém nhanh: néu A, B, C d6i mot roi nhau thi moi giao bang rdng va (1.2) tré vé tong |A|
+|B| + |C|.

A common slip with (1.2) is to drop the last term |A N B N C|. Quick check: if A, B, C are pairwise
disjoint all intersections are empty and (1.2) reduces to the sum |A| + |B| + |C].

NHAN XET / REMARK — Dang tong quat cho n tap c6 dau xen ké&: tong cac |Aj|, trir tong
cac giao ddi, cong tong cac giao ba, va cir thé. Truong hop n = 3 13 du cho da s6 bai & mirc
tinh; mtrc qudc gia can dang tong quat (chwong Phép dém nang cao).

The general formula for n sets alternates signs: sum of the |A;|, minus the sum of pairwise
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intersections, plus the sum of triple intersections, and so on. The case n = 3 covers most provincial-
level problems, national level needs the general form (chapter on advanced counting).

NHAN XET / REMARK — Chimg minh hai tip bang nhau luén gom hai chiéu: liy x tuy y

trong tap th nhét va ching minh x thudce tap thir hai, roi lam nguoc lai. Chi chirng minh mot
chiéu thi méi duge A c B.

A proof'that two sets are equal always has two directions: take an arbitrary x in the first set and show
it lies in the second, then do the reverse. One direction only gives A C B.

1.4. Anh xa: don anh, toan anh, song Aanh — Maps: injections, surjections, bijections

PINH NGHIA 1.10 (Pon 4nh, toan anh, song danh) / DEFINITION 1.10 (Injection,
surjection, bijection) — Anh xa f tir tdp A vao tap B dit mdi x € A Gng véi dung mot f(x) €
B. f1a don anh néu x; # x2 = f(x1) # f(x2), tic f(x1) = f(x2) = x1 = x2. £ 12 toan anh néu moi y
€ B déu co x € A vdi f(x) =y. f1a song 4nh néu vira don 4nh vira toan anh; khi d6 véi mdi y
€ B ¢6 dung mdt x € A sao cho f(x) =y, va anh xa nguoc y — x dugc ky hiéu .

A map f from a set A into a set B assigns to each x € A exactly one f(x) € B. fis injective if x; # x2 =
fx1) #f(x2), equivalently f(x1) = f(x;) = x1 = x2. fis surjective if every y € B has some x € A with f(x) =
v. fis bijective if it is both, then each y € B has exactly one x € A with f(x) =y, and the inverse map y
> x is written .

PINH LY 1.11 (Pon 4nh — toan anh trén tap hitu han) / THEOREM 1.11 (Injective iff
surjective on finite sets) — Cho A, B 13 hai tap hitu han c6 cting s6 phan tir va f 1a anh xa tir
A vao B. Ba diéu sau tuong duong: f 1a don anh; f 13 toan anh; f1a song anh. Hé qua: néu co
song anh giita hai tap hitu han thi ching c6 cting s6 phan tir.

Let A, B be finite sets with the same number of elements and f a map from A into B. The following are
equivalent: f'is injective; fis surjective; fis bijective. Consequently, if there is a bijection between two
finite sets they have the same number of elements.

Chirng minh. / Proof.

Dit n = |A] = [B|. Néu f 1a don anh, céc gi tri f(x) v6i x € A d6i mot khac nhau nén anh
f(A) c6 diing n phan tir, 13 tap con ciia B c6 n phan tir, nén f(A) = B: 14 toan anh.

Let n = |A| = |B|. If fis injective, the values f(x), x € A, are pairwise distinct, so the image f(4)
has exactly n elements; it is a subset of B, which has n elements, hence f(A) = B and f is
surjective.

Nguoc lai, gia sir f 12 toan anh. Néu f khong 12 don anh, ton tai x; # x> cting anh, nén anh
f(A) c6 nhiéu nhat n — 1 phan tir, nho hon |B| = n, mau thuin vdi toan anh. Vay f 1a don
anh.

Conversely, let f be surjective. If f were not injective, some x; # x2 would share an image, so f(4)
would have at most n — 1 elements, fewer than |B| = n, contradicting surjectivity. So f is
injective.

Vay ba tinh chit twong duong. Phan hé qua: song 4nh g tir A 1én B cho n = |A| = |f(A)| =
IB|, vi g don anh nén |g(A)| = |A| va g toan anh nén g(A) = B.

So the three properties are equivalent. For the consequence: a bijection g from A onto B gives
] = lg(4)| = |B

, Since g is injective (so |g(A)| = |A|) and surjective (so g(4) = B). &
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NHAN XET / REMARK — Pinh 1y 1.11 sai cho tap vo han: n = n + 1 trén Z* 1a don anh
nhung khong toan anh (khong nhén gia tri 1). Moi lap luan “don anh nén toan 4nh” phai ghi
0 tap hiru han va hai tap cung cd.

Theorem 1.11 fails for infinite sets: n = n + 1 on 7" is injective but not surjective (it never takes the
value 1). Every argument “injective, hence surjective” must state that the sets are finite and of equal
size.

don anh, khong toan anh toan anh, khong don anh

Hinh 1.2. Tréi: 4nh xa don 4nh nhung khéng toan anh (phn tir 3 khong dugc nhan). Phai: 4nh
xa toan anh nhung khong don 4nh (a va b cung anh 1).
Figure 1.2. Left: an injective map that is not surjective (element 3 is never hit). Right: a surjective map
that is not injective (a and b share the image 1).

y=2+3/(x—1)

x=1

2 4 6
Hinh 1.3. D6 thiy = 2x + 1)/(x — 1) =2 + 3/(x — 1): mdi dudng ngang y = ¢ vdi ¢ # 2 cét do thi
dung mot diém, dudng y = 2 khong cit.
Figure 1.3. Graph of y = (2x + 1)/(x — 1) = 2 + 3/(x — 1): each horizontal line y = ¢ with ¢ # 2 meets the
graph exactly once; the line y = 2 never does.

VI DU 1.5 (Chitng minh song anh) / EXAMPLE 1.5 (Proving bijectivity) — Cho X =R \
{I} vaY =R\ {2}, f(x) = (2x + 1)/(x — ). Chung minh f 13 song anh tir X [én Y va tim anh
Xa nguoc.

Let X=R\ {1}, Y=R\ {2} and f(x) = (2x + 1)/(x — 1). Prove that fis a bijection from X onto Y and
find the inverse.
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Loi giai. / Solution.
1. Gia tri thude Y: f(x) =2 + 3/(x — 1) va 3/(x — 1) # 0 nén f(x) # 2.
Values liein Y: f(x) =2 + 3/(x — 1) and 3/(x — 1) # 0, so f{x) + 2.
2. Pon anh. Gia str f(a) =f(b) voia,b € X. Khidé 3/(a—1)=3/(b—1),suyraa—1=>b
—1,ttca=h.
Injective. Suppose f(a) = f(b) witha, b €X. Then 3/(a— 1) =3/(b—1),soa—1=b— 1,
that is a = b.
3. Toan anh. Ly y € Y. Patx = (y + 1)/(y — 2), co nghia viy # 2. Khi d6 x — 1 = 3/(y —
2)#0nénx € X, vaf(x)=2+3/(x—1)=2+(y—2)=y.
Surjective. Takey €Y. Putx = (y + 1)/(v — 2), defined since y # 2. Thenx — 1 =3/(y — 2) #
0,sox €EX, andf(x) =2+3/(x—1)=2+@H—2)=y.
Vay f1a song anh tir X 1én Y, 4nh xa nguoc £ 1(y) = (y + D/(y —2) v6iy # 2.
Hence f'is a bijection from X onto Y with inverse f1(y) = (y + D/(y — 2) fory#2. &

LOI HAY GAP / COMMON MISTAKE — Chirng minh toan 4nh bing cach giai phuong
trinh f(x) = y roi khong kiém tra nghiém x tim duoc c6 thudc tap xac dinh hay khong. O Vi du
1.5, néu bo qua x # 1 thi khong biét y = 2 phai bi loai.

Proving surjectivity by solving f(x) = y and not checking that the solution x lies in the domain. In
Example 1.5, ignoring x # 1 hides why y = 2 must be excluded.

1.5. Chirng minh trwe tiép, biang phan dio va bang phan chirmg — Direct proof,

contrapositive and contradiction

Chung minh tryc tiép di tir gia thiét t6i két luan bang cac suy luan lién tiép; v6i so
nguyén, k¥ thuat chinh 14 xét s6 du va phan tich thanh nhan tir. Ching minh bang phan
dao thay P = Q bang (—Q) = (=P), hop 1é theo Dinh 1y 1.5. Chirng minh phan ching gia
sir diéu can chimg minh sai, réi suy ra mot diéu vo 1y; didu vo 1y c6 thé 1a trai gia thiét,
tréi mot sy that da biét, hodc tw mau thuan.

A direct proof runs from the hypotheses to the conclusion through successive deductions; for
integers the main tools are residues and factorisation. A proof by contrapositive replaces P = Q

by (—Q) = (—P), which is legitimate by Theorem 1.5. A proof by contradiction assumes the

claim is false and derives an absurdity: a clash with a hypothesis, with a known fact, or with
itself.

VI DU 1.6 (Xét s6 du) / EXAMPLE 1.6 (Case analysis by residues) — Cho céc sé nguyén
a, b. Chirng minh rang néu a2 + b2 chia hét cho 3 thi ca a va b déu chia hét cho 3.
Let a, b be integers. Prove that if a’ + b is divisible by 3 then both a and b are divisible by 3.

Loi giai. / Solution.
1. Binh phuong ctia mét s6 nguyén chia 3 du 0 hodc 1: n =3k chon®>=9k?>=0; n =3k +
1 chon?>=9k?>+ 6k + 1 =1 (mod 3).
A square leaves remainder 0 or 1 on division by 3: n = 3k gives n’ = 9k’ =0, n = 3k + 1
gives n’ = 9k’ £ 6k + 1 = 1 (mod 3).
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2. Xét tong a® + b? theo cac du cua hai binh phuwong: 0+0=0,0+1=1,1+0=1,1+
1 =2 (mod 3). Chi trudng hop dau cho téng chia hét cho 3.
Add the residues of the two squares: 0 + 0=0,0+1=1,1+0=1,1+1=2(mod?3).
Only the first case gives a sum divisible by 3.
Vay a2=b2 =0 (mod 3), tirc 3 | a2 va 3 | b% nén 3 | a va 3 | b (vi néu n khong chia hét cho
3 thin? chia 3 du 1).
Hence @’ = b? = 0 (mod 3), so 3 | a®> and 3 | b°, and therefore 3 | a and 3 | b (a number not
divisible by 3 has a square leaving remainder 1). R

VI DU 1.7 (Phan dao) / EXAMPLE 1.7 (Contrapositive) — Cho s6 nguyén dwong n.
Chimg minh rang néu n? — 1 khong chia hét cho 8 thi n 1a s chan.
Let n be a positive integer. Prove that if n> — 1 is not divisible by 8 then n is even.

Loi giai. / Solution.
1. Chtng minh phan dao: néu n 1¢ thi 8 | n> — 1. C4ch nay tién vi gia thiét “n 1&” cho
dugc dang tudng minh, con gia thiét goc “khong chia hét” thi khong.
Prove the contrapositive: if n is odd then 8 | n’ — 1. This is convenient because “n is odd”
gives an explicit form, whereas the original hypothesis “not divisible” does not.

2.Néun1é, n=2k + 1 v6i k nguyén, k > 0. Khi d6 n> — 1 = 4k> + 4k = 4k(k + 1).
Ifnis odd, n = 2k + 1 with k an integer, k> 0. Then n’ — 1 = 4k* + 4k = 4k(k + 1).

3. Trong hai s6 nguyén lién tiép k va k + 1 c6 mot s6 chin nén k(k + 1) chia hét cho 2,
suy ra 4k(k + 1) chia hét cho 8.
Of the consecutive integers k and k + I one is even, so 2 | k(k + 1), and hence 8 | 4k(k + 1).

Vay phan d4o dtng, va theo Pinh 1y 1.5 ménh dé da cho dung.

So the contrapositive holds, and by Theorem 1.5 the given statement is true. R

BO PE 1.12 (Uéc nguyén td, bo dé Euclid) / LEMMA 1.12 (Prime divisor, Euclid’s
lemma) — Moi s6 nguyén n > 1 déu c6 udc nguyén t6. Hon nita, néu p 1a s6 nguyén t6 vap |
ab thi p | a hodc p | b (bd dé Euclid).

Every integer n > 1 has a prime divisor. Moreover, if p is a prime and p | ab thenp | aorp | b
(Euclid’s lemma).

Chirng minh. / Proof.

Tap cac udc 16n hon 1 ciia n khac réng (chtra n), nén theo nguyén 1y sap tht tu tot (Muc
1.6) c¢6 phan tir nho nhat d. Néu d ¢6 udc e voi 1 < e < d thi e ciing 1a uéc ciia n nhé hon
d, vo ly. Vay d nguyén td.

The set of divisors of n exceeding 1 is non-empty (it contains n), so by the well-ordering

principle (Section 1.6) it has a least element d. If d had a divisor e with 1 < e < d then e would
be a smaller divisor of n, absurd. So d is prime.

B6 dé Euclid: gia st p | ab va p + a. Vi p nguyén t6 nén udc chung 16n nhit cia p va a
bang 1, theo dinh 1y Bézout c6 cic s6 nguyén u, v v6i up + va = 1. Nhan véi b: upb + vab
= b. Ca hai s6 hang bén trai chia hét cho p, nén p | b. Pinh Iy Bézout dung & diy dugc
ching minh trong chwong vé chia hét, UCLN va sd nguyén to.
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Euclid’s lemma: suppose p | ab and p f a. Since p is prime, gcd(p, a) = 1, and by Bézout’s
theorem there are integers u, v with up + va = 1. Multiplying by b: upb + vab = b. Both terms on
the left are divisible by p, so p | b. Bézout’s theorem used here is proved in the chapter on
divisibility, gcd and primes. W

PINH LY 1.13 (Tinh vd ti ciia \2) / THEOREM 1.13 (Irrationality of V2) — S6 V2 13 s6
Vo ti.
The number N2 is irrational.

Chirng minh. / Proof.

Gia sir V2 = p/q v6i p, q nguyén duong va phan sd p/q t6i gian (udc chung 16n nhat cia p
va q bang 1).

Suppose N2 = p/q with p, q positive integers and p/q in lowest terms (gcd(p, q) = 1).

Binh phuong: p? = 2q2, nén p? chan. Néu p 1é thi p? 1¢, nén p chin: p = 2r.
Squaring: p* = 2¢°, so p’ is even. If p were odd then p? would be odd, so p is even: p = 2r.

Thay vao: 4r> = 2¢?, tirc q* = 2r%, nén q chan theo cung 1ap luan. Khi d6 2 1a u6c chung
clia p va q, mau thuln vai ged(p, q) = 1. Vay V2 v6 ti.

Substituting: 4r° = 2q°, that is g° = 2r°, so q is even by the same argument. Then 2 is a common
divisor of p and q, contradicting ged(p, q) = 1. Hence \2 is irrational. ®

PINH LY 1.14 (Pinh 1y Euclid vé s6 nguyén t6) / THEOREM 1.14 (Euclid’s theorem on
primes) — C6 v6 han s6 nguyén td.
There are infinitely many primes.

Chirng minh. / Proof.
Gia str chi c6 hiru han s6 nguyén té p1, pa, ..., pk. Pat N =pipa...px + 1> 1.
Suppose there are only finitely many primes pi, p2, ..., pr. Put N=pip>..pr + 1> 1.

Theo B6 dé 1.12, N ¢6 udc nguyén té q. Vi moi s nguyén t6 déu nam trong danh sach, q
= pi voi mdt i nao do.

By Lemma 1.12, N has a prime divisor q. Every prime is in the list, so q = pi for some i.

Khi d6 q chia hét ca N 1an tich pi...pk, nén q chia hét hiéu cua chung 1a 1, vo 1y vi q > 2.
Viy ¢6 vo han s6 nguyén td.

Then q divides both N and the product pj...pi, hence their difference 1, absurd since q > 2. So
there are infinitely many primes. W

PHAN TICH / ANALYSIS — Truc tiép thi chi c6 mét s6 hitu ti r = V2 + V3 dé dung. Gia sir
r hitu ti rdi tim mot biéu thirc hitu ti khac chua riéng 3 hodc riéng \2. Biéu thuc lién hop 1/r
=~3 — 2 13 16i ra: r va 1/r cho hai phuong trinh bac nhét véi hai 4n V2, V3.

Directly there is only the number r = N2 + N3 to work with. Assume r is rational and look for another
rational expression that isolates N3 or \N2. The conjugate 1/r =3 — N2 is the way out: r and 1/r give
two linear equations in the two unknowns N2, V3.
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VI DU 1.8 (Phan chirg véi lién hop) / EXAMPLE 1.8 (Contradiction with the
conjugate) — Chung minh V2 + V3 1a s6 vo ti.
Prove that \2 + N3 is irrational.

Loi giai. / Solution.

1. Trude hét V3 vo ti. Gia sir V3 = p/q tdi gian, p, q nguyén duong. Khi d6 p*> = 3q% nén
3 | p?, theo bd dé Euclid 3 | p, p = 3r. Suy ra 912 = 3q% ¢* = 3r% nén 3 | q. Hai sd p, q
cung chia hét cho 3, méau thuan tinh tdi gian.

First, \3 is irrational. Suppose V3 = p/q in lowest terms, p, q positive integers. Then p*> =
3¢ so 3| p?, and by Euclid’s lemma 3 | p, p = 3r. It follows that 9¥° = 3¢°, ¢° = 31, s0 3 | q.
Both p and q are divisible by 3, contradicting lowest terms.

2. Gia str s = V2 + V3 1a 86 hitu ti; 13 rang s > 0. Do (V3 —V2)(\3 +V2) =3 —2=1nén
V3 —~2 = 1/s ciing hitu ti.

Suppose s = N2 + 3 is rational; clearly s > 0. Since N3 =N2)AN3+~N2)=3-2=1, the
number N3 — N2 = 1/s is also rational.

3.Cong s va 1/s: s+ 1/s =23, nén V3 = (s + 1/s)/2 1a s6 hitu ti, mau thuin voi bude 1.
Adding s and 1/s: s + 1/s = 2\3, so N3 = (s + 1/5)/2 would be rational, contradicting step 1.

Vay V2 + V3 1a s vo ti.
Hence N2 + 3 is irrational. m

mdi cung ndi hai s6 c6 tong 11

TN

OO ONONONOIONOMNONOC,

Hinh 1.4. Nam cap c6 téng 11 chia tap {1, ..., 10}; sau s6 duoc chon budc ¢6 hai s6 trong cung
mot cap.
Figure 1.4. Five pairs with sum 11 split {1, ..., 10}, six chosen numbers force two into the same pair.

PHAN TiCH / ANALYSIS — Consb 11 xuathién vi1 +10=2+9=... =5+ 6. Mudi s
chia thanh ndm cip “bu nhau”. Chon sau s6 ma khong co hai s6 nio ciing cap thi can it nhat
sdu cip. Py 1a phan ching gin véi phép dém: gia sir khong co hai sé nao c6 téng 11 rdi dém
ti da s6 phﬁn tir chon duogec.

The number 11 appears because 1 + 10 =2 + 9 = ... =5 + 6. The ten numbers split into five
complementary pairs. Six chosen numbers with no two in one pair would need at least six pairs. This
is contradiction tied to counting.: assume no two numbers sum to 11 and count the largest possible
selection.

Vi DU 1.9 (Phan chirng va dém) / EXAMPLE 1.9 (Contradiction and counting) — Chon
sdu s6 nguyén phan biét tir tap {1, 2, ..., 10}. Ching minh rang trong sau sb d6 c6 hai sé co
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téng bang 11. Khang dinh con dung khi chi chon nam s6 khong?
Choose six distinct integers from {1, 2, ..., 10}. Prove that two of them have sum 11. Does the claim
remain true if only five numbers are chosen?

Loi giai. / Solution.

1. Chia tap thanh nam cap Pi= {i, 11 —1i},1=1, ..., 5: {1, 10}, {2, 9}, {3, 8}, {4, 7}, {5,
6}. Mdi sb cua tap thudc diing mot cip, va hai sd trong ciing mot cip co tong 11.
Split the set into five pairs P; = {i, 11 — i}, i =1, ..., 5: {1, 10}, {2, 9}, {3, 8}, {4, 7}, {5, 6}.
Each element lies in exactly one pair, and the two numbers in one pair sum to 11.

2. Gia sir trong sau s6 dugc chon khong c6 hai s6 nao tong 11. Khi d6 mdi cdp chira
nhiéu nhat mot s6 duoc chon, nén sb sb duge chon nhiéu nht 13 5, mau thuan véi 6.
Suppose no two of the six chosen numbers sum to 11. Then each pair contains at most one
chosen number, so at most 5 numbers are chosen, contradicting 6.

3. Véinam so: {1, 2, 3, 4, 5} khong c6 hai s6 nao tong 11 (tong 16n nhat 13 4 + 5 =9),
nén khang dinh sai.
With five numbers: {1, 2, 3, 4, 5} has no two numbers with sum 11 (the largest sum is 4 + 5
=9), so the claim fails.

Vay sédu s6 ludn c6 hai so tong 11, va con s6 sau la nho nhat cé tinh chat nay.

Hence any six numbers contain two with sum 11, and six is the least number with this property.
|

NHAN XET / REMARK — Phan chiing chi dung khi phi dinh ctia két luan cho thém mot
dir kién c6 ich (nhu “tdi gian”, “N 1a tich ctia moi s6 nguyén t6”). Néu lap luan cudi chi la
chtng minh tryc tiép nam giira hai cAu “gia st” va “mau thudn”, hay viét lai bang chimg minh
truc tiép.

Use contradiction only when negating the conclusion hands you a useful extra fact (such as “lowest

terms” or “N is built from all the primes”). If the argument is just a direct proof sandwiched between
“suppose” and “‘contradiction”, rewrite it as a direct proof.

LOI HAY GAP / COMMON MISTAKE — Phan ching V2 ma quén néu gia thiét p/q tbi
gian: khi d6 “p va q ciing chin” khong méu thuan véi didu gi.

Proving N2 irrational by contradiction without stating that p/q is in lowest terms: “p and q are both
even’” then contradicts nothing.

LOI HAY GAP / COMMON MISTAKE — Phu dinh sai két luan khi phan chtng. Phu
dinh ctia “ton tai nghiém nguyén duong” 13 “khong c¢6 nghiém nguyén duong nao”, khong
phai “moi nghiém déu 4m”.

Negating the conclusion wrongly in a proof by contradiction. The negation of “a positive integer
solution exists” is “‘no positive integer solution exists”, not “every solution is negative”.

1.6. Quy nap va nguyén ly Sf’lp thir ty tot — Induction and the well-ordering
principle

PINH NGHIA 1.15 (Nguyén Iy sip thit tw tét) / DEFINITION 1.15 (Well-ordering
principle) — Nguyén ly sip tht ty tot: moi tap con khac rdng cua tap cac sb tw nhién N = {0,
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1,2,...} déu co phﬁn ttr nho nhat. Day la tinh chit co ban cta s6 tu nhién va duge thira nhan;
moi dang quy nap trong muc ndy dugc suy ra tur no.

The well-ordering principle: every non-empty subset of the natural numbers N = {0, 1, 2, ...} has a
least element. It is a basic property of the natural numbers and is taken as given; every form of
induction below follows from it.

Quy nap giéng mot hang quan co domino: budc co s ddy quan dau tién, budc quy nap
bao dam quéan nao d6 thi quan ké tiép d6. Thiéu mot trong hai thi hang khong d6 hét.
Induction works like a row of dominoes: the base case tips the first one, the inductive step
guarantees that whenever one falls the next falls too. Without either, the row does not all fall.

PINH LY 1.16 (Nguyén ly quy nap) / THEOREM 1.16 (Principle of induction) — Quy
nap thuong. Cho P(n) 1 mot ménh dé véi n 1a sb nguyén n > no. Néu (i) P(no) dang (budc co
s0) va (i1) véi moi k > no, P(k) diing kéo theo P(k + 1) diing (budc quy nap), thi P(n) ding vai
moi n > no.

Ordinary induction. Let P(n) be a statement about an integer n > ny. If (i) P(ny) is true (base case) and
(ii) for every k > ng, P(k) true implies P(k + 1) true (inductive step), then P(n) is true for all n > ny.

Chirng minh. / Proof.

Gia sir két luan sai. Tap S cac s6 n > no ma P(n) sai khac réng, nén theo Dinh nghia 1.15
¢6 phan tr nh nhat m.

Suppose the conclusion fails. The set S of integers n > ng for which P(n) is false is non-empty, so
by Definition 1.15 it has a least element m.

Theo (i), m # no, nén m — 1 >no. Do m nho nhét trong S nén P(m — 1) dung. Theo (ii) véi
k=m — 1, P(m) dang, mau thudn véi m € S. Vay S rong.

By (i), m # no, som — 1 >ng. As m is least in S, P(m — 1) is true. By (ii) with k = m — 1, P(m) is
true, contradicting m €. So S is empty. W

PINH LY 1.17 (Quy nap manh) / THEOREM 1.17 (Strong induction) — Quy nap manh
(nhiéu co s&). Cho r > 1. Néu P(no), P(no + 1), ..., P(no + r — 1) déu dung (r budc co o), va
v6i moi k >no + 1, tir gia thiét P(m) dtng v&i moi m ¢6 no < m < k suy ra P(k) dtng, thi P(n)
ding v&i moi n > no.

Strong induction (several base cases). Let r > 1. If P(ng), P(no + 1), ..., P(no +r — 1) are all true (r
base cases), and for every k > ny + r, the truth of P(m) for all m with no <m < k implies P(k), then
P(n) is true for all n > ny.

Chirng minh. / Proof.

bat Q(n): “P(m) dung véi moi m ¢6 ng < m < n”. Ta chirng minh Q(n) dang véin>ng +r
— 1 bang quy nap thuong (Dinh 1y 1.16).

Let Q(n) be: “P(m) is true for all m with no <m <n”. We prove Q(n) for n > ng +r — [ by
ordinary induction (Theorem 1.16).

Co s6: Q(no + r — 1) dung vi d6 chinh 14 r budc co sé. Bude quy nap: néu Q(k — 1) ding
v6i k > no + r thi P(m) ding véi moi no < m <k, nén theo gia thiét P(k) ding, suy ra Q(k)
ding.
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Base: Q(ng + r — 1) holds, being exactly the r base cases. Step: if Q(k — 1) holds for some k > ny
+ r then P(m) holds for every nop <m < k, so P(k) holds by hypothesis and Q(k) follows.

Moi P(n) v6i n > no nam trong mét Q(n) nén ding.

Every P(n) with n > ny sits inside some Q(n), so it is true. ®

PINH LY 1.18 (Quy nap Cauchy) / THEOREM 1.18 (Cauchy induction) — Quy nap
Cauchy (tién — Iui). Cho P(n) 1a ménh d& véi s6 nguyén n > 2. Néu (i) P(2) dtng; (ii) véi moi
n > 2, P(n) dting kéo theo P(2n) dung; (iii) vdi moi n > 3, P(n) ding kéo theo P(n — 1) dung;
thi P(n) dung v6i moi n > 2.

Cauchy induction (forward—backward). Let P(n) be a statement about integers n > 2. If (i) P(2) is
true, (ii) for every n > 2, P(n) implies P(2n); (iii) for every n > 3, P(n) implies P(n — 1), then P(n) is
true for all n > 2.

Chirng minh. / Proof.

T (i) va (ii), bang quy nap thuong theo k: P(2%) ding véi moi k > 1 (P(2¥) kéo theo
P(2k+1))'

From (i) and (ii), by ordinary induction on k: P(2*) is true for all k > 1 (P(2*) implies P(2¥*")).

Véin > 2 bat ky, chon k sao cho 2¥ > n. P(2¥) dung; ap dung (iii) lién tiép vai 2%, 28 — 1,
...,n+ 1 (déu>3) tanhan P(2*— 1), ..., P(n) dung.

For any n > 2 choose k with 2* > n. P(2*) is true; applying (iii) successively at 2%, 2 — 1, ..., n +
1 (all > 3) yields P(2* — 1), ..., P(n). ®

PHAI THUQC / MEMORISE — Loi giai quy nap gom bon phan viét riéng: phat biéu P(n);
budc co s (v6i moi gia tri dau can thiét); gia thiét quy nap; chimg minh budc quy nap co
dung gia thiét; két luan.

An induction write-up has separate parts: state P(n); the base case (every starting value needed); the
inductive hypothesis; the inductive step, visibly using the hypothesis, the conclusion.

Vi DU 1.10 (Quy nap thwong) / EXAMPLE 1.10 (Ordinary induction) — Chimg minh
rang voi moi s nguyén dwong n: 1-2' +2:22+ 323+ .. +1n-2"=(n— 1)-2"! + 2.
Prove that for every positive integer n: 1-2' + 22> + 322+ .. +n2"=m — 1):2"" + 2.

Loi giai. / Solution.

1. Goi P(n) 1a dang thirc da cho. Co s n = 1: vé trai bang 1-2 = 2, vé phai bang 0-4 + 2
=2. P(1) dung.
Let P(n) be the stated identity. Base n = 1: the left side is 1-2 = 2, the right side is 0-4 + 2 =
2. P(1) holds.

2. Gia thiét P(k) dung véi motk > 1: 1-2' + ... + k-2k=(k — 1)-281 + 2.
Hypothesis: P(k) holds for some k>1: 1-2' + ... + k28 = (k — 1)-2F"1 + 2

3. Cong (k + 1)-2¥*! vao hai vé: vé phai trd thanh (k — 1)-2¥1 + 2 + (k + 1)-2"1 =
2k-2K T + 2 =k-2K2 + 2,
Add (k + 1)-2%"! to both sides: the right side becomes (k — 1)-2¥"1 + 2 + (k + 1)-2F1 =
2k 2K+ 2 = |22 4 2,
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D6 chinh 1a vé phai cua P(k + 1), vi (k + 1) — 1)-206D*1 + 2 = k-252 4 2 Theo nguyén Iy
quy nap, dang thirc ding v6i moin > 1.

That is exactly the right side of P(k + 1), because ((k + 1) — 1) 26D+ + 2 = |22 + 2 By
induction the identity holds for alln>1. ®

PHAN TICH / ANALYSIS — Hé thirc truy hdi ndi an v6i hai sé hang trudce, nén bude quy
nap can ca P(n) 1dn P(n + 1). Vi thé budc co s& phai kiém hai gia tri n = 1 va n = 2. Kiém mot
gié tri 1a thiéu, va 13 16i mat diém kinh dién.

The recurrence ties a+: to the two previous terms, so the inductive step needs both P(n) and P(n + 1).

The base case must therefore check two values, n = I and n = 2. Checking one is not enough, and it is
the classic way to lose marks.

VI DU 1.11 (Quy nap hai buéc) / EXAMPLE 1.11 (Two-step induction) — Cho diy a; =
1, 2=>5, ant2 = 5an+1 — 62, v6i n > 1. Chimg minh a, = 3" — 2" v6i moi s6 nguyén duong n.
The sequence satisfies a; = 1, az = 5, an+2 = 5an+1 — 6an for n > 1. Prove that a, = 3" — 2" for every
positive integer n.

Loi giai. / Solution.
1.Cosé:ar=1=3—-2vaa,=5=9—4. Hai gia tri du dung.
Base:a;=1=3—2and a> =35 =9 — 4. The first two values hold.
2. Gia thiét: ax = 3% — 2 va a = 351 = 21 v6i mot k > 1.
Hypothesis: ax = 3* — 2% and ar+; = 3¥*1 = 2! for some k> 1.
3. Khi d6 ags2 = 5351 — 2K — 6(3k — 2K) = 3%(15 — 6) — 25(10 — 6) = 9-3k — 4.2k = 3k+2
_ 2k+2.
Then ag+2 = 5(3*1 — 2k41) — 63k — 2%) = 3K(15 — 6) — 2%(10 — 6) = 9-3k — 4:2k = 3k+2 —
2k+2.
Vay cong thirc dung cho n = k + 2 khi dung cho k va k + 1; két hop hai gia tri dau, theo
quy nap manh (Pinh 1y 1.17 véir=2) a, =3"— 2" véimoin > 1.
So the formula holds for k + 2 whenever it holds for k and k + 1; with the first two values, strong
induction (Theorem 1.17 withr = 2) gives a, =3" — 2" foralln>1. &

PHAN TiCH / ANALYSIS — Thi c4c s6 nho: 4a+ 7b c6 thé 13 0,4, 7, 8, 11, 12, 14, 15,
16, 18, 19, 20, 21, ... va bo qua 17. Sau 17 duong nhu khéng con 15 héng. Néu 18, 19, 20, 21
déu biéu dién duge thi thém 4 cho ta bon s6 ké tiép, va ctr thé bon s6 mot 1an pht kin moi s6
16n hon. S6 co s6 bang 4 vi budc nhay 13 4.

Try small values: 4a + 7b can be 0, 4, 7, 8, 11, 12, 14, 15, 16, 18, 19, 20, 21, ... and it skips 17. After
17 there seem to be no more gaps. If 18, 19, 20, 21 are all representable, adding 4 gives the next four

numbers, and four at a time covers everything above. There are 4 base cases because the step size is
4.

Vi DU 1.12 (Quy nap nhiéu co s&) / EXAMPLE 1.12 (Induction with several base cases)
— Ching minh rang moi s6 nguyén n > 18 déu viét duoc dudi dang n = 4a + 7b véi a, b 1a s6
nguyén khong am, va 17 khong viét dugc dudi dang do.

Prove that every integer n > 18 can be written as n = 4a + 7b with non-negative integers a, b, and
that 17 cannot.
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Loi giai. / Solution.
1. Co s (bon giatri): 18=4-1+7-2,19=4-3+7-1,20=4-5+7-0,21=4-0+7-3.
Base (four values): 18 =41 +72,19=43+71,20=45+70 21 =40+73.
2. Bu6c quy nap manh: véin > 22, sé n — 4 > 18 nén theo gia thiét n — 4 = 4a + 7b. Khi
don=4(a+1)+7b.
Strong step: for n > 22, the number n — 4 > 18, so by hypothesis n — 4 = 4a + 7b. Then n =
4(a+ 1)+ 7b.

3.V6il17:néul7=4a+7bthib € {0, 1,2} vi7b<17.Khid6 17 —7b béng 17, 10, 3,
khong s6 nao chia hét cho 4.
For 17:if 17 =4a + 7b then b € {0, 1, 2} since 7b < 17. Then 17 — 7b equals 17, 10, 3, none
divisible by 4.

Vay moi n > 18 biéu dién duoc theo Pinh 1y 1.17 (r = 4), con 17 thi khong.
Hence every n > 18 is representable by Theorem 1.17 (r = 4), while 17 is not. &

PHAN TiCH / ANALYSIS — Quy nap tir n 1én n + 1 kho vi phai thém mot s ma van kiém
soat duge tong. Lui tir n xuéng n — 1 d& hon: thém vao n — 1 s6 mét sb bang trung binh cua
chung thi ca hai vé dbi theo cach tinh duoc. Trudng hop hai s6 13 hang déng thirc (x — y)2 >0,
va ghép hai nhom cho budc nhan doi. Cap “nhan déi, lui mot” cia Pinh 1y 1.18 phu hop.
Induction from n to n + 1 is hard because a new number must be added while the sum stays under
control. Going down from n to n — 1 is easier: append to the n — 1 numbers one equal to their mean
and both sides change in a computable way. Two numbers give the identity (x — y)> > 0, and joining
two groups gives the doubling step. The “double, step back” pair of Theorem 1.18 fits.

VI DU 1.13 (Quy nap Cauchy) / EXAMPLE 1.13 (Cauchy induction) — Ching minh

rang v6i moi s6 nguyén n > 2 va moi s6 thuc xi, X, ..., Xn: n(X12 + x22 + ... + xa2) > (x1 + X2 +
..t Xn)z.
Prove that for every integer n > 2 and all real numbers x, x>, ..., Xu: n(x;> +x2° + ... + x,°) > (X1 + x>
2
P o00 I Tl

Loi giai. / Solution.

1. Goi P(n) 1a bat dang thirc. P(2): 2(x2 + y?) — (x + y)* = (x — y)* > 0.
Let P(n) be the inequality. P(2): 2(x> +1?) — (x + y)? = (x — y)* > 0.

2. P(n) = P(2n). Chia 2n s6 thanh hai nhom n s6 ¢6 tong Si, Sz va tong binh phuong Qi,
Q2. Theo P(n): nQ: > Si2, nQz > S»2. Theo P(2) cho hai s6 S1, Sa: 2(Si12 + $22) > (S1 +
S2)%. Vay 2n(Q1 + Q2) > 2(Si* + S$2%) > (S1 + S2)?, tlire P(2n).

P(n) = P(2n). Split the 2n numbers into two groups of n with sums S, S> and sums of
squares Q1, Q2. By P(n): nQ; > S/, nQ>>S>°. By P(2) for the two numbers Si, S»: 2(Si? +
$2) > (S; + S2)2. Hence 2n(Q1 + Q) > 2(Si? + §2) > (S; + S2)2, which is P(2n).
3.P(n)=P(n—1)véin>3.Choxi, ..., Xa1 cOtong Sva Q =x2+ ... + Xo12. Pat m =
S/(n — 1) va xo = m. Theo P(n): n(Q +m?) > (S + m)? = (nm)?. Chia cho n: Q + m?>
nm?, tcc Q > (n — 1)m?. Nhan v6in—1: (n — 1)Q > (n — 1)’m? = S, tlrc P(n — 1).
P(n) = P(n— 1) for n > 3. Take xi, ..., xo—1 with sum S and Q = x;° + ... + xo—1°. Putm =
S/(n — 1) and x, = m. By P(n): n(Q + m?) > (S + m)?> = (nm)°. Divide by n: Q + m> > nm?,
that is Q > (n — I)m?. Multiply by n — 1: (n — 1)Q > (n — 1)°m? = §°, which is P(n — 1).
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Ba diéu kién ctia Dinh 1y 1.18 thoa man, nén bat dang thirc ding vi moi n > 2.
All three conditions of Theorem 1.18 hold, so the inequality is true for everyn >2. B

NHAN XET / REMARK — Diu bang trong vidu .13 xdy rakhi vachikhixi=x2=... =
Xn. Bat dang thirc nay 1a hé qua cua bat ding thirc Cauchy—Schwarz (chuong Cac bét dang
thirc ¢6 dién) voi bo (1, ..., 1); cach ching minh & day chi dung phép toan dai sb 16p 8 va
dung k¥ thuat tién — lui.

Equality in Example 1.13 holds exactly when x; = x2 = ... = Xu. The inequality also follows from the
Cauchy—Schwarz inequality (chapter on classical inequalities) with the tuple (1, ..., 1); the proof here
uses only school algebra and uses the forward—backward technique.

PHAN TICH / ANALYSIS — Céc hé s 1, 2, 4 1am tinh chén 1¢ lan ra: x phai chén, roi y
chin, rdi z chin, va chia ca ba s6 cho 2 thi ra ding phuong trinh cii. Mot nghiém khac 0 sinh
ra nghiém khac 0 nho hon, mai mai. Nguyén 1y sap tha tu tot chan qua trinh nay: 1dy nghiém
¢6 |x| + |y| + |z| nho nhAt.

The coefficients 1, 2, 4 make parity spread.: x must be even, then y, then z, and halving all three
returns the same equation. One non-zero solution produces a smaller non-zero solution, for ever. The
well-ordering principle stops this: take the solution with |x| + |y| + |z| least.

VI DU 1.14 (Lui vd6 han) / EXAMPLE 1.14 (Infinite descent) — Tim tt ca cac bd sb
nguyén (X, y, z) théa man x> + 2y* = 42°,
Find all integer triples (x, y, z) satisfying x* + 2y° = 42°.

Loi giai. / Solution.

1. B0 (0, 0, 0) 1a nghiém. Gia st c6 nghi¢m khac (0, 0, 0). Tap céc gia tri |x| + |y| + |
ctia cac nghiém khac (0, 0, 0) 13 tp con khac rong ctia Z*, nén c6 phﬁn tir nho nhat;
lay nghiém (x, y, z) dat gi4 tri nh6 nhat do.

The triple (0, 0, 0) is a solution. Suppose there is a solution other than (0, 0, 0). The values
. so there is a least one; take

a solution (x, y, z) attaining it.

2. x3 = 47° — 2y? chin nén x chan: x = 2u. Thay vao: 8u’ + 2y* = 473, suy ra y* = 27° —
4u® chan, nén y chan: y = 2v.

x? =423 — 2y% is even, so x is even: x = 2u. Substituting: 8u® + 2y° = 423, hence y* = 22° —
41’ is even, so y is even: y = 2v.

3. Thay y = 2v: 8u® + 16v® = 473, suy ra z°> = 2u® + 4v° chin, nén z chin: z = 2w.
Substituting y = 2v: 8u’ + 16V = 423, hence z° = 2u’ + 4V is even, so z is even: z = 2w.

4. Thay x = 2u, y = 2v, z = 2w va chia cho 8: u® + 2v? = 4w>. Vay (u, v, w) cling 1a
nghiém, khéc (0, 0, 0), v6i [u| + |[v| + |w| = (|x| + [y| + |z[)/2, nhé hon gia tri nho nhat.
Mau thuin.

Substituting x = 2u, y = 2v, z = 2w and dividing by 8: u*> + 2V = 4w*. So (u, v, w) is also a
solution, different from (0, 0, 0), with |u| + |v| + |w| = (x| + |y| + |z|)/2, smaller than the
least value. Contradiction.

Vay phuong trinh chi ¢6 nghiém nguyén (x, y, z) = (0, 0, 0).

Hence the only integer solution is (x, y, z) = (0, 0, 0). &
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NHAN XET / REMARK — Céach i v6 han ciing viét duoc nhu quy nap: chirng minh bang
quy nap manh theo N = [x| + |y| + || rang khong c6 nghiém khéc (0, 0, 0) véi tong bang N.
Hai cach twong dwong; chon cach nao thi viét tron ven cach do.

Infinite descent can be written as induction too: prove by strong induction on N = |x| + |y| + |z| that

no solution other than (0, 0, 0) has total N. The two are equivalent; whichever is chosen, write it out

in full.

LOI HAY GAP / COMMON MISTAKE — Quy nap thiéu budc co sd: chimg minh “2° >
n2 véin > 1” bang budc quy nap roi két luan, trong khi bat ddng thirc sai 9 n=2, 3, 4 (véin =
2,3,4 vétraila4, 8, 16 con vé phai la 4, 9, 16). Budc co s¢ ding lan = 5.

Induction without a base case: proving “2" > n’ for n > 1" by the inductive step alone and concluding,
although the inequality fails at n = 2, 3, 4 (for n = 2, 3, 4 the left side is 4, 8, 16 and the right side 4,

9, 16). The right base case is n = 5.

LOI HAY GAP / COMMON MISTAKE — Budc quy nap c6 dung gia thiét P(k) nhung &
bude cudi viét “twong ty” hodc “hién nhién” cho dung phép bién ddi kho nhat. Giam khao trix
diém chinh chd do.

An inductive step that quotes P(k) but writes “similarly” or “clearly” for exactly the hardest
manipulation. The marker deducts at that very place.

LOI HAY GAP / COMMON MISTAKE — Quy nap “chimg minh” ring moi con ngwa
cling mau: budc tir n 1én n + 1 dung hai nhém n con ngya c6 chung phan tir, nhung véin = 1
hai nhom khong c6 phan tir chung. Budc quy nap phai dung véi moi k ké ca gia tri nho nhat,
chur khong riéng cac k 16m.

The “proof” by induction that all horses have the same colour: the step from n to n + I uses two
overlapping groups of n horses, but for n = 1 the groups do not overlap. The inductive step must hold
for every k including the smallest, not only for large k.

PHAI THUQC / MEMORISE — Quy nap manh: s co so bang s budc lui cia hé thirc. Hé
thirc ding P(n — 1), P(n — 2) thi can hai co s&; hé thirc nhay budc 4 thi can bdn co so.

Strong induction: the number of base cases equals the number of steps back used by the argument. A
relation using P(n — 1) and P(n — 2) needs two bases, a step of size 4 needs four.

1.7. Cach viét mot chirng minh dwoc cham du diém — How to write a proof that

earns full marks

Thang diém cho timg ¥ riéng, nén 10i giai ding nhung thiéu mot y cta thang van mat
diém. Vi du sau viét cing mot két qua theo hai cach.

The marking scheme awards marks for individual ideas, so a correct solution that omits one
scheme item still loses marks. The example below writes the same result in two ways.

Bai toan: chimg minh v6i moi s nguyén dwong n, s6 n® + 5n chia hét cho 6.
Problem: prove that for every positive integer n, the number n’ + 5n is divisible by 6.

LOI HAY GAP / COMMON MISTAKE — Ban viét hong: “Véin =1 dugce 6, n =2 dugc
18, n = 3 dugc 42, déu chia hét cho 6, nén diing vi moi n.” Ba gia tri dung khong chimg
minh duge khang dinh vé moi n (xem Vi duy 1.3).
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A failing write-up: “n = 1 gives 6, n = 2 gives 18, n = 3 gives 42, all divisible by 6, so it holds for all
n.” Three true values do not prove a claim about every n (see Example 1.3).

Chirng minh. / Proof.
Tachn®+5n=(n*—n)+6n=(n— 1)n(n+ 1) + 6n.
Splitn® +5n=(n’—n) +6n=m— Dnn+ 1)+ 6n.

Trong ba s6 nguyén lién tiép n — 1, n, n + 1 c6 mot s6 chia hét cho 3 va cé it nhat mot sb
chén, nén tich chia hét cho 2 va cho 3. Vi 2 va 3 nguyén té ciing nhau, tich chia hét cho 6.
Among the three consecutive integers n — I, n, n + [ one is divisible by 3 and at least one is

even, so the product is divisible by 2 and by 3. Since 2 and 3 are coprime, the product is divisible
by 6.

S6 hang 6n chia hét cho 6, nén tong (n — 1)n(n + 1) + 6n chia hét cho 6. Vay n’ + 5n chia
hét cho 6 voi moi sd nguyén duong n.

The term 6n is divisible by 6, so the sum (n — 1)n(n + 1) + 6n is divisible by 6. Hence n® + 5n is
divisible by 6 for every positive integer n. R

Nam viéc lam trude khi ndp bai chirng minh:
Five checks before handing in a proof:
« Néu rd cai dugc phép dung (gia thiét) va cai can chimg minh; v6i bai c6 luong tir, viét
lai bang ky hiéu V, 3 dé khong ddi nghia.
State what may be used (hypotheses) and what is to be proved; for quantified claims, rewrite
with V, 9 so the meaning does not drift.

99 ¢¢

« Khai bao phuong phéap ngay tir dau: “Chang minh bang phan chtng”, “Quy nap theo
n”. Giam khao doc nhanh hon va biét tim buéc co s¢ & dau.
Announce the method at the start: “Proof by contradiction”, “Induction on n”’. The marker
reads faster and knows where to look for the base case.

« Mbi dong suy ra tir dong trudc hodc tir gia thiét; ghi Iy do canh dong néu 1y do khong
hién nhién (b6 dé Euclid, binh phuong khong am, tinh phan phdi).
Each line follows from an earlier line or a hypothesis; write the reason beside the line when
it is not obvious (Euclid’s lemma, squares are non-negative, distributivity).

« Kiém cac diém ky di: chia cho biéu thtc c6 thé bang 0, cin ctia s6 4m, 1ay nguoc bat
dang thirc khi nhan véi s6 am, cac truong hop bi bo sot.
Check the singular points: division by an expression that may vanish, roots of negative
numbers, reversing an inequality when multiplying by a negative, missed cases.

* Két thic bé‘lng cau két luan tra 16i ding cau hoi cua dé: “Vay moi nghiém 1a ...”, “Vay
gia tri nho nhat bang ...”.
End with a conclusion that answers the question actually asked: “Hence all solutions are

’

.., “Hence the minimum equals ..."”".
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Déu hiéu trong dé Phwong phap nén thiw Vi du

Sign in the problem Method to try Example

Cong thirc, dang thic hay bat
dflng thire chura n, dting véi moi

> 1 Quy nap t.hu’ong 110
Ordinary induction
Formula, identity or inequality
containing n, for all n > ny
H¢ thtrc truy hoi nbi nhiéu sd
hang, hoac budc nhay k Quy nap manh, k co s& L1 112
Recurrence over several terms, or a  Strong induction, k base cases B
Jump of size k
Bfl"[ darig thirc cho n s0, de lam Quy nap Cauchy tién — lui
voi 2 s
Inequality for n numbers, easy for 2 Cauchy forward-backward 113
’ : induction
numbers
“Chimg minh khong t6n tai”, “vo
ti”, “vo han” Phén ching 18.1.9
“Prove there is no ...”, Contradiction T
“Irrational”, “infinitely many”
Gia thiét dang phu dinh (“khong
chia hét”), két luan dang tuong
minh (“n 1¢”) Phén dao 17
Negative hypothesis (“not Contrapositive '
divisible”), explicit conclusion (“n
odd”)
Phai bac bo khang dinh “voi Phan vi du

2

mol 1.3

; Count, [
A “for all” claim must be refuted e
S6 nguyén va binh phwong, lap
phuong, chia hét cho 3, 4, 8 Xét s0 du 16
Integers with squares, cubes, Residues ’
divisibility by 3, 4, 8
“ft nhat mot trong ba diéu kién”,
dém theo diéu kién chia hét Bao ham — loai trir 1
“At least one of three conditions”,  Inclusion—exclusion '
counting by divisibility
Phuong trinh nghiém nguyén,
chan 1¢ lap lai sau khi chia 2
hoac 3 Lui v6 han, sap thar tu tot L14
Integer equation whose parity or Infinite descent, well-ordering ’

divisibility repeats after halving or
thirding
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Déu hiéu trong dé Phwong phap nén thiw Vi du

Sign in the problem Method to try Example

Chirng minh hai tap bang nhau
hodc cing sb phan tir
Two sets equal, or of the same size

Hai chicu c, hodc song anh
Two inclusions, or a bijection

1.5,1.9

Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Cau khang dinh dang hoic sai

Ménh dé Statement iti
énh de atement (proposition) A sentence that is true or false
. V (v6i moi) va 3 (ton tai)
Luong tir uantifier j ’
ong Q V (for all) and 3 (there exists)
. . Ménh dé dung khi ménh dé da cho sai
Phi dinh Negation énh d¢ dung khi m@p dé da cho s.al‘
True exactly when the given statement is false
. P = Q sai khi P ding, Q sai
Kéo th Implicat ’
co theo mphication P = Qs false only when P is true and Q false
A LiAe AR . Q can cho Pkhi P = Q
bicu kién can Necessary condition O is necessary for P when P = 0
p . .. PdichoQkhiP=Q
biéu kién d1 ffi
i€u kién du Sufficient condition P is sufficient for O when P =0
R N Q=>PsovoiP=0Q
Ménh :
¢nh d¢ dao Converse O = P compared with P = Q
R X g 4 .\ (—Q) = (—P), tuong duong P = Q
Ménh h t
énh dé phan dao Contrapositive (~0) = (—P), equivalent to P =0
Mot trudng hop lam sai khang dinh “véi
Phan vi du Counterexample moi”

One case that breaks a “for all” claim

Union, intersection,

Hop, giao, hi¢u . AUB,ANB,A\B
°p- £ i difference
- Phén tir cta tap nén khong thude A
Phan bu Complement an cug ap n.e " ong. uoce
Elements of the universe not in A
.. S6 phan tir ctia tap hiru han
Luc luon Cardinalit ’ ’
HC Uong y Number of elements of a finite set
- : : Cong thirc dém phan tir clia hop cac ta
Bao ham — loai trir Inclusion—exclusion ong C emp an‘ . P 23
Formula for the size of a union
, : ic dat mdi phan tir tng v6i mot anh
Anh xa Map (function) Lty (46 GR1 i ol g volmota

A rule giving each element one image
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Hai phan tir khac nhau c¢6 anh khéc nhau

Don éanh Injection
J Distinct elements have distinct images
" o Moi phan tir dich déu la anh
Toan anh Surjection 7P , .
Every target element is an image
. o Vira don anh vura toan anh
Song anh Bijection S oo
Both injective and surjective
Chung minh phan Gia st sai i suy ra vo 1y

Proof by contradiction

chung Assume false and derive an absurdity
. Co s¢ cong bude quy na
Quy nap Induction ne i d y b
Base case plus inductive step
. . Dung moi gia tri trude do
Quy nap manh Strong induction & me g. ‘
Uses all earlier values
Tap con khac rdng ctia N ¢6 phan tir nhd
< , £ . nhét
Sap thur tu tot Well-ordering a4 _
Every non-empty subset of N has a least
element
o . Tt nghiém sinh nghiém nho hon mai mai
Lui v6 han Infinite descent & o .g j .
A solution producing ever smaller solutions
, , Gi4 tri dau tién can kiém truc tiép
Budc co so Base case

The starting values checked directly

1.8. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 1.1 / Problem 1.1 — Cho P: “v61 moi $6 thuce x tdn tai ) thuc y sao cho x + y =xy” va
Q: “tdn tai s6 thue y sao cho v&i moi s6 thuc x ta co x + y=xy”. Viét phu dinh cua P, cua Q
va xac dinh ding — sai cia P, Q.

Let P: “'for every real x there is a real y with x +y =xy” and Q: “there is a real y such that x +y =
xy for every real x”. Write the negations of P and Q and decide whether P, Q are true.

Bai 1.2 / Problem 1.2 — C6 bao nhiéu sé nguyén duong khong vuot qua 300 ma khong chia
hét cho 3, khong chia hét cho 5 va khong chia hét cho 72

How many positive integers not exceeding 300 are divisible by none of 3, 5, 7?

Bai 1.3 / Problem 1.3 — Chimg minh bang quy nap rang véi moi s6 nguyén duong n, sb 5" +
2-37"1 + 1 chia hét cho 8.

Prove by induction that for every positive integer n, the number 5" + 2-3"~' + 1 is divisible by 8.

Bai 1.4 / Problem 1.4 — Cho f: Z — Z xé4c dinh boi f(n) =n + 1 néu n chén va f(n) =n — 1
néu n 1é. Chimg minh f 13 song anh, tim 4nh xa nguoc va chimg minh f khong c6 diém bat
dong (khong c6 n dé f(n) = n).
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Let f: 7 — 7 be given by f(n) = n + 1 for even n and f(n) = n — 1 for odd n. Prove that f'is a bijection,
find its inverse, and prove that f has no fixed point (no n with f(n) = n).

Mikc 2 — Hoc sinh giéi quoc gia — Level 2— National olympiad

Bai 1.5/ Problem 1.5 — Goi a, 12 s6 tap con (ké ca tap rong) cia {1, 2, ..., n} khong chira
hai s6 nguyén lién tiép. Chimg minh a; =2, a2 =3 v a, = an-1 + an—2 vOi n > 3. Tinh ajo.

Let a, be the number of subsets (the empty set included) of {1, 2, ..., n} containing no two consecutive
integers. Prove a; = 2, a; = 3 and a, = an-1 + an,-2 for n > 3. Compute aq.

Bai 1.6 / Problem 1.6 — Ching minh n* + 4 1a hop s6 véi moi s6 nguyén n > 1. Tir d6 tim tat
ca s6 nguyén duong n dé n* + 4 1a s6 nguyén td.

Prove that n* + 4 is composite for every integer n > 1. Hence find all positive integers n for which n’
+ 4 is prime.

Bai 1.7/ Problem 1.7 — Tim tit ca bo sd nguyén (a, b, ¢) thoa man a? + b? = 3¢2,
Find all integer triples (a, b, c) with a® + b’ = 3¢°.

Bai 1.8 / Problem 1.8 — Cho tap X c6 100 ph?ln trva A, B, C c Xvoi|A| =60, B| =70, |C|
= 80. Tim gi4 tri nho nhat va gia tri 1on nhit ciia |JA N B N C|.

Let X be a set of 100 elements and A, B, C € X with |A| = 60, |B| = 70, |C| = 80. Find the least and
the greatest value of |4 N B N C|.

Mirc 3 — Olympic quf')c té — Level 3— International olympiad

Bai 1.9 / Problem 1.9 — Véi mdi s6 nguyén dwong n, xét 2" s6 c6 dung n chit sé ma moi chit
s6 déu bang 1 hodc 2. Chirmg minh rang trong cac sb d6 c6 dung mot sb chia hét cho 2.

For each positive integer n consider the 2" numbers with exactly n digits, every digit being 1 or 2.
Prove that exactly one of them is divisible by 2".

Bai 1.10 / Problem 1.10 — Goi F1 = F2 = 1, Fx+1 = Fi + Fi—1 (day Fibonacci: 1, 1,2, 3, 5, 8,
...). Chimg minh rang moi sé nguyén duong n déu viét dugc thanh tong ctia mot sé hitu han
céc sO Fi v6i k > 2, céc chi s k d6i mot khac nhau va khong c6 hai chi sé nao lién tiép.
Let Fy = F> =1, Fiv1 = Fx + Fi—1 (the Fibonacci sequence 1, 1, 2, 3, 5, 8, ...). Prove that every
positive integer n is a sum of finitely many numbers Fi with k > 2, the indices being pairwise distinct
and no two of them consecutive.

Bai 1.11 / Problem 1.11 — Chimg minh ring v6i moi s6 nguyén duong n: 1 + 1/22 + 1/32 +
..+ 1/n?<5/3.
Prove that for every positive integer n: 1 + 1/2° + 1/3* + ... + 1/n* < 5/3.

Bai 1.12 / Problem 1.12 — Tinh s 4nh xa tir tap {1, 2, ..., n} 1én tap {1, 2, 3} (toan 4nh)
theo n bang bao ham — loai trir, réi ching minh sé d6 chia hét cho 6 véi moi n > 1. Tinh gia
tri khin = 8.

Count the surjective maps from {1, 2, ..., n} onto {1, 2, 3} in terms of n by inclusion—exclusion, then
prove the count is divisible by 6 for every n > 1. Evaluate for n = 8.
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1.9. Loi gidi bai tw luyén — Solutions to practice problems

Bai 1.1 — Problem 1.1

1. —P: tdn tai sb thuc x sao cho v&i moi sb thuc y, X Ty #xy. ~Q: v6i moi s6 thuc y tdn
tai s6 thuc x sao cho x + y # xy.
—P: there is a real x such that x + y # xy for every real y. ~Q: for every real y there is a real
X withx +y # xy.
2.Psai. Véix=1l:x+y=1+yvaxy=y,nénx +y—xy=1#0véimoiy. Vay —P
ding.
Pis false. Forx =1:x+y=1+yandxy =y, sox +y—xy = 1#0 for every y. Hence P
IS true.
3. Q sai. Néu c6 y thoa man v6i moi x thi x =0 choy=0; khidox=1cho 1 +0=0, vd
ly. Vay —Q dung.
Q is false. If some y worked for every x then x = 0 would force y = 0; then x = 1 would give
1+ 0 =0, absurd. Hence —Q is true.
Vay P va Q déu sai.
Hence P and Q are both false. &

Bai 1.2 — Problem 1.2
1. Goi A, B, C 1a tap céc s trong {1, ..., 300} chia hét cho 3, 5, 7. |A| = 100, |B| = 60,
|C| = 42.
Let A, B, C be the sets of numbers in {1, ..., 300} divisible by 3, 5, 7. |A| = 100, |B| = 60, |C]
=42.
2. Cac s6 3, 5, 7 d6i mot nguyén té ciing nhau nén giao tuong tng 13 boi cua 15, 21, 35,
105: [ANB|=20,|[ANC|=14,BNC|=8 |JANBNC|=2.
The numbers 3, 5, 7 are pairwise coprime, so the intersections are multiples of 15, 21, 35,
105:|ANB|=20,[ANC|=14,|BNC|=8]1ANBNC|=2.
3. Theo (1.2): | AUBUC|=100+60+42—-20—-14-8+2=162.
By (1.2): |[AUBUC|=100+60+42—-20—-14—-8+2=162.
Vay ¢6 300 — 162 = 138 s thoa man.
Hence 300 — 162 = 138 numbers qualify. &

Bai 1.3 — Problem 1.3
1. Dgtu, =5"+2-3"1+ 1. Co s&: ur = 5 +2 + 1 = 8 chia hét cho 8.
Putu, = 5"+ 2-3""1 + 1. Base: u; =5+ 2 + 1 =8, divisible by 8.
2. Gia thiét 8 | ux. Ta ¢6 Sux = 55" + 10351 + 5 va upey = 551+ 6:35 1 + 1.
Hypothesis 8 | ur. We have 5Sux = 51 + 10-3* ' + 5 and ug+; = 571 + 6351 + 1.
Uk+1 = Suk— 43k 1+ 1)

3.3511¢ nén 3% + 1 chén, do d6 4(3*"! + 1) chia hét cho 8. C4 hai s6 hang cua hiéu déu
chia hét cho 8 nén 8 | uk+1.
3 1is odd, so 3*! + 1 is even and 4(3¥! + 1) is divisible by 8. Both terms of the difference
are divisible by 8, so 8 | ui+1.
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Vay 8 | un voi moi n > 1 theo nguyén 1y quy nap.
Hence 8 | un for all n > 1 by induction. ®

Bai 1.4 — Problem 1.4
1. Néu n chin thi filn)=n+ 11¢, nén f(f(n))=(m+ 1) — 1 =n. Néun 1é thi f(n) =n — 1
chin, nén f(f(n)) = (n— 1) + 1 = n. Vay f(f(n)) = n véi moi n.
If nis even then f(n) =n + 1 is odd, so f(f(n)) = (n + 1) — 1 =n. Ifnis odd then f(n) =n — 1
is even, so f(f(n)) = (n — 1) + 1 = n. Hence f{(f(n)) = n for all n.
2. Pon anh: f(a) = f(b) suy ra a = f(f(a)) = f(f(b)) = b. Toan anh: véi moim € Z, m =
f(f(m)) nén m 1a anh cua f(m). Vay fla song anh va ! =1,
Injective: f(a) = f(b) gives a = f{f(a)) = f(f(b)) = b. Surjective: for every m € Z, m = f(f(m))
so m is the image of f{m). So f is bijective and f 1 = f.
3. Piém bat dong: f(n) ludn khac n vé tinh chan 1& (n + 1 va n — 1 khéc tinh chin 1é véi
n), nén f(n) # n.
Fixed points: f(n) always has the opposite parity to n (n + 1 and n — 1 differ in parity from
n), so f(n) # n.
Vay f1a song anh, f! = f, va f khong c6 diém bat dong.
Hence f'is a bijection, f! =, and f has no fixed point. W

Bai 1.5 — Problem 1.5
l.n=1:cactdpconla@Pva {l},nénar=2.n=2: @, {1}, {2} (tap {1, 2} bi loai), nén

a=3.
n = 1: the subsets are @and {1}, soa; =2.n=2: @ {1}, {2} (the set {1, 2} is excluded), so
a» = 3.

2. Véin >3, chia céc tap con hop I¢ cua {1, ..., n} thanh hai nhom. Nhém 1: khong
chtra n; d6 chinh 1a céc tap con hop 1€ cua {1, ...,n— 1}, c6 as-1 tap.
For n =3, split the valid subsets of {1, ..., n} into two groups. Group 1: not containing n,
these are exactly the valid subsets of {1, ..., n — 1}, so there are a,-.

3. Nhém 2: chira n. Khi d6 khong chtra n — 1, va phan con lai 1a mot tdp con hop 18 bat
ky cua {1, ..., n—2}. Phép dat tuong trng (bo n) la song anh tir nhém 2 1én tap céc

tap con hop 1€ cua {1, ..., n — 2}, nén nhdém 2 c6 a,— tap.
Group 2: containing n. Then n — [ is absent, and the rest is an arbitrary valid subset of {1,
..., n — 2}. Deleting n is a bijection from group 2 onto the valid subsets of {1, ..., n — 2}, so

group 2 has a,-2 sets.

4. Do d6 an = an-1 + an2. Tinh tiép: a3 =5, a4 = 8, as = 13, as = 21, a7 =34, a3 = 55, ay =
89, aio = 144.
Hence a, = an-1 + an-2. Continuing: a3 = 5, a4 =8, as =13, as = 21, a7 = 34, as = 55, as =
89, ajp = 144.

Vay ajo = 144.
Hence ajp=144. |
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Bai 1.6 — Problem 1.6

1. Phan tich: n* + 4 = (n> + 2)> — 4n? = (n® + 2n + 2)(n®> — 2n + 2).
Factorise: n* +4 = (n’ + 2)> —4n’> = (> + 2n + 2)(n’ — 2n + 2).

2. Nhan tir thir hai bang (n — 1) + 1 > 2 khi n > 2. Nhan tt tht nhat bang (n + 1)>+ 1 >
2. Ca hai nhan tir 16n hon 1 nén tich 13 hop sb.

The second factor equals (n — 1)> + 1> 2 for n > 2. The first equals (n + 1)’ + 1 > 2. Both
factors exceed 1, so the product is composite.

3.Conn=1:1+4=751as6 nguyén to.
Remaining casen = 1: 1 + 4 =5 is prime.
Vay n* + 4 1a s6 nguyén t6 khi va chi khin=1.
Hence n* + 4 is prime if and only ifn =1. |
Bai 1.7 — Problem 1.7
1. B6 (0, 0, 0) 1a nghiém. Gia st c6 nghiém khac (0, 0, 0); 14y nghiém c6 |a| + [b] + ||
nho nhét (ton tai theo nguyén 1y sip thir tu tot).
The triple (0, 0, 0) is a solution. Suppose another solution exists; take one with |a| + |b| + |c|
least (it exists by the well-ordering principle).
2. Vi3 |a?+b? theo Vidu 1.6 ca a va b chia hét cho 3: a = 3ai, b= 3b..
Since 3 | a® + b?, Example 1.6 shows that a and b are divisible by 3: a = 3a;, b = 3b,.
3. Khi d6 9a:2 + 9b,2 = 3¢2, tirc ¢> = 3(ai> + bi?), nén 3 | c* va 3 | c: ¢ = 3cu.
Then 9a;? + 9b,° = 3¢, that is ¢ = 3(ai? + bi?), so 3| c?and 3 | c: ¢ = 3cy.
4. Thay vao va chia cho 9: a;> + bi2 = 3¢1%. B0 (a1, b1, ¢1) 1a nghiém khac (0, 0, 0) v6i
téng gia tri tuyét d6i bang mot phan ba tong ban dau, nho hon gi tri nho nhét, mau
thuan.

Substituting and dividing by 9: ai? + b;? = 3ci°. The triple (ay, by, ¢1) is a solution different

from (0, 0, 0) whose sum of absolute values is a third of the original, below the least value: a
contradiction.

Vay nghiém duy nhat 12 (a, b, ¢) = (0, 0, 0).
Hence the only solution is (a, b, c) = (0, 0, 0). &

Bai 1.8 — Problem 1.8

1. Gia tri nho nhat. Theo cong thirc De Morgan, (A N B N C)° = A° U B° U C¢, véi |AY] =
40, |B¢| = 30, |C| = 20. S6 phan tir ciia hop khong vuot qua tong 40 + 30 + 20 = 90,
nén |[A N BN C|>100-90 = 10.

Least value. By De Morgan’s law, (A N B N C)* = A° UB° U C*, with |A¢| = 40, |B°| = 30,

|C¢| = 20. The union has at most 40 + 30 + 20 = 90 elements, so |A N BN C| =100 — 90 =
10.

2. Pat dugc: lay X = {1, ..., 100}, A= {1, ...,40}, Bc= {41, ..., 70}, C° = {71, ...,
90}. Ba phan bu d6i mot roi nhaunén A N B N C = {91, ..., 100} c¢6 10 phan tu.

Attained.: take X = {1, ..., 100}, A° = {1, ..., 40}, B¢ = {41, ..., 70}, C° = {71, ..., 90}. The
three complements are pairwise disjoint, so AN BN C = {91, ..., 100} has 10 elements.
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3. Gié tri 16n nhat. A N B N C € A nén |A N BN C|<60. Pat duge khi A = {1, ..., 60}
cB={1,...,70} cC={1,...,80},khid6 ANBN C=Acé60phﬁntﬁ’.
Greatest value. AN BN C c A gives |[A N BN C| <60. It is attained for A = {1, ..., 60} € B
={1, .. 70} cC=/{l, ..., 80}, where AN BN C = A has 60 elements.
Vay gia tri nhé nhat 1a 10 va gia tri 1én nhat 1 60.
Hence the least value is 10 and the greatest is 60. R

Bai 1.9 — Problem 1.9

1. Mbi 86 c6 dang N(e) =Z (1 + ei)-10' voiichay tir 0 dénn — 1 vaei € {0, 1}; c6 2" diy
e =(eo, ..., €n-1), UNg vOi 2" s6 khac nhau.

Each such number has the form N(e) = X (1 + ¢)-10', i running from 0 to n — 1 with e; € {0,
1}; there are 2" sequences e = (eq, ..., en-1), giving 2" different numbers.

2. Lay hai day khac nhau e # ¢’ va goi j 1a chi s6 nho nhat ma e; # ¢'j. Khi d6 N(e) —
N(e’) = £10i + Zisj (ei — €i)- 10. Moi s6 hang trong tong nay chia hét cho 21! (vi 10' =
2151 voii>j+1).

Take two different sequences e # e' and let j be the least index with e; # e';. Then N(e) — N(e')
=] + X5 (ei — €)-10V. Every term of the sum is divisible by 2*! (since 10" = 2!-5" with i >
j+1).

3. Con 101 = 2i-5i v4i 51 1¢, nén 10/ chia hét cho 2/ nhung khong chia hét cho 21!, Suy ra
hiéu N(e) — N(e’) khong chia hét cho 27!, ma j + 1 < n nén ciing khong chia hét cho
2",

And 10 = 2-5 with 5 odd, so 10V is divisible by 2 but not by 2”*!. Hence N(e) — N(e') is not
divisible by 2", and since j + 1 <n it is not divisible by 2" either.

4. Vay 2" s6 trén co 2" sb du khac nhau khi chia cho 2. Anh xa tir tap 2" sb vao tap 2" $6
du {0, 1, ..., 2" — 1} 1a don 4nh nén theo Pinh Iy 1.11 14 song 4nh: mdi s6 du, ké ca 0,
xuat hién dung mot lan.

So the 2" numbers leave 2" different remainders on division by 2". The map from the set of 2"
numbers into the set of 2" remainders {0, 1, ..., 2" — 1} is injective, hence bijective by
Theorem 1.11: each remainder, 0 included, occurs exactly once.

Viy c6 dung mot sd trong 2" sd chia hét cho 2"

Hence exactly one of the 2" numbers is divisible by 2". R

Bai 1.10 — Problem 1.10

1.Day Fo=1<F3;=2<F4=3 <... tang ngat (vi Fx+1 = Fx + Fi-1 > Fx). Ta quy nap
manh theo n. Co sé: 1 =Fo.

The sequence F> =1 < F3 =2 < F;= 3 < ... is strictly increasing (since F+; = Fi + Fj-1 >
Fi). Use strong induction on n. Base: 1 = F.

2. Cho n > 2 va gia str khiang dinh dang véi moi sé nguyén duong nhé honn. Vi F3 =2 <

n va diy ting khong gidi han, t6n tai k > 3 16n nhét sao cho Fx <n; khi 6 Fx <n <
Fy+1.

Let n > 2 and assume the claim for all smaller positive integers. Since F3 = 2 <n and the
sequence is unbounded, there is a largest k > 3 with Fi <n, then Fi, <n < Fi+].
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3. Néu n = Fy thi xong. Néu khong, dat m = n — Fi; khi d6 1 <m < Fix+1 — Fk=Fi-1, vam
<n. Theo gia thiét quy nap, m 13 tong cac s6 Fibonacci c6 chi sé d6i mot cach nhau it
nhat 2. Goi Fj 1a s hang c6 chi s6 16n nhat trong tong do.

If n = Fy we are done. Otherwise put m =n — Fi; then | <m < Fi+; — Fi = Fi—1, and m < n.
By the hypothesis m is a sum of Fibonacci numbers whose indices are pairwise at least 2
apart. Let F; be the term with the largest index in that sum.

4. Do Fj <m < Fi1 va diy ting ngat tir chis6 2 (mak —1>2),tacoj<k—1,tacj<k
— 2. Thém Fy vao téng ctia m: chi sd k cach chi s6 10n nhat j it nhat 2, cac chi s con
lai vAn cach nhau it nht 2.

Since F; <m < Fy-1 and the sequence is strictly increasing from index 2 (withk — 1 > 2), we

getj<k— 1, thatisj<k— 2. Add Fy to the sum for m: the index k is at least 2 above the
largest index j, and the other indices remain at least 2 apart.

Vay n = Fi + m ¢6 biéu dién can tim, va theo quy nap manh khang dinh ding v6i moi n >
1.

Hence n = Fy + m has the required representation, and by strong induction the claim holds for
everyn>1. l

Bai 1.11 — Problem 1.11

1.Dat Su=1+1/22+ ... + 1/n% Quy nap tryc tiép voi Sa < 5/3 khong di dugc: tir S <
5/3 khong suy ra Sk + 1/(k + 1)* < 5/3. Can ting cudng: chimg minh véi moin > 1
Put Sy =1+ 1/22 + ... + 1/n’. Direct induction on S, < 5/3 fails: S < 5/3 does not give Sy +
1/(k + 1)? < 5/3. Strengthen the claim: prove for every n > 1

Sn<5/3—2/(2n+1) (1.4)

2.Coson=1:S;=1va5/3—2/3=1, dang thirc dung.

Basen =1:S;1=1and 5/3 — 2/3 = 1, so (1.4) holds with equality.

3. Gia thiét (1.4) dang vé6i k. Khi d6 Ske1 < 5/3 —2/(2k + 1) + 1/(k + 1)%. Ta can s nay
khong vuot qua 5/3 — 2/(2k + 3), tirc 1a 1/(k + 1)> < 2/(2k + 1) — 2/(2k + 3) = 4/((2k +
D2k + 3)).

Assume (1.4) for k. Then Si+1 <5/3 — 2/(2k + 1) + 1/(k + 1)°. We need this not to exceed 5/3
= 2/(2k + 3), that is, 1/(k + 1)? <2/2k + 1) — 2/(2k + 3) = 4/((2k + 1)(2k + 3)).

4. Bat dang thic d6 twong duwong (2k + 1)(2k + 3) < 4(k + 1)2, hay 4k> + 8k + 3 <4k +
8k + 4, dung. Vay (1.4) dung véi k + 1.

That inequality is equivalent to (2k + 1)(2k + 3) <4(k + 1)°, that is 4k*> + 8k + 3 <4k* + 8k
+ 4, which is true. So (1.4) holds for k + 1.

Vay véimoin=>1: S <5/3-2/(2n+ 1) <5/3.

Hence foreveryn>1:S,<5/3—-2/2n+1)<5/3. &

Bai 1.12 — Problem 1.12
1.Co3"anh xa tur {1, ...,n} vao {1, 2, 3}. Goi A; 1a tap cac anh xa khong nhan gia tri i
(i=1,2,3). Anh xa khong toan anh khi va chi khi thuéc A; U A» U As.
There are 3" maps from {1, ..., n}tinto {1, 2, 3}. Let A; be the set of maps never taking the
value i (i = 1, 2, 3). A map fails to be surjective exactly when it lies in A1 UA> U 4.
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2. ]Ai| = 2" (mdi phan tir ¢6 2 gia tri cho phép); Ai N A; (i #j) chi gdm anh xa hang bang
gia tri con lai, nén [Ai N Aj|=1; A1 N A2 N A3 =@ vin>1 va anh phai la mdt gia tri
nao do.
|4i| = 2" (each element has 2 allowed values); Ai N A; (i #j) consists only of the constant
map onto the remaining value, so |Ai N Aj| = 1; A1 N\ A> N A3 = @ since n > I and an element
must map somewhere.

3. Theo (1.2): [A1 U A2 U A3 =3-2"—3-1 + 0. Do d6 sb toan anh bang 3" — 3-2" + 3.

By (1.2): |A; UA> UAs| = 3-2" — 3-1 + 0. Hence the number of surjections is 3" — 3:2" + 3.

4. Chia hét cho 2: 3 1¢, 3-2" chén, 3 1& nén 1¢ — chén + 1¢ 14 s6 chin. Chia hét cho 3: véi
n>1,31]3"3|3-2"va3|3.Vi2va 3 nguyén td cing nhau nén s d6 chia hét cho 6.
Divisible by 2: 3" is odd, 3-2" is even, 3 is odd, so odd — even + odd is even. Divisible by 3:
forn>1,313"3|32"and 3 | 3. As 2 and 3 are coprime the count is divisible by 6.

5.V6in=28:3%-3-28+3=6561 —768 +3=5796=6 - 966.
Forn=38:3%5—325+3=6561 —768+3=25796 =6 966.

Viy sd toan anh bang 3" — 3-2" + 3, chia hét cho 6, va bang 5796 khin = 8.
Hence the number of surjections is 3" — 3:2" + 3, divisible by 6, and equals 5796 forn = 8. R
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Chuong 2. Cac bat dang thirc ¢o dién — Chapter 2. Classical
inequalities

Muc tiéu chwong — Chapter objectives

« Bién d6i twong duong va dung binh phuong dé ching minh mot bat dang thuc, ké ca
khi phai thém bét hang tir.
Prove an inequality by equivalent transformations and by completing squares, including
when terms must be added and subtracted.

« Chirng minh va ding AM—GM cho 2, 3 va n sd, chon diém roi diing trudc khi tich
hang ttr.
Prove and use AM—GM for 2, 3 and n numbers, choosing the equality point before splitting
terms.

« Dung Cauchy—Schwarz (dang tong va dang Engel), bat dang thtrc hoan vi va
Chebyshev.
Use Cauchy—Schwarz (the sum form and the Engel form), the rearrangement inequality and
Chebyshev's inequality.

« Nédm chudi trung binh HM < GM < AM < QM, bét dang thirc Bernoulli, tri tuyét dbi,
bat dang thirc tam giac va Nesbitt.
Know the chain HM < GM < AM < OM, Bernoulli's inequality, absolute values, the triangle
inequality and Nesbitt's inequality.

« Giai bai tim gia tri 16n nhat, nho nhat ¢ diéu kién va chimg minh gia tri d6 that sy dat
duoc.

Solve constrained maximum and minimum problems and prove that the extreme value is
actually attained.

2.1. Thir tu trén R, bién doi twong dwong va binh phwong — Order on R,

equivalent transformations and squares

Chting minh mot bat dang thirc quy vé mot nhan xét: hiéu hai vé c6 dau xac dinh. Ta bt
dau tir dinh nghia tht tu va cac phép bién d6i gitr nguyén chiéu bat dang thirc.

Proving an inequality comes down to one observation: the difference of the two sides has a
definite sign. We start from the definition of the order and the operations that keep the direction
of an inequality.

PINH NGHIA 2.1 (Thit ty trén R) / DEFINITION 2.1 (Order on R) — Véi hai s thuc a,
b, ta viét a>bnéua—b >0, va viét a>b néu a — b > 0. Chimg minh a > b nghia la ching
minh hi¢u a — b khong am.

For real numbers a, b we writea>b ifa—b >0, and a > b ifa — b > 0. To prove a > b means to
prove that the difference a — b is non-negative.

TINH CHAT 2.2 (Cac phép bién doi bao toan bat ding thirc) / PROPERTY 2.2
(Operations that preserve an inequality) — Vi a, b, ¢, d 1a cac sd thuc:
(i)Néua>bthia+tc>b+c.Néua>bvac>dthiatc>b+d.

(ii) Néu a > b va ¢ > 0 thi ac > be; néu a > b va ¢ < 0 thi ac < be.
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(iii) Néua>b>0 va c >d > 0 thi ac > bd.

(iv) Néua>b> 0 thi 1/a< 1/b.

(v) Véia,b>0van € Z*": a>b khi va chi khi a" > b".

For real numbers a, b, ¢, d:

(i)Ifa>bthena+c>b+c Ifa>bandc>dthena+c>b+d.
(ii) If a > b and ¢ > 0 then ac > bc, if a > b and ¢ < 0 then ac < bc.
(iii) Ifa>b >0 and ¢ > d > 0 then ac > bd.

(iv) If a>b > 0 then 1/a < 1/b.

(v) Fora, b>0andn €7': a>b if and only if a" > b".

Chirng minh. / Proof.

(i) Hiéu (a + ¢) — (b + ¢) bang a — b > 0. Vi bat dang thtrc th hai, (a + ¢) — (b + d) = (a
—b) + (¢ — d), tong hai s6 khong 4m.

(i) The difference (a + ¢) — (b + c) equals a — b > 0. For the second inequality, (a +c) — (b + d)
= (a — b) + (c — d), a sum of two non-negative numbers.

(i) ac — bc = c(a — b); dau cua tich 1a ddu cta ¢ khi a — b >0, va bang 0 khi a =b.
(ii) ac — bc = c(a — b), this has the sign of c when a — b > 0, and equals 0 when a = b.

(iii) ac — bd = c(a — b) + b(c — d). Vic >0, b > 0 nén ca hai s6 hang khong am.
(iii) ac — bd = c(a — b) + b(c — d). Since ¢ > 0 and b > 0, both terms are non-negative.

(iv) I/b—1/a=(a—b)/(ab)>0via—b>0vaab>0.
(iv) 1/b — 1/a = (a — b)/(ab) > 0 because a — b > 0 and ab > 0.

(v) Chiéu thuan: ap dung (iii) n — 1 1an. Chiéu ddo: néua<bthib>0, va a" <b" (voia =
0 hién nhién, v6i a > 0 nhan n bat dang thirc chat giita cac sé duong), trai véi a" > b, Vay
a>b.

(v) Forward direction: apply (iii) n — 1 times. Converse: if a < b then b > 0 and a" < b" (trivial
for a = 0; for a > 0 multiply n strict inequalities between positive numbers), contradicting a" >
b". Hencea>b. W

TINH CHAT 2.3 (Ba ddng nhit thirc hay ding) / PROPERTY 2.3 (Three frequently
used identities) — Vi moi s6 thuc a, b, ¢, dat p=at+tb+cvaq=ab+bc+ca:
(@)(atb+c)y=a+b*+c?+2q;

(b) a®> +b*=(a+b)* — 3ab(a + b);

(c) (@a+b)(b+c)(c+a)=p-q—abc.

Forallreala, b, ¢, putp =a +b + cand g = ab + bc + ca:

(@) (a+b+c)f=a’+b>+c’+ 2

(b) a* + b’ = (a + b)’ — 3ab(a + b);

(c) (a+b)(b+c)c+a)=pq— abc.

Chirng minh. / Proof.
(a) Khai trién truc tiép ba binh phwong va ba tich d6i. (b) (a + b)* = a> + 3a%b + 3ab? + b?
=a’*+ b’ + 3ab(a +b).

(a) Expand the three squares and the three cross terms directly. (b) (a + b)° = a*> + 3a’b + 3ab?
+b*=a’+ b+ 3ab(a + b).
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(c)Viatb=p—c,b+c=p—a,c+a=p—b,néntich bang (p —a)(p —b)(p—c)=p* —
p*(a+b+c)+pq—abc=p-q—abc.

(c) Sincea+b=p—c,b+c=p—a, c+a=p—b, the product equals (p — a)(p — b)(p — ¢) =
p*—p*a+b+c)+pq—abc=pq—abc. B

TINH CHAT 2.4 (So sanh phén s6) / PROPERTY 2.4 (Comparing fractions) — Véib, d
> 0: (i) a/b > c/d khi va chi khi ad > bc; (ii) néu a/b > ¢/d thi a/b > (a + ¢)/(b + d) > ¢/d.
For b, d> 0: (i) a/b > c/d if and only if ad > bc, (ii) if a/b > c/d then a/b > (a + ¢)/(b + d) > c/d.

Chirng minh. / Proof.

(i) Nhan hai vé véi bd > 0 (Tinh chat 2.2(ii), hai chiéu vi nhan v&i s6 duong va chia cho
s6 duong déu gitr chiéu).

(i) Multiply both sides by bd > 0 (Property 2.2(ii); it works both ways since multiplying and
dividing by a positive number keep the direction).

(i1) Theo (i), ad > bc. Vib+d > 0: a/b — (a + ¢)/(b + d) = (a(b + d) — b(a + ¢))/(b(b + d))
=(ad —bc)/(b(b+d))>0,va(a+c)(b+d)—c/d=(d(a+c)—c(b+d)/(db+d))=(ad
—be)/(d(b + d)) > 0.
(ii) By (i), ad > be. Since b +d > 0: a/b — (a + c)/(b + d) = (a(b + d) — b(a + c))/(b(b + d)) =
(ad — be)/(b(b + d)) >0, and (a + c)/(b + d) — c/d = (d(a + ¢c) — c(b + d))/(@dd + d)) = (ad —
be)/d(h +d) > 0. m

Binh phuong ciia sé thuc khong 4m 13 ngudn gbc ciia hau hét bat dang thic so cap. Ba
bat dang thic sau xir Iy dugc nhiéu bai & muc tinh.

The square of a real number is non-negative, and this is the source of most elementary
inequalities. The next three inequalities handle many provincial-level problems.

BO DE 2.5 (Binh phwong khéong 4m) / LEMMA 2.5 (Squares are non-negative) — V&i
moi s6 thuc x, y, z:

(a) x2 + y? > 2xy, dau bang khi va chi khi x =y;

(b) (x + y)* > 4xy, dau bang khi va chi khi x =y;

(c) X2+ y? + 72 > xy + yz + zx, d4u bang khi va chi khix =y = z.

Forall real x, y, z:

(a) x? + y? > 2xy, with equality if and only if x = y;

(b) (x + y)? > 4xy, with equality if and only if x = y;

(c) x?> +y? + z2>xy + yz + zx, with equality if and only if x =y = z.

Chirng minh. / Proof.
(@) x2+y2—2xy = (x — y)2 > 0. (b) (x + y)* — 4xy = (x — y)* > 0. (c) Ta c6 dong nhit thirc
(@) x> +y?—=2xy=(x—y)?>0. (b) (x +y)? — 4xy = (x — y)? > 0. (c) We have the identity

X +y*+zP—xy—yz—zx=(1/2)-[(x—y)*+ (y—2)*+ (z—x)*] (2.1)
Vé phai khong am. N6 bang 0 khi vachikhix —y=y—z=z—-x=0,thicx =y =2z
The right-hand side is non-negative. It equals 0 if and only if x —y =y —z =z —x =0, that is x
=y=z W
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PHAN TICH / ANALYSIS — Dé cho x, v, z cing véi hang tir 222 va tich z(x + y): hai tich
XZ, yZ xuét hién canh x2, y2, 2. Ghép mdi tich vdi mot binh phuong: z> diing canh x? va xz, 72
dtng canh y? va yz. Mdi nhom c6 dang a2 + b2 — 2ab.

The statement contains x, y, z with the term 2z° and the product z(x + y). the products xz and yz
appear next to x°, y? and z>. Pair each product with a square: one z? sits with x> and xz, the other z*
with y? and yz. Each group has the shape a®> + b?> — 2ab.

VI DU 2.1 (Nhém thanh binh phwong) / EXAMPLE 2.1 (Grouping into squares) —
Chimg minh rang v6i moi sb thyc x, y, z: X2 + y2 + 222 > 2z(x + y). Tim cac bd (x, y, z) dé dau
béang xay ra.

Prove that for all real x, y, z: x* + y? + 222> 2z(x + y). Find all triples (x, y, z) for which equality
holds.

Loi giai. / Solution.
Tach 272 = 72 + 72 va nhom lai:
Split 2z = z? + z? and regroup:
X*+y*+ 222 —2zx — 2zy = (x* — 2zx+ z29) + (y* — 2zy + 2¥) = (x —z2)* + (y —
z)?
T6ng hai binh phuong khong 4m nén bat dang thic ding.
A sum of two squares is non-negative, so the inequality holds.
Déu bang khi vachikhix—z=0vay—z=0,ttcx=y =2z
Equality holds if and only if x —z=0andy —z =0, thatisx =y = z.
Vay bat dang thtrc ding véi moi x, y, z va diu bang dat khix =y = z.
Hence the inequality holds for all x, y, z, with equality exactly whenx =y =z. B

Vi DU 2.2 (Dung bé dé hai lan) / EXAMPLE 2.2 (Using a lemma twice) — Chirng minh
rﬁng v6i moi sb thuc a, b, c: a* + b* + ¢* > abc(a + b + ¢).
Prove that for all real a, b, c¢: a? + b* + ¢*>abc(a + b + ¢).

Loi giai. / Solution.
Ap dung B6 dé 2.5(c) hai 1an. Lan tht nhét véi bo ba (x, y, z) = (a2, b2, ¢?):
Apply Lemma 2.5(c) twice. First with the triple (x, y, z) = (a°, b? c?):
a* + b* + ¢* = a®b? + b%c® + c%a?
Lan thir hai véi bo ba (x, y, z) = (ab, be, ca), chi ¥ xy + yz + zx = ab-bc + be-ca + ca-ab =
abc(b + ¢ + a):

Then with the triple (x, y, z) = (ab, bc, ca), noting xy + yz + zx = ab-bc + bc-ca + ca-ab = abc(b
+c+ta):

a®b? + b%c? + c?a® = ab-bc + bc-ca + ca-ab = abc(a + b + ¢)

Néi hai bat dang thtic ta duoc diéu phai ching minh. Dau bang khi a2 = b? = ¢? va ab = bc
=ca, chéng hana=b=c.
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Chaining the two inequalities gives the claim. Equality needs a’ = b’ = ¢? and ab = bc = ca, for
instancea=b=c. 1

NHAN XET / REMARK — Véi x, y, z khong 4m, B6 d& 2.5(c) con viét duoc dudi dang (x
+y +z)? > 3(xy + yz + zx). Dang nay tién khi biét tong x + y + z va can chin trén tong cac
tich @61 mot.

For non-negative x, y, z, Lemma 2.5(c) can be written as (x +y +z)?> 3(xy + yz + zx). This form is
convenient when the sum x + y + z is known and the sum of pairwise products must be bounded above.

NHAN XET / REMARK — Can bang hé sé truéc khi dung x2 + y? > 2xy. Vi a > 0, ap
dung cho Va-x va y/Na: ax? + y2/o > 2xy. Vi du 3x2 + 2y? > 2V6-xy véi moi x, y thyc: 1dy a =
\/(3/2); diu béng khi 3x? = 2y?. H¢ s6 o dugce chon dé hai binh phuong béng nhau tai diém roi.
Balance the coefficients before using x> + y?> 2xy. For a > 0, apply it to Noox and yNa: ax? + y/o. >
2xy. For example 3x? + 2y? > 2\6-xy for all real x, y: take a = \(3/2); equality when 3x? = 2y2. The
coefficient a is chosen so that the two squares are equal at the equality point.

PINH LY 2.6 (DAu tam thirc bac hai)/ THEOREM 2.6 (Sign of a quadratic trinomial)
— Cho tam thire f(x) = ax? + bx + ¢ vdi a > 0. Khi d6 f(x) > 0 v6i moi sb thuc x khi va chi khi
A=b>—4ac<0.

Let f{x) = ax? + bx + ¢ with a > 0. Then f(x) > 0 for every real x if and only if A = b? — 4ac < 0.

Chirng minh. / Proof.

Hoan thanh binh phuong: f(x) = a-[(x + b/(2a))? — A/(4a2)]. Néu A < 0 thi ngodc bang (x +
b/(2a))? + (—A)/(4a?), tong hai s6 khong am, nén f(x) > 0. Néu A > 0, tai x = —b/(2a) gia
tri f=—A/(4a) <0.

Complete the square: f(x) = a-[(x + b/(2a))? — A/(4a?)]. If A < 0 the bracket equals (x + b/(2a))?
+ (—4)/(4a?), a sum of two non-negative numbers, and f(x) > 0. If 4 > 0, at x = —b/(2a) the value
isf=-4/(4a) < 0. &

NHAN XET / REMARK — Dung Pinh 1y 2.6 nhu mét cong cu chimg minh: x>+ y2 + 1 >
Xy + X +y véi moi x, y thyc. Xem vé hidu nhu tam thirc theo x: X2 — (y + 1)x + (y2 —y + 1),
hé sb caonhat 1 >0, A=(y+ 1) —4(y>—y + 1) =—-3y2+ 6y — 3 =—3(y — 1)>< 0. Vay hiéu
khong 4m, va dau bang cany =1 rdi x = (y + 1)/2 = 1.

Using Theorem 2.6 as a proof tool: x> + y? + 1 >xy + x + y for all real x, y. View the difference as a
trinomial in x: x> — (y + Dx + (> — y + 1), leading coefficient ] > 0, 4 = (y + 1)>’—40*—y + 1) =
=32+ 6y — 3 =-3(v— 1)><0. So the difference is non-negative, and equality needs y = 1 and then x
=(y+1)2=1

LOI HAY GAP / COMMON MISTAKE — Binh phuong hai vé khi mét vé ¢6 thé am. Tir
a>b khong suy raa2>b% a=1,b=-2 cho 1 <4. Chi dugc binh phuong khi ca hai vé khong
am (tinh chét (v) & trén).

Squaring both sides when one side may be negative. From a > b one cannot deduce a*> b* a =1, b
= —2 gives I < 4. Squaring is allowed only when both sides are non-negative (property (v) above).
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2.2. Bat dé’ing thirc AM—-GM va ky thuat diém roi — The AM-GM inequality and
the equality-point technique

PINH LY 2.7 (AM—GM hai s6) / THEOREM 2.7 (Two-term AM—-GM) — Véi moi a, b >
0: (a + b)/2 > V(ab). D4u bang khi v chi khi a =b.
Forall a, b>0: (a + b)/2 >~(ab), with equality if and only if a = b.

Chirng minh. / Proof.

Pit x = Va, y = Vb. Theo B6 dé 2.5(a): a + b = x2 + y? > 2xy = 2\(ab), d4u bang khi x =y,
tic a=>.

Put x =~a, y = \b. By Lemma 2.5(a): a + b = x> + y>> 2xy = 2\(ab), with equality when x =y,
thatisa=>b. W

DINH LY 2.8 (AM—GM ba sé) / THEOREM 2.8 (Three-term AM-GM) — V&imoi a, b,
¢>0: (a+ b+ c)/3 > (abc). D4u bang khi va chi khia=b=c.
Foralla, b, c>0: (a+b+c)3> 13/(abc), with equality if and only if a = b = c.

Chirng minh. / Proof.

Pit x = Va, y = Vb, z =V, cac sb khong am. Ta dung ddng nhat thirc (kiém tra bang khai
trién):

Put x = Va, y= Vb, z = &, all non-negative. We use the identity (check by expanding):

Bty +z23—-3xyz=x+y+2)&+y*+zf—xy—yz—zx) (22)
Thira s6 tht nhat khong am; thira sd thi hai khong am theo (2.1). Vdy a + b + ¢ —
3¢(abc) > 0.

The first factor is non-negative; the second is non-negative by (2.1). Hence a + b + ¢ — 3\3/(abc)
> 0.

Déu bang khi x +y + z=0 (suy ra x =y = z = 0) hodc x =y = z. Ca hai truong hop cho a
=b=c.

Equality needs x + y + z = 0 (which forces x =y =z = 0) or x =y = z. Both cases give a = b =
c. i

PINH LY 2.9 (AM—GM n s6) / THEOREM 2.9 (n-term AM-GM) — Vi n s6 khong 4m

al, ..., an: (a1 + ... + an)/n > (a1-a2---an) /™. DAu bang khi va chi khi a; = ... = an.
For n non-negative numbers aj, ..., an: (a; + ... + a,)/n > (a;-a>-a,)"", with equality if and only if a; =
. = an
Chirng minh. / Proof.

Néu mét sb bang 0 thi vé phai bang 0, bat dang thirc hién nhién, va ddu bang chi xay ra
khi moi sd béng 0. Xét cac sb duong. Goi P(n) 1a ménh dé "bat déng thirc va diéu kién
dau bang dung voi n sé dwong". Ta dung quy nap Cauchy (quy nap 1én va 1ui xudng).

If some number is 0 the right-hand side is 0, the inequality is clear, and equality forces all
numbers to be 0. Consider positive numbers. Let P(n) be the statement "the inequality and its
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equality condition hold for n positive numbers". We use Cauchy's induction (go up, then step
down).

1. P(2) dung theo Dinh 1y 2.7.
P(2) holds by Theorem 2.7.

2. P(n) = P(2n). Chia 2n s thanh hai nhom n sd, c¢6 trung binh cong A1, Az va trung
binh nhan Gy, G>. Theo P(n), A1 > Gi, A2 > Ga. Theo P(2): trung binh cong cuia 2n s6
bang (A1 + A2)/2 > (G1 + G2)/2 > V(G1Ga), ma V(G1Ga) chinh 14 trung binh nhan cta
2n s6. Dau béng budc A = Gi1, A2 = G, va G = Gy; theo P(n) mdi nhom g6m cac sb
bang nhau, va hai nhom c6 cung trung binh nhan nén moi s6 bang nhau.

P(n) = P(2n). Split the 2n numbers into two groups of n, with arithmetic means A1, A2 and
geometric means G1, G2. By P(n), A1 > G and A2 > G». By P(2): the arithmetic mean of the
2n numbers is (A1 + 42)/2 > (G1 + G2)/2 >(G1G3), and N(G1G>) is exactly the geometric
mean of the 2n numbers. Equality forces A1 = G1, A2 = G2 and G1 = G2; by P(n) each group
consists of equal numbers, and the two groups share the same geometric mean, so all
numbers are equal.

3.P(n) = P(n— 1) v6in>3. Chon — 1 sb duong xi, ..., Xn-1 ¢O trung binh cong m. Ap
dung P(n) cho n s xi, ..., Xa-1, m: trung binh cong ctia chung van bang m, nén m >
(X1-**Xn-1-m)"". Lily thira n hai vé (ca hai dwong): m" > x;-+-Xs-1-m, tirc m"' >
X1-**Xn-1. Dau bang khi d6 1a dau bang ctia P(n), budc X1 = ... = Xp—1 = m.

P(m) = P(n — 1) for n > 3. Take n — I positive numbers xi, ..., X,—1 with arithmetic mean m.
Apply P(n) to the n numbers xi, ..., Xp—1, m: their arithmetic mean is still m, so m >
(x1--xn—1'm)"". Raise both (positive) sides to the power n: m" > x;-x,—;'m, that is m" ! >
X1-Xn-1. Equality here is equality in P(n), which forces x; = ... = Xu-1 = m.
Tir P(2), budc 2 cho P(4), P(8), P(16), ..., tic P(2¥) v&i moi k; véi n bat ky chon 2K >n
1oi 1ui bang bude 3 timg don vi xuéng n. Vay P(n) dung véi moi n > 2.
From P(2), step 2 gives P(4), P(8), P(16), ..., that is P(2*) for every k; for any n pick 2¥ > n and
step down one unit at a time with step 3. Hence P(n) holds for alln>2. ®

HE QUA 2.10 / COROLLARY 2.10 — Néu xi, ..., Xo > 0 va X1'X2*Xn = 1 thi X1 + ... + Xn
> n, ddu bang khi va chi khi moi xi = 1.
Ifxi, ..., xu> 0 and x;x2-x, = I then x; + ... + x, >n, with equality if and only if every x; = 1.

Chirng minh. / Proof.

Theo Pinh 1y 2.9: (xi + ... + Xa)/n > 1" = 1, d4u bang khi cc s6 bang nhau; khi d6 mdi
s0 bang 1 vi tich bang 1.

By Theorem 2.9: (x; + ... + x,)/n > 1" = 1, with equality when the numbers are equal, then each
equals 1 because the product is 1. B

PINH NGHIA 2.11 (Piém roi) / DEFINITION 2.11 (Equality point) — Cho biéu thirc f
can tim gia tri nho nhét (16n nhat) trén mot mién. Diém roi 1a b gia tri ciia cac bién tai d6 gia
tri dy dat dugc. Khi ding AM—GM, diém roi phai 1am cac s trong cling mot trung binh bang
nhau.

Let f be an expression whose minimum (maximum) is sought on a region. The equality point is the set
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of values of the variables at which this value is attained. When AM—GM is used, the equality point
must make all numbers inside one mean equal.

Quy trinh dung diém roi gdm ba viéc, theo thi tu: dy doan diém roi (thudng noi cac bién
doi xtrng, hodc noi mot bién cham bién); chon hé¢ s6 tach dé cac sb trong AM—GM bﬁng
nhau tai diém do; ap dung AM—-GM roi kiém tra diém roi c6 thudc mién xac dinh khong.
The equality-point procedure has three steps, in this order: guess the equality point (usually
where the variables are symmetric, or where one variable meets the boundary), choose the split
coefficients so that the numbers inside AM—GM are equal at that point; apply AM—GM and
check that the equality point lies in the domain.

PHAN TICH / ANALYSIS — Can chin duéi x + 4/x? véi x > 0. Tich hai hang tir x va 4/x?
van con x, nén AM—GM hai s khong khir dwoc bién. Mudn tich 1a hang s6 ta can tong x/2 +
X/2 + 4/x2: tich 1a (x/2)-(x/2)-(4/x?) = 1. Viéc tach x thanh hai nira bing nhau thé hién diéu ta
mudn: ba s6 béng nhau tai diém roi, tirc x/2 = 4/x2, suy ra x* = 8.

We need a lower bound for x + 4/x? with x > 0. The product of the two terms x and 4/x? still contains
X, so two-term AM—GM cannot remove the variable. To make the product a constant we want the sum
X/2 +x/2 + 4/x%: its product is (x/2)-(x/2)-(4/x?) = 1. Splitting x into two equal halves expresses what
we want: the three numbers are equal at the equality point, x/2 = 4/x% so x* = 6.

Vi DU 2.3 (Piém roi, tach hang tir)/ EXAMPLE 2.3 (Equality point, splitting) — Tim
gi4 tri nho nhit ciia biéu thie x + 4/x2 véi x > 0.
Find the minimum of x + 4/x? for x > 0.

Loi giai. / Solution.
Viét x + 4/x2 = x/2 + x/2 + 4/x* r6i ap dung Pinh 1y 2.8 cho ba sé duong:
Write x + 4/x? = x/2 + x/2 + 4/x? and apply Theorem 2.8 to the three positive numbers:

X/2 +x/2 + 4/x% = 3((x/2)-(x/2)-(4/x?)) =3Y1 =3
Déu bang khi x/2 = 4/x2, tic x* = 8, x = 2 (thudc mién x > 0). Kiém tra: 2 + 4/4 = 3.
Equality holds when x/2 = 4/x? that is x* = 8, x = 2 (which lies in x > 0). Check: 2 + 4/4 = 3.
Vay gia tri nho nhét béng 3, dat tai x = 2.

Hence the minimum is 3, attained at x = 2. W

1 2 3 4 5

Hinh 2.1. D4 thi y = x + 4/x* cuc tiéu 3 tai x =2
Figure 2.1. Graph of y = x + 4/x%: minimum 3 at x = 2
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Vi DU 2.4 (Nhan ba bit ding thirc) / EXAMPLE 2.4 (Multiplying three inequalities) —
Chung minh rang véi moi a, b, ¢ > 0: (a + b)(b + ¢)(c + a) > 8abc.
Prove that for all a, b, ¢ > 0: (a + b)(b + c)(c + a) > 8abc.

Loi giai. / Solution.
Theo Pinh Iy 2.7 ap dung cho timg cip: a + b > 2V(ab), b + ¢ > 2V(bc), ¢ + a > 2V(ca).
By Theorem 2.7 applied to each pair: a + b > 2N(ab), b + ¢ > 2\(bc), ¢ + a > 2\(ca).

Ca ba vé déu duong nén nhan dugc theo vé (Tinh chat 2.2(iii)):
All three sides are positive, so we may multiply them (Property 2.2(iii)):

(a+b)(b + c)(c + a) = 8-V(ab)-V(bc)-V(ca) = 8-V(a?b?c?) = 8abc

Déubﬁngkhia=b,b=c,c=a,t1’rca=b=c.
Equality holds whena =b, b =c,c=a, thatisa=b=c. R

NHAN XET / REMARK — Theo Tinh chét 2.3(c), (a + b)(b + c)(c + a) > 8abc twong dwong
p-q — abc > 8abc, tuc (a + b + c)(ab + be + ca) > 9abce. Chia cho abc > 0 ta dugc (a +b +
c)(1/a+ 1/b+ 1/c) > 9, bat ddng thirc tong nghich dao cho n = 3.

By Property 2.3(c), (a + b)(b + ¢)(c + a) > 8abc is equivalent to p-q — abc > 8abc, that is (a + b +
c)(ab + bc + ca) = Yabc. Dividing by abc > 0 we get (a + b + c)(1/a + 1/b + 1/c) = 9, the reciprocal-
sum inequality for n = 3.

PHAN TICH / ANALYSIS — Can chin trén x2y khi biét tong x + y = 6. Tich x-x'y ¢6 ba
thira s6, nén ding AM—GM ba s6 cho ba s6 ma tong cua chiing 14 hing s6. Tong x + x +y
khong 14 hing s, nhung x/2 + x/2 + y =x + y = 6 thi c6. Vay ding ba sé x/2, x/2, y. Diém roi
lax/2 =y.

We need an upper bound for x?y given x + y = 6. The product x-xy has three factors, so we use three-
term AM—GM on three numbers whose sum is a constant. The sum x + x + y is not constant, but x/2 +
X2 +y=x+y=0is. Sowe use the three numbers x/2, x/2, y. The equality point is x/2 = y.

VI DU 2.5 (Téng khong doi, chia trong s6) / EXAMPLE 2.5 (Fixed sum, weighting) —
Cho x, y > 0 v6i x + y = 6. Tim gia tri 16n nhét ctia x2y.
Let x, y > 0 with x + y = 6. Find the maximum of x?y.

Loi giai. / Solution.
Theo Pinh 1y 2.8 cho ba s duong x/2, x/2, y:
By Theorem 2.8 for the three positive numbers x/2, x/2, y:

(x/2)-(x/2)y < ((x/2+x/2+y)/3)* = (6/3) =8
Do d6 x*y = 4-(x/2)(x/2)y < 32.
Hence x% = 4-(x/2)-(x/2)y < 32.

Dau bang khi x/2 =y vax +y=6, tic x =4, y = 2. Kiém tra: 422 = 32.
Equality holds when x/2 =y and x +y = 6, that is x = 4, y = 2. Check: 4*-2 = 32.

Vay gia tri 16n nhat ciia x2y bang 32, dat tai (x, y) = (4, 2).
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Hence the maximum of x? is 32, attained at (x, y) = (4, 2). W

PHAN TiCH / ANALYSIS — Tich 1-2--n thuc vé trung binh nhan ciiansé 1,2, ..., n,
con trung binh cong cua chung tinh dugc ngay bang cong thirc tong cip s cong: (n + 1)/2. Bé
doi bat ddng thirc chit, nén can chi ra cac sé khong bang nhau.

The product 1-2-n is the geometric mean (to the power n) of the n numbers 1, 2, ..., n, and their
arithmetic mean follows at once from the sum of an arithmetic progression: (n + 1)/2. The statement
asks for a strict inequality, so we must point out that the numbers are not all equal.

Vi DU 2.6 (AM—-GM cho diy s6 nguyén) / EXAMPLE 2.6 (AM-GM on a run of
integers) — Chung minh rang véi moi sé nguyén n > 2: n! < ((n + 1)/2)™
Prove that for every integer n > 2: n! < ((n + 1)/2)".

Loi giai. / Solution.
Ap dung Pinh 1y 2.9 cho n s6 duong 1, 2, ..., n. Trung binh cong cta ching 1a (1 + 2 +
...tn)n=(mn+1)/2.

Apply Theorem 2.9 to the n positive numbers 1, 2, ..., n. Their arithmetic mean is (I + 2 + ... +
n)/m=(mn+1)/72.

(n+1)/2 > (1-2---n)/n = (n!)/n

Véin>2cacsd 1,2, ..., n khong bang nhau (chang han 1 # 2) nén dau bang khong xay
ra, bat dang thtc 1a chit.
For n > 2 the numbers 1, 2, ..., n are not all equal (for instance 1 # 2), so equality cannot occur
and the inequality is strict.

Lily thira n hai vé duong: n! < ((n + 1)/2)™
Raising both positive sides to the power n: n! < ((n + 1)/2)". &

NHAN XET / REMARK — Hinh hoc ciia AM—GM hai sb: trén duong kinh AB =a + b ciia
nira duong tron, 1y H sao cho AH = a, HB = b; duong vudng goc véi AB tai H cit nira dudng
tron & C. Theo h¢ thuc lugng trong tam gidc vudng ACB, CH? = AH-HB = ab, nén CH =
\(ab); con ban kinh OC = (a + b)/2 khong nhé hon dudng cao CH. D4u bang khi H tring O.
The geometry of two-term AM—GM.: on the diameter AB = a + b of a semicircle take H with AH = a,
HB = b; the perpendicular to AB at H meets the semicircle at C. By the metric relation in the right
triangle ACB, CH? = AH-HB = ab, so CH = \(ab), while the radius OC = (a + b)/2 is at least the
altitude CH. Equality when H coincides with O.
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Hinh 2.2. AM—GM hai sé trén nira duong tron: CH = V(ab) < OC = (a + b)/2
Figure 2.2. Two-term AM-GM on a semicircle: CH = \(ab) <OC = (a + b)/2

LOI HAY GAP / COMMON MISTAKE — Ap dung AM—GM ma diém roi nim ngoai
mién. Voix >2, trx + 1/x >2 khong duogc két luan gia tri nho nhat 1a 2: ddu béng canx =1,
khong thude mién. Gia tri nho nhét that 1a 5/2, dat tai x = 2. Moi dau béng trong chudi phai
xay ra dong thoi tai mot diém cua mién.

Applying AM—GM when the equality point lies outside the domain. For x > 2, from x + 1/x > 2 one
may not conclude that the minimum is 2: equality needs x = 1, which is not in the domain. The true
minimum is 5/2, attained at x = 2. Every equality in a chain must hold simultaneously at one point of
the domain.

LOI HAY GAP / COMMON MISTAKE — Ding AM—GM cho s6 ¢6 thé 4m. Vi a, b <0
thi (a + b)/2 > \(ab) v6 nghia. Kiém tra a, b > 0 truéc khi 4p dung, va véi x + 4/x* chi xét x >
0.

Using AM—=GM on numbers that may be negative. For a, b < 0 the statement (a + b)/2 >(ab) makes
no sense. Check a, b > 0 first, and for x + 4/x? consider only x > 0.

PHAI THUQC / MEMORISE — AM-GM: (a; + ... + a,)/n > (a;***an)/» v6i a; > 0, dau
bang khi va chi khi moi a; bing nhau. Dang ba s6:a+b +¢ > 33 (abc).

AM-GM: (a; + ... + a,)/n > (a;-a,)"" for a; > 0, with equality if and only if all a; are equal. Three-
term form: a + b + ¢ > 313/(abc).

2.3. Bat dé'ing thirc Cauchy—-Schwarz — The Cauchy-Schwarz inequality

PINH LY 2.12 (Cauchy-Schwarz (Bunyakovsky)) / THEOREM 2.12 (Cauchy—Schwarz
(Bunyakovsky)) — V&i moi s6 thuc ai, ..., an va bi, ..., ba: (aibi + ... + anbn)2 < (@i + ... +
ax2)(bi2 + ... + by?). Dau bang khi va chi khi aibj = ajbi véi moi i, j (hai bd s6 ti 1é v6i nhau).
Forallreal ay, ..., anand by, ..., by: (aib; + ... + anby)? < (ai” + ... + a))(bi’ + ... + b,?). Equality
holds if and only if a:b; = a;b; for all i, j (the two lists are proportional).

Chirng minh. / Proof.
Dung dong nhat thirc Lagrange, gdm tong trén moi cap chi sd i < j:

We use Lagrange's identity, where the sum runs over all pairs of indices i <j:

(a1® + ... + an®)(b1® + ... + bn®) — (a1b1 + ... + anbn)® = X (aibj — ajb))®>  (2.3)
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Podng nhat thirc dung vi khai trién vé trai cho tong Zij ai?by? trir di Zij aibiajbi; cac s6 hang i
= j triét tiéu, mdi cip i <j con abi? + ai’b2 — 2abiajb; = (aibj — ajbi).

The identity holds because expanding the left side gives 2i; ai’b/? minus 2;; aibiaib;; the terms
with i = j cancel, and each pair i < j leaves a;’b;? + a;’°bi? — 2a;biaib; = (aib; — a;b;)>.

V& phai 1a tong cac binh phuong nén khong am, tir d6 c6 bat dang thire. N6 bang 0 khi va
chi khi moi hiéu aib; — ajb; bang 0.

The right side is a sum of squares and so is non-negative, which gives the inequality. It is 0 if
and only if every difference aib; — ajb; is (. W

NHAN XET / REMARK — Chimg minh thir hai ciia Dinh 1y 2.12 bang tam thirc bac hai.
Xeét f(t) =X (ait —bi)*=A-t?— 2Bt + Cvdi A =X a?, B=2X ajb;, C =X b. Vi {(t) > 0 véi moi
t, va néu A > 0 thi tam thirc bac hai khong c6 hai nghiém phén biét, nén biét thuc rut gon B> —
AC <0, tirc B2< AC. Néu A = 0 thi moi a; = 0 va hai vé déu bang 0.

A second proof of Theorem 2.12 through a quadratic trinomial. Consider f(t) = 2 (ait — b)? = A-t* —
2Bt + CwithA =2 a? B =2 ab, C=2 b7 Since f(t) > 0 for every t, and if A > 0 the trinomial
cannot have two distinct roots, the reduced discriminant satisfies B> — AC <0, that is B>< AC. If A =
0 then every a; = 0 and both sides are 0.

HE QUA 2.13 (Dang Engel (Titu)) / COROLLARY 2.13 (Engel form (Titu's lemma)) —
Véia, ..., anthuc va by, ..., ba>0: ai2/by + ... + an2/bn > (a1 + ... + an)?/(bi + ... + by). Dau
bang khi va chi khi ai/b; = ... = an/by.

Forreal ay, ..., ayand by, ..., by > 0: ai’/b; + ... + a,’/b, > (a; + ... + a,)’/(b; + ... + b,). Equality
holds if and only if ai/b; = ... = a,/bn.

Chirng minh. / Proof.
Ap dung Dinh 1y 2.12 cho hai bd s6 xi = a/N(bi) va yi = V(by):
Apply Theorem 2.12 to the two lists x; = ai/N(b) and y; = \(by):

(Ea)® = Cxy)® < Cx°)(Ey’) = (Eai*/b) (T b)
Chia hai vé cho X bi > 0. D4u bang khi xi/y; = ai/b; khong d6i theo i.
Divide both sides by 2 b; > 0. Equality holds when xi/y: = ai/b; does not depend on i. W

HE QUA 2.14 (Cauchy—Schwarz dang cin) / COROLLARY 2.14 (Radical form of
Cauchy—Schwarz) — Véiai, ..., 2. >0 va by, ..., ba> 0: V(aibr) + ... + V(asbn) < V((a1 + ...
+ an)(b1 + ... + by)). Dau bang khi hai b6 ti 1& nhau.

Forajy, ..., a,>0and by, ..., b, > 0: \/(a1b1) + ...+ \/(anb,,) S\/((m + ... +ay)(b; + ... + by)). Equality

when the two lists are proportional.

Chirng minh. / Proof.

Ap dung Dinh 1y 2.12 cho hai bd Va; va Vbi (cac sé thuc khong am): (Z Vai-Vbi)? < (T
a;)(Z by). LAy cin bac hai khong am hai vé.

Apply Theorem 2.12 to the lists Nai: and \b; (non-negative reals): (X NaiNb)? < (2 a)(Z by). Take
non-negative square roots of both sides. R

a’/x+b%/y+c*/z=(a+b+c)*/(x+y+2z) (2.4)
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PINH LY 2.15 (Holder ba bd ba s6) / THEOREM 2.15 (Holder for three triples) — Véi
moi sb khong am aj, x;, ui (1= 1, 2, 3): (a® + a2® + a3®)(x1® + x2° + x3%)(ui® + u2® + us’) > (axiun
+ axxour + asxzuz)’.

For all non-negative a;, xi, u; (i = 1, 2, 3): (a;’> + a2® + a3’) (x> + x2° + x35)(u® + uo’ + us®) > (axu; +

axxou; + asxsus)’.

Chirng minh. / Proof.

Pit A =3 a?, X =3 x, U =2 u®. Néu mot trong ba s6 nay bang 0 thi b twong tmg toan
s6 0 va hai vé déu bang 0. Xét A, X, U > 0. Vi mdi i, theo Pinh Iy 2.8:

Put A =2a’ X=2x7 U=2u? If one of them is 0 the corresponding triple is all zeros and
both sides are 0. Take A, X, U > 0. For each i, by Theorem 2.8:

ai’ /A + xi°/X + ui/U = 3-aixiui/ (AXU)1/3

Cong ba bat dang thiec (i = 1, 2, 3): vé trdi bang 1 + 1 + 1 = 3, nén 3 > 3-X
aixui/(AXU)'A, tiie (AXU)"? > ¥ aixqui. Lap phuong hai vé khong am.

Add the three inequalities (i = 1, 2, 3): the left side is 1 + 1 + 1 = 3, so 3 > 3-2 apxui/(AXU)!7,
that is (AXU)'"? > X axu. Cube both non-negative sides. W

NHAN XET / REMARK — Liy x; = u; = 1 trong Dinh 1y 2.15 dwgc 9-% a® > (2 a;)?, tlc a° +
b*+¢*> (a+ b+ ¢)¥/9. Két qua nay ciing suy ra tir Chebyshev; cach nay khong can sap thir
tu.

Taking x; = u; = 1 in Theorem 2.15 gives 9-2 a’> (X a;)’ thatis a’ + b*> + ¢*> (a + b + ¢)*/9. The
same result follows from Chebyshev; this route needs no ordering of the numbers.

Dang Engel 1a cong cu chinh dé chin dudi mot tong phan thic: tr s6 1a binh phuong,
mau s6 12 cac s6 duong. Khi tir khong sin binh phwong, nhan ca tir va mau voi cing mot
sO dé tao ra binh phuong.

The Engel form is the main tool for bounding a sum of fractions from below: the numerators are

squares and the denominators are positive. When a numerator is not already a square, multiply
numerator and denominator by the same number to create one.

PHAN TiCH / ANALYSIS — DPé cho diéu kién x? + 2y? + 322 = 6 va hoi gi4 tri 16n nhét cua
téng x +y + z, mot biéu thirc bac nhit. Cauchy—Schwarz ndi mot téng bac nhat véi tong cac
binh phuong. Ta cin viét x +y + z = X ajb; sao cho T bi? chinh 1a x2 + 2y2 + 322 chon b = (x,
V2-y, V3-z)vaa=(1, IN2, 113).

The statement gives the condition x*> + 2y? + 3z? = 6 and asks for the maximum of the sum x +y + z, a

linear expression. Cauchy—Schwarz links a linear sum with a sum of squares. We needx +y +z =2
aib; with Z b2 equal to x? + 2y? + 3z2 take b = (x, N2-y, N3:z) and a = (1, IN2, IN3).

Vi DU 2.7 (Cauchy-Schwarz ¢é trong s6) / EXAMPLE 2.7 (Weighted Cauchy—Schwarz)
— Cho x, y, z 1a cac sb thyc thoa man x* + 2y? + 3z2 = 6. Tim gia trj 10n nhat cia x +y + z.
Let x, y, z be real numbers with x*> + 2y? + 3z? = 6. Find the maximum of x +y + z.

Loi giai. / Solution.
Vit x +y+z=1x+ (1/N2):(N2'y) + (1/N3):(\N3-z) va 4p dung Dinh 1y 2.12:

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 51



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

Writex +y +z = 1x + (IN2):N2v) + (IN3)-(N3-2) and apply Theorem 2.12:
x+y+2)>2<1+1/241/3)-(x* + 2y® + 3z%) = (11/6)-6 = 11

Suyrax+y+z<v1l.
Hence x +y+z§\/]].

Dau bang khi (x, V2-y, V3-2z) ti 18 v6i (1, 12, 1A3), tic x =k, y =k/2, z=k/3 v6i k > 0.
Thé vao diéu kién: k2(1 + 2/4 + 3/9) = (11/6)k? = 6, nén k = 6/N11. Khi d6 x + y + z =
(11/6)-k =11.

Equality holds when (x, N2-y, N3-z) is proportional to (I, IN2, IN3), thatis x =k, y = k/2, z =
k/3 with k > 0. Substituting into the condition: k*(1 + 2/4 + 3/9) = (11/6)k? = 6, so k = 611,
Thenx +y +z=(11/6)k =11

Vay gié tri 16n nhat bang V11.

Hence the maximum is N11. W

PHAN TICH / ANALYSIS — Mau sb a +2b, b+ 2c, ¢ + 2a cong lai cho 3(a+ b +¢) =9,
mot hang s6, con tir s6 déu bang 1 = 12. D6 1a diing hinh dang ciia dang Engel: tir 13 binh
phuong, tong miu 13 hang sd.

The denominators a + 2b, b + 2¢, ¢ + 2a add up to 3(a + b + ¢) = 9, a constant, and the numerators
are all 1 = 12 This is exactly the shape of the Engel form: square numerators and a constant sum of
denominators.

VI DU 2.8 (Dang Engel véi tir bang 1)/ EXAMPLE 2.8 (Engel form with numerator 1)
— Choa, b, ¢>0véia+b+c=3. Chimg minh rang 1/(a + 2b) + 1/(b + 2¢) + 1/(c + 2a) > 1.
Leta, b,c>0witha + b + c = 3. Prove that 1/(a + 2b) + 1/(b + 2¢) + 1/(c + 2a) > 1.

Loi giai. / Solution.
Viét mdi sé hang duéi dang 12/(mAu) va ap dung Hé qua 2.13:
Write each term as 1%/(denominator) and apply Corollary 2.13:

1/(a+2b) + 1/(b+2¢) + 1/(c+2a) = (1 + 1 + 1)?/[(a + 2b) + (b + 2¢) + (¢
+2a)]=9/(3(a+b+c)=9/9=1

Déu bang khi a + 2b = b + 2¢ = ¢ + 2a. Tir hai dang thirc ndy: a+ b=2c va b + ¢ = 2a.
Trir vé theo vé: a — ¢ = 2¢ — 2a, suyraa=c,r6ib=2a—c=a. Véia+b+c=3taduoc
a=Db=c=1; kiém tra: ba phan s6 bang 1/3, tong bang 1.

Equality needs a + 2b = b + 2c¢ = ¢ + 2a. These give a + b = 2c and b + ¢ = 2a. Subtracting: a
—c=2c—2a,s0a=c andthenb=2a —c=a Witha+b +c=3wegeta=b=c=1,;
check: three fractions equal to 1/3, sum 1.

Viy bt dang thirc dung, ddu bang taia=b=c=1.
Hence the inequality holds, with equalityata=b=c=1. &
NHAN XET / REMARK — Cach khac cho Vi du 2.8: theo Pinh 1y 2.8, tong ba sé duong

khong nhé hon 3-¥(tich). O day tich cac nghich dao bang 1/[(a + 2b)(b + 2¢)(c + 2a)], con
theo AM—GM céc miu c6 tich nhé hon hodc bang ((9)/3)* = 27, nén tong > 3-¥/(1/27) = 1. Hai
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cach cho cing ddu bainga=b=c=1.

Another route for Example 2.8: by Theorem 2.8 the sum of three positive numbers is at least
3'13/(pr0duct). Here the product of the reciprocals is 1/[(a + 2b)(b + 2¢)(c + 2a)], and by AM—GM the
denominators have product at most (9/3)° = 27, so the sum is at least 3172 7) = 1. Both routes give
the same equality casea = b =c = 1.

PHAN TICH / ANALYSIS — Tong a/b + b/c + ¢/a ¢6 mau khac nhau va tir khong phai binh
phuong. Viét a/b = a%/(ab): tir thanh binh phuong, miu 1a cac tich d6i mot ab, be, ca. Téng
mau 13 ab + be + ca, ma téng tir truée khi binh phwong 13 a + b + ¢, vdy dang Engel cho (a+ b
+ ¢)?/(ab + bc + ca).

The sum a/b + b/c + c/a has different denominators and the numerators are not squares. Write a/b =
a*/(ab): the numerator becomes a square and the denominators are the pairwise products ab, bc, ca.

Their sum is ab + bc + ca and the numerators sum to a + b + ¢ before squaring, so the Engel form
gives (a + b + ¢)%/(ab + bc + ca).

VI DU 2.9 (Tao binh phwong é tir)/ EXAMPLE 2.9 (Creating squares in the
numerators) — Chtng minh rang véi moi a, b, ¢ > 0: a/b + b/c + c/a> (a+ b + ¢)*/(ab + be +
ca) > 3.

Prove that for all a, b, ¢ > 0: a/b + b/c + c/a>(a + b + ¢)*/(ab + bc + ca) > 3.

Loi giai. / Solution.
Viét a/b = a%(ab), b/c = b?/(bc), c/a = c¥/(ca) roi ding Hé qua 2.13 véi cac mau duong ab,
bc, ca:

Write a/b = a*/(ab), b/c = b¥(bc), c/a = c*/(ca) and use Corollary 2.13 with the positive
denominators ab, bc, ca:

a/b+b/c+c/a=(a+b+c)?/(ab + bc + ca)

Bit dang thirc thir hai twong duong (a + b + ¢)? > 3(ab + be + ca) (nhan hai vé voi ab + be
+ ca > 0), tlrc a2 + b2 + ¢2 > ab + be + ca, diing theo B d& 2.5(c).
The second inequality is equivalent to (a + b + ¢)? > 3(ab + bc + ca) (multiply by ab + bc + ca
> (), that is a® + b> + ¢?>ab + bc + ca, which holds by Lemma 2.5(c).

Déu bang & ca hai budc khi a/(ab) = b/(bc) = c/(ca), tirc 1/b=1/c = 1/a, via=b = c. Vay
dau bang khia=b=c.
Equality in both steps needs a/(ab) = b/(bc) = c¢/(ca), that is 1/b = 1/c = 1/a, together with a = b
= c¢. Hence equality holds whena =b =c. R

NHAN XET / REMARK — Hai b s trong Dinh 1y 2.12 ¢6 thé chon tity y. Chon sao cho
mot trong hai tong binh phwong 13 hing sé (hodc 1a diéu kién dé cho) thi vé phai trd thanh
mot sb biét trude. Dau béng cho ta diém roi: hai b ti 1& nhau.

The two lists in Theorem 2.12 can be chosen freely. Choose them so that one of the two sums of
squares is a constant (or the given condition),; the right-hand side then becomes a known number. The
equality case gives the equality point: the two lists are proportional.

NHAN XET / REMARK — Y nghia hinh hoc cia Pinh Iy 2.12 véin=2:u=(a,b) vav =
(c, d) co tich vo hudng u-v = ac + bd = |u-|v|-cos ¢, nén (ac + bd)* < [u|*:|v]* = (a® + b?)(c* +
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d?) vi cos? ¢ < 1. Dau bang khi ¢ = 0 hodc ¢ = 180 d0, tirc hai vecto song song, ding diéu
kién ad = bc.

Geometric meaning of Theorem 2.12 forn = 2: u = (a, b) and v = (c, d) have dot product uv = ac +
bd = |u|*|v|-cos @, so (ac + bd)? < |u]*|v|? = (a® + b?)(c? + d?) because cos?® ¢ < 1. Equality when ¢ = 0
or ¢ = 180 degrees, that is when the two vectors are parallel, exactly the condition ad = bc.

LOI HAY GAP / COMMON MISTAKE — Dung dang Engel khi mot mau c6 thé 4m hodc
bang 0. Phai ghi rd b; > 0 trong 10i giai.

Using the Engel form when a denominator may be negative or zero. State b; > 0 explicitly in the
solution.

LOI HAY GAP / COMMON MISTAKE — Viét diu bang ciia Cauchy—Schwarz 13 a; = b;.
Diéu kién diing 12 hai bo ti 16 (ai = A-b;), va hé sb ti 1& A phai khop véi diéu kién cta dé.
Writing the equality case of Cauchy—Schwarz as a; = bi. The correct condition is that the lists are
proportional (a; = A-b;), and A must be compatible with the constraint of the problem.

2.4. Bat dé’ing thirc hoan vi va Chebyshev — The rearrangement and Chebyshey

inequalities

PINH LY 2.16 (Bit ding thirc hoan vi) / THEOREM 2.16 (Rearrangement inequality)
—Choaj<ax<...<apvabi<by<... <bn V6imoi hodn vic cua {1, ..., n}:

aibr + ... + anbn > aibsr) + ... + anbom) = aibn + azbn-1 + ... + anbi.

Leta;<a><...<a,and b; <b; < ... <b,. For every permutation o of {1, ..., n}:

ab; + ... + awby > aibsay + ... + abopy > aiby + azbp-1 + ... + ayby.

Chirng minh. / Proof.

Tong cung tht tu 1 16n nhat. Gia sir 6 khong phai hoan vi dong nhat. Khi d6 ton tai chi
s0 1 voi o(i) > o(i + 1) (néu 6(1) < 6(2) < ... thi o 1a ddng nhat). P6i chd hai gia trj o(i) va
o(i + 1) cho nhau. Téng thay d6i mot lugng:

The similarly ordered sum is the largest. Suppose o is not the identity. Then some index i has o(i)
>a(i + 1) (ifo(l) < 0(2) < ... then o is the identity). Swap the two values o(i) and o(i + 1). The
sum changes by:

aibo(i+1) + ai+1bo() — aibeg) — ai+1boi+1) = (ai+1 — ai) (bo) — bo+1)) =0

vi air1 > ai va o(i) > o(i + 1) cho beg) > bo+1y. MSi 1an d6i chd nhu vay 1am sb cap ngugc
thir tu giam dung 1, nén sau hitu han budc ta ti hoan vi dong nhat, va tong khong giam ¢
mdi budce. Do d6 tong ban dau khong vuot qua tong cung thir tu.

because aj+1 > a;, and o(i) > o(i + 1) gives boi) > bei+1). Each such swap reduces the number of
out-of-order pairs by exactly 1, so after finitely many steps we reach the identity, and the sum
never decreases along the way. Hence the original sum does not exceed the similarly ordered
sum.

Bat dang thtc bén phai: ap dung két qua vira chimg minh cho b a; va bo ting b'x =
—bus1-k. Vi hoan vi T bat ky, dit p(i) =n + 1 — 1(i); ta c6 T aib'i > T aib'), tirc —X aibaeii
> =¥ aiby, hay T aibpi) > 2 aibur1-i. Vi p chay khdp moi hoan vi khi t chay khap moi
hoan vi, bat diang thic bén phai ding.
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The right inequality: apply the result just proved to the list a; and the increasing list b’y =
—bu+1-r. For any permutation t put p(i) = n + 1 — 1(i); we have X ab'; > X ab'y, that is =X
aibn+1-i > =2 aibpa, or X aibpi > X aiby+1-i. Since p runs over all permutations as t does, the

right inequality holds. W

HE QUA 2.17 (Bit ding thitc Chebyshev) / COROLLARY 2.17 (Chebyshev's
inequality) —Choa;<...<a,vab;<...<bn.Khidon-(aibi +... +abn) > (a1 +... +
an)(b1 + ... + by). Néu mot bo ting va bo kia giam thi bat dang thirc doi chiéu.

Leta; < ...<anand b; < ... <b,. Then n-(a;b; + ... + ayb,) > (a; + ... + ay)(b; + ... + by). If one list is
increasing and the other decreasing, the inequality reverses.

Chirng minh. / Proof.

Véik=0,1,...,n— 1, xét tong dich vong Sk = ¥ aibi+k, chi s6 b tinh theo modulo n (b1
=bi, ...). Moi Sk 1a té)ng aibs(i) v&1 mot hodn vi o, nén theo Pinh 1y 2.16, Sx < Sp = X ajb.
Fork =0, 1, ..., n — [ consider the shifted sum S = X aibi+«, with indices of b taken modulo n

(bn+1 = by, ...). Each Sk is a sum abs) for some permutation o, so by Theorem 2.16, Sy <Sp = X
aibi.

Cong n bat dang thirc d6: Zx Sk < n-X abi. Mit khac Tk Sk = i I aibj = (T ai)(Z bj), vi khi
i ¢b dinh, i + k chay hét cac chi s6 khi k chay tir 0 téin — 1.

Add these n inequalities: 2i Sk < n2 abi. On the other hand X Sy = 2; X; aibj = (2 ai))(2 b)),
because for fixed i, the index i + k runs through all indices as k runs from 0 ton — 1.

Trudng hop mot bo ting, mot bo giam: thay b; bang —bi (b ting) rdi ap dung két qua
trén.

Case of one increasing and one decreasing list: replace b; by —b; (an increasing list) and apply
the result above. W

n-X ajbi = (£ a))(Z b;) (cung chiéu tang) (2.5)

PHAI THUQC / MEMORISE — Tong nghich dao va tich bang 1: néu x;--'x, =1 va x; > 0
thi  xi > n; v6i x; > 0 bat ky thi (T xi)(Z 1/xi) > n2
Reciprocal sums and unit products: if x;--x, = 1 and x; > 0 then X x; > n; for any x; > 0, (X x)(2 1/x;) >

n’

PHAI THUQC / MEMORISE — Cauchy—Schwarz: (Z abi)? < (Z a?)(Z bi?), ddu bang khi
hai bg ti 1. Engel: X ai¥/b; > (Z ai)*/Z b; v6i bi > 0.

Cauchy-Schwarz: (X aib)? < (X a)(2 bi?), with equality when the lists are proportional. Engel: X
a,-z/b,- 2 (Z a,—)Z/Z b,‘fOI" [’)[ > 0

NHAN XET / REMARK — Hai hé qua nhanh cta hoan vi va Chebyshev. Lay b = a;: n-Z a2
> (2 a;)?, tic AM < QM, chig minh thir ba ctia bat dang thirc nay. Véi a <b < c, so sanh
téng cung thir tyr a-a + b-b + ¢-c v6i tong da dich vong a-b + b-c + c-a: a2+ b2+ ¢2 > ab + be +
ca, trang B d& 2.5(c).

Two quick consequences of rearrangement and Chebyshev. Take b; = a;: n'X ai? > (X' a;)?, that is AM <
OM, a third proof of this inequality. For a <b <c, compare the similarly ordered sum a-a + b-b + c-c
with the shifted sum a-b + b-c + c-a: a®> + b> + ¢>>ab + bc + ca, the same as Lemma 2.5(c).
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LOI HAY GAP / COMMON MISTAKE — Dung Chebyshev cho hai diy nguoc chiéu.
Véi (a) = (1, 2, 3) va (b) = (3,2, 1): n-Z ajbi = 3-10 = 30 con (T a;)(Z bi) = 36, nén bat dang
thirc ">" SAI; dling 1a chiéu nguoc lai.

Using Chebyshev for two lists in opposite directions. For (a) = (1, 2, 3) and (b) = (3, 2, 1): n'2 aib; =
3-10 = 30 while (2 a;)(2 b;) = 36, so the inequality ">" FAILS, the reverse direction is the correct one.

LOI HAY GAP / COMMON MISTAKE — Dung diéu kién "tich bang 1" khi cac s6 c6 thé
am. V6i x1 = xo = —1 thi x1x2 = | nhung x; + x = -2 < 2. Hé qua 2.10 doi moi s6 duong.
Using the condition "product equals 1" when the numbers may be negative. For x; = x> = —1 we have
xix2 =1 but x; + x> = —2 < 2. Corollary 2.10 requires every number positive.

HE QUA 2.18 (Téng ti s6 qua hoan vi)/ COROLLARY 2.18 (Sum of ratios under a
permutation) — Véi aj, ..., a, > 0 va moi hoan vi 6 cua {1, ..., n}: ai/asq) + ... + an/asm > n.
Déu bang khi va chi khi ai = acg) v6i moi i.

Foray, ..., a, > 0 and every permutation o of {1, ..., n}: ai/as) + ... + aw/asmw > n. Equality holds if

and only if a; = aq for every i.

Chirng minh. / Proof.

Mgdi chi s6 xuat hién dung mot lan & tir va dung mot 1an & mau, nén tich n ti s6 bang
(a1 -an)/(ao(1) **asm)) = 1. Ap dung Hé qua 2.10 cho n s6 duong nay.

Each index appears exactly once in the numerators and once in the denominators, so the product
of the n ratios is (ai*-an)/(ao(1)"*asm) = 1. Apply Corollary 2.10 to these n positive numbers. B

NHAN XET / REMARK — Véin =3 va o 12 hoan vi vong ta dugc a/b + b/c + c/a > 3, bat
dang thirc di gap & Vi du 2.9 (budc thir hai). Cach chimg minh nay khéng cn binh phuong
nao.

Forn = 3 and o the cyclic permutation we get a/b + b/c + c/a > 3, the inequality met in Example 2.9
(its second step). This proof needs no squares at all.

PHAI THUQC / MEMORISE — Hai diy cung chiéu: tong tich cung th{r tyr 1a 16n nhat,
téng tich nguoc thir tw 1a bé nhét. Chebyshev: n-X aib; > (Z a;)(Z bi) khi ca hai diy ciing ting.
Two lists in the same direction: the similarly ordered sum of products is the largest and the oppositely
ordered one the smallest. Chebyshev: n'2 aib; > (X a;)(2 b;) when both lists are increasing.

PHAN TICH / ANALYSIS — Vé trai a® + b* + ¢ gém a-a?, b-b?, c-¢?, con vé phai a’b + b’*c
+c%a g@)m a*-b, b*-c, c¢*-a: cung cac thura sb a2, b2, c? nhung thtra s6 con lai bi hoan vi vong.
Bd (a, b, ¢) va b (a2, b2, c?) sép thor tu giéng nhau (véi a, b, ¢ > 0), nén téng cung thu tu
khong bé hon tong di hoan vi.

The left side a® + b? + ¢? consists of a-a®, b-b? c-c? and the right side a’b + b’c + c’a of a*b, b*c, c*a:
the same factors a’, b? c? but the other factor is cyclically permuted. The list (a, b, c) and the list (a?,
b? c?) are ordered alike (for a, b, ¢ > 0), so the similarly ordered sum is at least the permuted sum.

Vi DU 2.10 (Sip xép lai) / EXAMPLE 2.10 (Rearrangement) — Chimg minh rang véi moi
a, b, c>0:a%+b*+c®>a’b+ b + c2a. Tim cic truong hop dau bang.
Prove that for all a, b, ¢ > 0. a°> + b> + ¢*>a’bh + b’c + c?a. Find the equality cases.
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Loi giai. / Solution.

Goi u; <uz < us la ba sé a, b, ¢ sdp theo thir tu ting. Vi cac sé duong nén us? < u? < uz*:
hai bd (u12, w2, us?) va (u1, uz, us) duoc sap cung thir tu.

Let u; < u> <usz be the numbers a, b, c in increasing order. Since they are positive, u;> < uz?> <
us’: the lists (ui?, u2? us?) and (ui, uz, u3) are ordered alike.

Trong tong a?b + b%c + c2a, mdi binh phuong u? duoc nhan véi dung mot trong ba sb ui,
uz, U3 (s6 ding sau n6 theo vong a, b, c¢), va ba thira ) nay doi mot khac vi tri, nén téng
c6 dang X u?-us(j) voi o 1a mot hoan vi.

In the sum a’b + b’c + c?a, each square u;? is multiplied by exactly one of ui, uz, us (the number

following it in the cycle a, b, c), and these three factors occupy different positions, so the sum
has the form X u;*u.g for some permutation o.

Theo Dinh 1y 2.16, tong d6 khong vuot qua tong cung thir tu ui-us + u2?-uz2 + us?-us = a3
+ b® + ¢3. Pay la bat dang thirc can chirng minh.

By Theorem 2.16, that sum does not exceed the similarly ordered sum u>u; + u2*u> + us*u3 =
a* + b’ + ¢ This is the required inequality.

Dau bang: theo Dinh 1y 2.8 cho ba s6 duong, a® + a* + b* > 3a%b, dau bang khi a = b. Viét
hai bat dang thirc twong tu cho (b, ¢) va (c, a) rdi cong lai: 3(a® + b* + ¢*) > 3(a%b + b%c +
c’a). Déau béng toanbo khia=b,b=c,c=a.

Equality: by Theorem 2.8 for three positive numbers, a® + a* + b* > 3a’b, with equality when a =
b. Write the two similar inequalities for (b, ¢) and (c, a) and add: 3(a’* + b’ + ¢?) > 3(a’h + b’c +
c’a). Equality throughout needs a = b, b = ¢, ¢ = a.

Vay bt dang thirc dung, ddu bang khi va chikhia=b=c.
Hence the inequality holds, with equality if and only ifa=b =c. R

NHAN XET / REMARK — Bit dang thirc hoan vi cho biét hai viéc ciing lic: tong 16n nhét
khi ghép 16n véi 16n, bé nhat khi ghép 16n véi bé. Vi vay n6 ding dugc cho ca chin trén 1an
chan dudi. Vi du, néua<b<cthiac+bb+canhdhonhoic béng a?+b?+ c2

The rearrangement inequality says two things at once: the sum is largest when large pairs with large,
and smallest when large pairs with small. It therefore gives both upper and lower bounds. For
example, if a <b <c then a-c + b-b + c-a is at most a®> + b> + c>.

LOI HAY GAP / COMMON MISTAKE — Dung hoan vi ma khéng kiém tra thtt ty ciia
hai bg. Véi a, b, ¢c am, bd (a, b, ¢) va (a2, b?, ¢?) khong cung thu tu, két luan co thé sai. Phai
ghi 1 diéu kién duong hoic sap xép lai trude.

Using rearrangement without checking the order of the two lists. For negative a, b, c the lists (a, b, c)
and (a? b? c?) are not ordered alike and the conclusion may fail. State the positivity condition or sort

first.

LOI HAY GAP / COMMON MISTAKE — Gia sir a > b > ¢ cho biéu thirc chi ddi xtmg
vong quanh. Véi a?b + b%c +c%a, by (3,2, 1) cho 18 +4+3=25conbd (1,2,3)cho 2 + 12 +
9 = 23: thir ty quyét dinh gié tri. Chi duoc sip tht ty khi biéu thirc d6i xtng theo moi hoan vi;
con lai chi dugc quay vong.

Assuming a > b > c for an expression that is only cyclic. For a’b + b’c + c?a the triple (3, 2, 1) gives
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18 +4 + 3 =25 while (1, 2, 3) gives 2 + 12 + 9 = 23: the order decides the value. Sorting is allowed
only for an expression symmetric under every permutation, otherwise one may only rotate.

2.5. Chubdi trung binh va bat dé'ing thirc Bernoulli — The chain of means and

Bernoulli's inequality

DINH LY 2.19 (Chudi HM—-GM-AM-QM) / THEOREM 2.19 (HM-GM-AM-QM
chain) — Véi n sé duong x1, ..., Xa, goi HM =n/(1/x1 + ... + 1/xa) (trung binh diéu hoa), GM
= (x1°"Xn)"", AM = (x1 + ... + Xa)/n, QM = V((x12 + ... + Xa2)/n) (trung binh binh phuong).
Khi d6 HM < GM < AM < QM, va déu bang & bit ky chd nao xay ra khi va chi khi moi x;
bang nhau.

For n positive numbers x, ..., Xn, let HM = n/(1/x; + ... + 1/x,) (harmonic mean), GM = (x;-x,)"",
AM = (x; + ... + x)/n, OM = (x> + ... + x,)/n) (quadratic mean). Then HM < GM < AM < OM,
and equality anywhere in the chain holds if and only if all x; are equal.

Chirng minh. / Proof.

GM < AM chinh 1a Pinh 1y 2.9.
GM < AM is Theorem 2.9 itself.

HM < GM: 4ap dung Dinh 1y 2.9 cho n s duong 1/xi, ..., 1/xa: (1/x1 + ... + 1/Xa)/n >
(1/(x1°--Xa))" = 1/GM. Lay nghich dao hai vé duong: n/(1/x; + ... + 1/xs) < GM.

HM < GM: apply Theorem 2.9 to the n positive numbers 1/xi, ..., 1/xn: (I/x1 + ... + L/xy)/n >
(1/(x1xn))"" = 1/GM. Taking reciprocals of the positive sides: n/(1/x; + ... + 1/xn) < GM.

AM < QM: ap dung Pinh 1y 2.12 cho b0 (1, ..., 1) va (X1, ..., Xa): (X1 + ... + Xa)*> < n(x)?
+ ... + xa2). Chia cho n? rdi 1y can duong hai vé.

AM < OM: apply Theorem 2.12 to the lists (1, ..., 1) and (x1, ..., X»): (x1 + ... ¥ x,)? <n-(x;? + ...
+ x,?). Divide by n? and take positive square roots.

Déu bang: mdi budc c6 dau bang khi cac sé bang nhau (AM—GM) hoic khi (xi) ti 16 voi
(1, ..., 1) (Cauchy—Schwarz), tirc ciing 1a khi cac s6 bang nhau.

Equality: each step has equality when the numbers are equal (AM—-GM) or when (x;) is
proportional to (1, ..., 1) (Cauchy—Schwarz), which again means the numbers are equal. W

2ab/(a+b) <V(ab) < (a+b)/2 <V((@+b?)/2) (a,b>0) (2.6)

PHAI THUQC / MEMORISE — Véi a, b > 0: 2ab/(a + b) < V(ab) < (a + b)/2 < V((a? +
b?)/2). Hé qua hay dung: (x +y + z)> < 3(x2 + y2 + 72).

Fora, b > 0: 2ab/(a + b) <\(ab) < (a + b)/2 <~((a? + b)/2). A frequent consequence: (x + y + z)? <
3(x?+y?+ 2.

NHAN XET / REMARK — Tir AM < QM cho hai s&: (Vx + Vy)/2 < V((x + y)/2), tlrc Vx +
\y <VQ2(x +y)) véi x, y > 0. Pay 1a cach nhanh dé chin téng hai can bang tdng bén trong,
dau bang khi x =y.

From AM < OM for two numbers: (\Nx + \y)/2 <\((x + y)/2), that is \x + Ny <~N@2(x + y)) for x, y > 0.
This is a quick way to bound a sum of two roots by the sum inside, with equality when x = y.
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PINH LY 2.20 (Bit ding thirc Bernoulli) / THEOREM 2.20 (Bernoulli's inequality) —
V6i moi s6 thue x > —1 va sb nguyén duong n: (1 + x)*> 1 + nx. D4u bang khi va chi khi x =
0 hodacn=1.

For every real x > —1 and positive integer n: (1 + x)" > 1 + nx. Equality holds if and only if x = 0 or n
=1

Chirng minh. / Proof.
Néu x = 0 hoic n = 1 thi hai vé bang nhau. Xét x > —1, x # 0 va n > 2, ta chimg minh (1 +
x)"> 1+ nx.

If x = 0 or n = 1 both sides are equal. Take x > —1, x # 0 and n > 2; we prove (1 + x)" > I + nx.

Véi x = —1: vé trai bang 0, vé phai bang 1 —n < 0, dang. Vi x > —1, x # 0, quy nap theo
n.Cosén=2: (1 +x)>=1+2x+x>>1+2x vix # 0. Budc quy nap: gia su (1 +x)"> 1
+nx. Vi 1 + x> 0, nhan hai vé:

For x = —1: the left side is 0 and the right side is 1 — n < 0, true. For x > —1, x # 0, use

induction on n. Base n = 2: (1 + x)? =1 + 2x + x? > [ + 2x because x # 0. Inductive step:
assume (1 +x)" > 1 + nx. Since 1 + x > 0, multiply both sides:

14+x)> 1 +nx)(1+x)=1+(Mm+Dx+nx*=>1+ (n+ 1)x
Viy bat dang thtrc dang véin + 1.
So the inequality holds forn + 1. ®

(1+x)">1+nx (x=-1,n€eZ) (2.7)

HE QUA 2.21 (Bit ding thirc Weierstrass) / COROLLARY 2.21 (Weierstrass product
inequality) — Néu xi, ..., Xo > —1 cung ddu (tat ca khong am, hoic tit ca khong dwong) thi (1
+x)(I+x2) (I +xp)>1+x1+x2+ ... +Xp.

Ifxi, ..., x» > —1 all have the same sign (all non-negative, or all non-positive) then (1 + x;)(1 + x3)-+(1
+x,)>1 +x;+x2+ ...+ X

Chirng minh. / Proof.

Quy nap theo n. Vi n = 1 hai vé bang nhau. Gia sir dung voin sd va dit S=x; + ... + xn.
Thém s6 Xa+1 cting ddu véi cac s6 trude, 1 + Xae1 > 0. Nhan bat dang thic (1 + x1) (1 +
Xn) > 1+ Svoi 1+ xXpe1 > 0:

Induction on n. For n = I both sides are equal. Assume the claim for n numbers and put S = x; +

.. + Xu. Add a number x,+1 of the same sign as the earlier ones, so I + x,+1 > 0. Multiply the
inequality (1 + x1)*(1 +x,) =1+ Sby I + x5+ >0:

(I+x1)(1+xn+1) =2 (1 +S)(1 +Xn+1) =1+ S+ Xn+1+ SXn+1 21+ S + Xn41
Budc cudi ding vi S va Xn+1 cling ddu nén S-Xas1 > 0.

The last step holds because S and x,+1 have the same sign, so Sx,+1>0. R

NHAN XET / REMARK — Khi x; = ... = X, = x ta duoc lai Dinh Iy 2.20. Diéu kién "cting
dau" khong thé bo: véixi =1, xa=—1/2thi (1 + 1)(1 - 1/2)=1,con 1 +x1 +x2=3/2> 1.
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When x; = ... = x, = x we recover Theorem 2.20. The condition "same sign" cannot be dropped: for x;
=1L x2=—12weget(l+1)(1—1/2)=1whilel +x; +x,=3/2> 1.

Hinh 2.3. Puong y = (1 + x)? nam trén tiép tuyén y = 1 + 3x tai x =0 v6i x > —1
Figure 2.3. The curve y = (I + x)? lies above the tangenty = 1 + 3x at x = 0 for x > —1

PHAN TICH / ANALYSIS — S6 1,019 = (1 + 1/100)'% ¢6 dang (1 + x)" véi x = 1/100 va
n =100, va nx = 1. Bernoulli cho ngay 1 + nx = 2, nén ta suy ra can dudi 2. Chi con viéc chon
bat déng thirec chat vix #0 van > 2.

The number 1.01'" = (1 + 1/100)"" has the form (1 + x)" with x = 1/100 and n = 100, and nx = 1.

Bernoulli gives 1 + nx = 2 at once, hence a lower bound of 2. What remains is to note that the
inequality is strict because x # 0 and n > 2.

Vi DU 2.11 (Bernoulli véi s6 cu thé) / EXAMPLE 2.11 (Bernoulli with concrete
numbers) — Khéng dung méy tinh, chig minh rang 1,01'° > 2.
Without a calculator, prove that 1.01'" > 2.

Loi giai. / Solution.
Pit x = 1/100, n = 100. Vix > —1, x # 0 van > 2, Dinh Iy 2.20 cho bat dang thirc chit:
Put x = 1/100, n = 100. Since x > —1, x # 0 and n > 2, Theorem 2.20 gives a strict inequality:

(1+1/100)100 > 1 + 100-(1/100) = 2

Vay 1,019 > 2,
Hence 1.01' > 2. m

NHAN XET / REMARK — C4n 2 kha tho: 1,01'% thyc té x4p xi 2,7. Dé 13y can tbt hon,
dung khai trién nhi thirc, giit thém sb hang bac hai: (1 +x)"> 1 + nx + C(n, 2)x? vi x > 0
(C(n, k) 1 s6 t6 hop chap k ciia n, SGK viét C,¥). Vi x = 1/100, n = 100 can nay cho 1 + 1 +
0,495.

The bound 2 is crude: 1.01'" is in fact about 2.7. For a better bound use the binomial expansion and
keep the quadratic term: (1 +x)" > 1 + nx + C(n, 2)x? for x > 0 (C(n, k) is the number of k-element
subsets of an n-element set; the textbook writes C,*). With x = 1/100, n = 100 this bound gives I + I +
0.495.

LOI HAY GAP / COMMON MISTAKE — Dung Bernoulli khi x <—1. Véix=-3 van=
5thi (1 +x)° = (—2)° = =32, nh6 hon 1 + nx = —14, nén bét dang thirc SAL.
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Using Bernoulli when x < —1. Forx = =3 and n = 5 we get (I + x)° = (—2)° = —32, which is smaller
than 1 + nx = —14, so the inequality FAILS.

2.6. Tri tuyét doi, bat dang thirc tam giac va dang cin Minkowski — Absolute

values, the triangle inequality and Minkowski's form

PINH LY 2.22 (Bit ding thirc tam giic) / THEOREM 2.22 (Triangle inequality) — Vi
moi s6 thuc a, b: [a + b| < |a| + |b|, d4u bang khi va chi khi ab > 0. Hé qua: | |a| — [b| | < |a—b| <
la| + [b].

Forall real a, b: |a + b| < |a| + |b|, with equality if and only if ab > 0. Consequence: | |a| — |b| | < |a
— b <|a| +b|.

Chirng minh. / Proof.

Ca hai vé khong 4m nén so sanh binh phuong cua chung (Tinh chat 2.2(v)): (|a| + |b])? —
(a +b)? =2ab] — 2ab > 0, vi |ab| > ab. Dau bang khi |ab| = ab, tirc ab > 0.

Both sides are non-negative, so compare their squares (Property 2.2(v)): (|a| + |b|)? — (a + b)? =
2|ab| — 2ab > 0, because |ab| > ab. Equality when |ab| = ab, that is ab > (.

Hé qua: a=(a—b) + bnén |a| <|a—b| + |b], tirc [a] — [b| < |a — b|. Ddi vai tro a, b: [b| — |a]
<|a—b|. Hai diéu nay cho | |a| — |b| | <|a —b|. Con |a — b| = |a + (=b)| < |a| + |bl.
Consequence: a = (a — b) + b gives |a| <|a — b| + |b|, that is |a| — |b| <|a — b|. Swapping the
roles of a and b: |b| — |a| <|a — b|. Together these give | |a| — |b| | <|a — b|. Also |a — b| = |a +
(=b)| <la| + [b]. =

TINH CHAT 2.23 (Tri tuyét ddi va khoing) / PROPERTY 2.23 (Absolute value and
intervals) — Vé&ir > 0: |x| <r khi va chi khi —r < x <r; [x| > r khi va chi khi x > r hodc x < .
Forr>0: |x| <rifandonly if —r <x <r, |x| > rifand only if x >r or x < —r.

Chirng minh. / Proof.

x| bang s6 16n hon trong hai s6 x va —x. Vay [x| < r khi va chi khi x <rva—x <r, tic -1 <
x < r. Khang dinh thtr hai 14 phu dinh cta khang dinh "[x| < r", tc —r < x <1, nén dung
khi x <-rhoac x >r.

|x| equals the larger of the two numbers x and —x. So |x| <rif and only if x <r and —x <r, that is

—r <x <r. The second claim is the negation of "|x| < r", that is —r < x < r, so it holds exactly
whenx <—-rorx>r. B

PHAI THUQC / MEMORISE — Bit diang thtrc tam giac: |a + b| < |a| + |b|, diu bang khi ab
>0.Véir>0: x|<re-r<x<r.
Triangle inequality: |a + b| < |a| + |b|, with equality when ab > 0. Forr > 0: |x| <r & —-r<x<r.

PINH LY 2.24 (Dang cin Minkowski) / THEOREM 2.24 (Minkowski's form) — Vi
moi sb thyc a, b, ¢, d: V(a2 + b2) + V(c? + d?) > V((a + ¢)* + (b + d)*). D4u bang khi va chi khi
ad =bc vaac +bd > 0.

Forall real a, b, ¢, d: N(a?> + b)) + (c? + d) >((a + ¢)> + (b + d)?). Equality holds if and only if ad
= bc and ac + bd > 0.

Tai liéu nay dugc bién soan boi ddi ngii ctia website: https://globalmarket.vin
Trang 61



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

Chirng minh. / Proof.

Ca hai vé khong 4m nén so sanh binh phwong. V& trai binh phuong bang a2 + b2 + ¢2 + d?
+ 2V((a2 + b?)(c? + d?)); vé phai binh phuong bang a* + b? + ¢2 + d? + 2(ac + bd). Can
chimg minh V((a2 + b?)(c? + d?)) > ac + bd.

Both sides are non-negative, so compare squares. The left side squared is a? + b* + ¢? + d? +
N((a? + bI(c? + d?); the right side squared is a’> + b? + ¢? + d? + 2(ac + bd). We must show
V((a? + b?)(c’ + d?) > ac + bd.

Theo (2.3) v6i n = 2: (a?> + b?)(c* + d?) — (ac + bd)*> = (ad — bc)*> > 0. Vay \/((212 + b?)(c* +
d?)) > |ac + bd| > ac + bd.

By (2.3) withn = 2: (a®> + b?)(c? + d?) — (ac + bd)? = (ad — bc)? > (. Hence ((a? + bY)(c? + d?)
>|ac + bd| >ac + bd.

Déu bang khi (ad — be)? = 0 va |ac + bd| = ac + bd, tirc ad = bc va ac + bd > 0.
Equality holds when (ad — bc)? = 0 and |ac + bd| = ac + bd, that is ad = bc and ac + bd > 0. &

V(@2 +b?) +V(c?+ d®) = V((@+c)? + (b + d)?) (2.8)

Y nghia hinh hoc: V(a2 + b?) 1a d6 dai vecto (a, b), nén Dinh 1y 2.24 néi rang do6 dai tong
hai vecto khong vuot qué tong cac do dai. Dau bang khi hai vecto cing hudng. Dang nay
ding cho céc biéu thirc hai cdn ma bén trong 1a tong hai binh phuong.

Geometric meaning: N(a? + b?) is the length of the vector (a, b), so Theorem 2.24 says that the
length of a sum of two vectors does not exceed the sum of the lengths. Equality holds when the
two vectors point the same way. It applies to expressions with two square roots whose radicands
are sums of two squares.

PHAN TICH / ANALYSIS — Hai ciin ¢6 dang V(x* + 22) va V((6 — x)? + 3?): bén trong la
téng hai binh phwong, trong d6 phan chira x 14 x va 6 — x c6 tong bang 6, khong phu thudc x.
Dit (a, b) = (x, 2) va (¢, d) = (6 — x, 3) thi a + ¢ = 6 khong d6i. V& hinh hoc, tong 1a MP + PN
v6i M(0, 2), N(6, —3), P(x, 0) trén truc hoanh, va dudng gip khuc ngan nhat khi M, P, N
thang hang.

The two roots have the form N2+ 22) and N((6 — x)? + 3 2). inside are sums of two squares, and the x-
dependent parts x and 6 — x add up to 6, independent of x. Put (a, b) = (x, 2) and (c, d) = (6 — x, 3),
so a + ¢ = 6 is constant. Geometrically the sum is MP + PN with M(0, 2), N(6, —3), P(x, 0) on the
horizontal axis, and the broken line is shortest when M, P, N are collinear.

Vi DU 2.12 (Dang cin va hinh hoc) / EXAMPLE 2.12 (Radical form and geometry) —
Tim gié tri nh6 nhét cia F(x) = V(x2 + 4) + V(6 — x)? + 9) trén R.
Find the minimum of F(x) = N2+ 4) + (6 — x)? + 9) over R.

Loi giai. / Solution.
bata=x,b=2,c=6—x,d=3. Theo Dinh ly 2.24:
Puta=x,b=2,¢c=6—x,d=3. By Theorem 2.24:
F(x) = V((x+6—x)%+ (2 +3)?) = V(36 + 25) = V61
Déu bang khi ad = be, tic 3x = 2(6 — x), x = 12/5; va ac + bd = x(6 — x) + 6 =
(12/5)-(18/5) + 6 > 0. Hai diéu kién déu thoa man.
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Equality holds when ad = bc, that is 3x = 2(6 — x), x = 12/5; and ac + bd = x(6 — x) + 6 =
(12/5)-(18/5) + 6 > 0. Both conditions are met.

Vay gia tri nhé nhat bang V61, dat tai x = 12/5.
Hence the minimum is \/61, attained atx = 12/5. W

(6, 0)

"N

Hinh 2.4. Téng MP + PN nhé nhét bing MN = V61 khi P c¢6 hoanh d6 12/5
Figure 2.4. The sum MP + PN is smallest, equal to MN = V61 , when P has abscissa 12/5

NHAN XET / REMARK — Bit ding thirc tam gidc cho nhiéu sd: |a1 + ... + an| <|ai| + ... +
|aa|, chitng minh bang quy nap theo n tir trudng hop hai s6. Mot cach dung: véi x thye, [x — 1|
+x—7=x—1]+|7—x|>|(x— 1)+ (7 —x)| =6, ddu bang khi (x — 1)(7 —x) > 0, thrc | <x <
7.

The triangle inequality for many numbers: |a; + ... + a,| <|a;| + ... + |a,|, proved by induction on n
from the two-number case. One use: forrealx, |x — 1| +|x = 7| =|x—I|+|7—x|>|x— 1) + (7 —
x)| = 6, with equality when (x — 1)(7 — x) >0, thatis ] <x <7.

LOI HAY GAP / COMMON MISTAKE — Cho ring d4u bing ctia Minkowski chi can ad
= bc. Véi (a, b) = (1, 0) va (c, d) = (-1, 0) ta c6 ad = bc = 0, nhung vé trai baing 1 + 1 =2 con
vé phai V((1 — 1)? + 0) = 0. Hai vecto phai cing hudng, tirc can thém ac + bd > 0.

Believing that the equality case of Minkowski needs only ad = bc. For (a, b) = (1, 0) and (c, d) = (—1,
0) we have ad = bc = 0, yet the left side is 1 + 1 = 2 while the right side is (1 — 1)> + 0) = 0. The
two vectors must point the same way, so ac + bd > 0 is also needed.

LOI HAY GAP / COMMON MISTAKE — B6 diu gia tri tuyét dbi bang cach binh phuong
ma quén rang |a| > a chir khong bang a. Tir [a] > [b| chi suy ra a? > b2, con mudn suy raa >b
thi can thém a, b > 0.

Dropping an absolute value by squaring while forgetting that |a| > a, not |a| = a. From |a| > |b| one
gets only a®> > b?; to get a > b one also needs a, b > (.

2.7. Bat ding thirc Nesbitt va bai toan cure tri c6 diéu kién — Nesbitt's inequality

and constrained extremum problems

PINH LY 2.25 (Bit ding thirc Nesbitt)/ THEOREM 2.25 (Nesbitt's inequality) — Vi
moi a, b, ¢ > 0: a/(b + ¢) + b/(c + a) + ¢/(a + b) > 3/2. Dau bang khi va chi khia=b=c.
Foralla, b, ¢ > 0: a/(b + ¢) + b/(c + a) + c/(a + b) > 3/2, with equality if and only ifa = b = c.
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Chirng minh. / Proof.
Viét a/(b + ¢) = a¥(a(b + ¢)) va ap dung Hé qua 2.13 v6i cac mau duong a(b + ¢), b(c +
a), c(a+b):

Write a/(b + ¢) = a’/(a(b + c)) and apply Corollary 2.13 with the positive denominators a(b +
¢), b(c +a), cla+b):

Ya/(b+c)=(a+b+c)?/(2(ab+ bc + ca))

Theo B6 d& 2.5(c), (a + b + ¢)? > 3(ab + be + ca), nén vé phai khong nhé hon 3/2.
By Lemma 2.5(c), (a + b + ¢)?> 3(ab + bc + ca), so the right side is at least 3/2.

Dau bang can a = b = ¢ (tir budc cudi); khi a = b = ¢, mdi phan sb bang 1/2 va tong bang
3/2.

Equality needs a = b = c (from the last step); when a = b = c each fraction equals 1/2 and the
sumis 3/2. A

a/(b+c)+b/(c+a)+c/(a+b)=3/2 (a,b,c>0) (2.9)

NHAN XET / REMARK — Gia trj 3/2 ctia Nesbitt chi dat khi a = b = c. Khi mot bién tién
tdi 0 thi téng 16n hon: (a, b, c)=(1,1,0)cho 1 + 1 +0=2>3/2, nén can 3/2 la chat nhung
chi dat & tam.

The value 3/2 in Nesbitt is attained only at a = b = c¢. When one variable tends to 0 the sum is larger:
(a,b,c)=(1,1,0) gives I + 1+ 0=2>3/2, sothe bound 3/2 is sharp but attained only at the centre.

HE QUA 2.26 (Nesbitt bon bién) / COROLLARY 2.26 (Four-variable Nesbitt) — Vi a,
b, c,d>0:a/(b+c)+b/(c+d)+c/(d+a)+d/(a+b)>2. Didu bang khi va chikhia=cvab
=d.

Fora, b, c,d> 0:a/(b+c)+b/fc+d)+c/(d+a)+d/a+b)>2. Equality holds if and only if a = ¢
and b =d.

Chirng minh. / Proof.

Viét a/(b + ¢) = a¥(a(b + ¢)) va tuong ty, r0i dung Hé qua 2.13 v6i bén miu duong. Tong
mau bang ab + ac + bc + bd + c¢d + ca + da + db = ab + 2ac + bc + 2bd + cd + da. Vay
tong can chimg minh khong nho hon

Write a/(b + ¢) = a’/(a(b + ¢)) and similarly, then use Corollary 2.13 with the four positive

denominators. The sum of the denominators is ab + ac + bc + bd + c¢d + ca + da + db = ab +
2ac + bc + 2bd + cd + da. So the sum is at least

(a+b+c+d)?/(ab + bc+ cd + da + 2ac + 2bd)
Hiéu (a+ b+ c+d)>—2(ab + bc + ¢d + da + 2ac + 2bd) = a% + b*> + ¢+ d> — 2ac — 2bd =
(a—c)?+ (b —d)?>>0, nén phan sé trén khong nho hon 2.
The difference (a + b + ¢ +d)? — 2(ab + bc + cd + da + 2ac + 2bd) = a® + b? + ¢? + d* — 2ac —
2bd = (a — ¢)? + (b — d)? > 0, so the fraction above is at least 2.
Déu bang can a = ¢, b = d (tir budc cudi). Khi a=c va b =d, bon sé hang 1a a/(b + a), b/(a
+b), a/(b + a), b/(a + b), tong bang 2(a + b)/(a + b) = 2.
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Equality needs a = c and b = d (from the last step). When a = c and b = d the four terms are a/(b
+a), b/(a + b), a/(b + a), b/(a + b), summing to 2(a + b)/(a+b)=2. A

PINH NGHIA 2.27 (Gia tri nhé nhz’it) / DEFINITION 2.27 (Minimum value) — Ham f
c6 gia tri nhé nhit m trén tap M néu (1) f(x) > m v6i moi x € M va (2) ton tai xo € M dé f(xo)
= m. Gi4 tri 16n nhét dinh nghia twong tw véi chiéu nguoc lai.

A function f has minimum value m on a set M if (1) f{x) >m for all x € M and (2) there is xo € M with
f(xo) = m. The maximum is defined similarly with the reverse direction.

Loi giai bai cyc tri ¢6 hai ntra khong thé thiéu: chan (diéu kién (1)) va dat dugc (diéu kién
(2)). Bo nira tht hai 13 16i phd bién nhat, nhu vi du sau cho thdy khi diéu kién d& can
diém roi quen thudc.

A solution to an extremum problem has two indispensable halves: the bound (condition (1)) and

attainment (condition (2)). Dropping the second half is the most common error, as the next
example shows when the constraint of the problem blocks the familiar equality point.

PHAN TiCH / ANALYSIS — Khong c6 rang budc, a+ 1/a>2 (taia = 1) va b + 4/b > 4 (tai
b =2), nén gia trj nho nhat 1 6 tai (a, b) = (1, 2). Nhung khi d6 a + b =3 > 2, vi pham diéu
kién. Piém roi quen thude nam ngoai mién, nén cuc tiéu phai 6 biéna +b=2. Mubn xir ly,
dit t =a+ b va dung dang Engel dé gom 1/a + 4/b thanh mot ham cua t.

Without the constraint, a + 1/a>2 (ata = 1) and b + 4/b >4 (at b = 2), so the minimum would be 6
at (a, b) = (1, 2). But then a + b = 3 > 2, violating the condition. The familiar equality point lies
outside the domain, so the minimum must be on the boundary a + b = 2. To handle it, putt =a + b
and use the Engel form to collect 1/a + 4/b into a function of t.

Vi DU 2.13 (Piém roi bi rang bugc chin) / EXAMPLE 2.13 (Equality point blocked by a
constraint) — Cho a, b > 0 thoa mén a + b < 2. Tim gi4 tri nhé nhit ctaP=a+b+ 1/a +
4/b.

Leta, b> 0 with a + b < 2. Find the minimum of P =a + b + 1/a + 4/b.

Loi giai. / Solution.

batt=a+b,0<t<2. Theo Hé qua 2.13: 1/a + 4/b = 1%/a + 22/b > (1 + 2)*/(a + b) = I/t.
Vay P>t + 9.

Putt=a+b, 0<t<2 By Corollary 2.13: 1/a + 4/b = 1%a + 2%/b > (I + 2)*/(a + b) = I/t.
Hence P>t + 9/t.

Ta chimg minh t + 9/t > 13/2 v61 0 <t < 2:

We show that t + 9/t > 13/2 for 0 <t <2:

t+9/t—13/2=(2t>* - 13t+ 18)/(2t) = 2t —9)(t — 2)/(2t) = 0
vit>0,2t—9<0vat—2<0nén tich (2t — 9)(t — 2) khong am.
becauset> 0, 2t — 9 < 0 and t — 2 <0, so the product (2t — 9)(t — 2) is non-negative.
Vay P > 13/2. Dau bang can t = 2 va, theo dang Engel, 1/a : 2/b bang nhau, tirc b = 2a. Tir
a+b=2tadugca=2/3,b=4/3 (thudc mién).

Hence P > 13/2. Equality needs t = 2 and, in the Engel form, 1/a = 2/b, that is b = 2a. From a +
b=2wegeta=2/3,b=4/3 (inside the domain).
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Kiém tra: P =2 + 3/2 + 3 = 13/2. Vay gia tri nho nhat bang 13/2, dat tai (a, b) = (2/3,
4/3).
Check: P =2 + 3/2 + 3 = 13/2. Hence the minimum is 13/2, attained at (a, b) = (2/3, 4/3). &

PHAN TICH / ANALYSIS — Biéu thtrc a%b + bc + ca + abc chi bat bién khi hoan vi vong,
khong dbi xtng, nén khong thé gia sir a>b > c. Nhung ta luén c6 thé quay vong dé mot s6
nam giira hai s kia dimg & vi tri b. Khi d6 (a — b)(b — ¢) > 0, va hiéu giita b(a + ¢)? vdi biéu
thirc da cho dung bang c(a — b)(b — ¢), kiém tra bang khai trién. Sau d6 b(a + ¢)> =4-b-((a +
¢)/2)? dugc chin bang AM—GM ba sb vib + (a + ¢)/2 + (a + ¢)/2 = 3.

The expression a’b + b’c + c?a + abc is invariant only under cyclic permutation, not symmetric, so we
cannot assume a > b > c. But we can always rotate so that a number lying between the other two sits
in position b. Then (a — b)(b — ¢) > 0, and the difference between b(a + c)? and the given expression is
exactly c(a — b)(b — ¢), as expansion confirms. Then b(a + c)? = 4:b-((a + c)/2)? is bounded by three-
term AM—GM because b + (a + ¢)/2 + (a + ¢)/2 = 3.

Vi DU 2.14 (Quay vong va so sanh véi b(a + ¢)?) / EXAMPLE 2.14 (Rotation and
comparison with b(a + ¢)?) — Cho a, b, ¢ >0 v6i a + b + ¢ = 3. Ching minh rang a%b + b%c +
c?a + abc < 4, va tim moi truong hop déu bang.

Leta, b, ¢ >0 witha + b + ¢ = 3. Prove that a’b + b’c + c?a + abc <4, and find all equality cases.

Loi giai. / Solution.

Goi E(a, b, ¢) = a%b + b + c%a + abc. Quay vong (a, b, ¢) thanh (b, c, a) khong ddi E.
Trong ba s6 luén c¢6 mdt s6 nam gitra hai sé con lai (khong 16n nhat, khong nho nhat);
quay vong sao cho sd d6 1a b. Khi d6 (a — b)(b — ¢) > 0.

Let E(a, b, ¢) = a’b + b’c + c’a + abc. Rotating (a, b, c) to (b, ¢, a) leaves E unchanged. Among

the three numbers one lies between the other two (neither the largest nor the smallest), rotate so
that this number is b. Then (a — b)(b — ¢) > 0.

Khai trién:
Expand:
b(a + ¢)? — E = (a®b + 2abc + bc?) — (ab + b?c + c*a + abc) = abc + bc? — b?c
—cfa=c(a—-b)(b—c)=0
Do d6 E < b(a + ¢)? = 4-b-((a + ¢)/2)((a + ¢)/2). Theo Pinh 1y 2.8 cho ba s6 khong am b,
(a+c)/2, (a+ c)/2 cb tong bang 3:
So E < b(a + ¢)? = 4:b((a + ¢)/2)((a + ¢)/2). By Theorem 2.8 for the three non-negative
numbers b, (a + c)/2, (a + c)/2, whose sum is 3:
b((@a+¢)/2)((@a+¢)/2)<((b+(a+c)/2+ (a+c)/2)/3)*=1

Suyra E <4.
Hence E < 4.

Déaubang canc(a—b)(b—c)=0vab=(a+c)2=1,taccb=1,a+c=2vac=0hoica
= 1 hodc ¢ = 1. Ba kha nang cho (a, b, ¢c) = (2, 1, 0) hoac (1, 1, 1). Tra lai phép quay
vong, cac truong hop déu bang cua dé 1a (1, 1, 1), (2, 1, 0), (0, 2, 1), (1, 0, 2).
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Equality needs c(a — b)(b—c) =0and b =(a+c)/2=1,thatisb=1,a+c=2andc=0ora
=1 orc = 1. These give (a, b, c) = (2, 1, 0) or (1, 1, 1). Undoing the rotation, the equality cases
of the problem are (1, 1, 1), (2, 1, 0), (0, 2, 1), (1, 0, 2).

Kiém tra: E(2, 1, 0) = 4-1 = 4. Vay gi4 tri 10n nhét cua E bang 4.
Check: E(2, 1, 0) = 4-1 = 4. Hence the maximum of E is 4. &

NHAN XET / REMARK — Diéu kién a, b, ¢ > 0 (cho phép bang 0) 1a can thiét: dau bang
thtr hai (2, 1, 0) c6 mot bién béng 0. Néu dé doi a, b, ¢ > 0 thi gia tri 4 khong con dat dugc tru
tai (1, 1, 1), nhung 4 van 14 can trén nhé nhét.

The condition a, b, ¢ > 0 (zero allowed) matters: the second equality case (2, 1, 0) has a variable
equal to 0. If the problem demanded a, b, ¢ > 0, the value 4 would be attained only at (1, 1, 1), while 4
would still be the least upper bound.

NHAN XET / REMARK — Tong quat hoa Vi du 2.13: véia, b>0vaa+b<s, gia tri nho
nhitciaa+b+ 1/a+4/b1a 6 néus>3 (dat tai (1, 2), nam trong mién), valas+9/snéu0<s
<3 (dat tai a =s/3, b = 2s/3, trén bi€n). Ngudng s = 3 chinh la téng cua diém roi khong rang
budc.

A generalisation of Example 2.13: for a, b> 0 with a + b <s, the minimum of a + b + 1/a + 4/b is 6 if
s > 3 (attained at (1, 2), inside the domain), and s + 9/s if 0 < s < 3 (attained at a = s/3, b = 2s/3, on
the boundary). The threshold s = 3 is exactly the sum of the unconstrained equality point.

NHAN XET / REMARK — Tong quat hoa Vi du 2.7: néu wixi2 + ... + WaXa? = ¢ vOi wi > 0,
¢>0thixi+...+xa<Vc:(I/wi + ... + I/wn)). Vi (w) = (1, 2, 3) va ¢ = 6 ta dugc \(6-11/6)
=11.

A generalisation of Example 2.7: if wix;? + ... + wux,> =cwithw; > 0, ¢c> 0thenx; + ... +x, <
8 p

N(e(Lwi + ... + 1/wy). With (w) = (1, 2, 3) and ¢ = 6 we get N(6-11/6) =11.

LOI HAY GAP / COMMON MISTAKE — Chitng minh f > m rdi két luan gia tri nh6 nhét
la m ma khoéng néu diém dat. Thiéu diéu kién (2) cta Dinh nghia 2.27 thi m chi 1a mot can
dudi, chua chic 1a gi tri nho nhat.

Proving f>m and then declaring the minimum to be m without exhibiting a point where it is attained.
Without condition (2) of Definition 2.27, m is only a lower bound, not necessarily the minimum.

LOI HAY GAP / COMMON MISTAKE — Chia hai vé cho mét biéu thirc chua biét dau.
Tur x> > xy khong suy ra x > y: x = =3,y =1 cho 9 > —3 nhung —3 < 1. Phéi xét riéng x > 0 va
x < 0, hodc chuyén vé rdi phén tich x(x — y) > 0.

Dividing both sides by an expression of unknown sign. From x?> > xy one cannot deduce x > y: x = =3,

y=1gives 9> =3 but =3 < 1. Treat x > 0 and x < 0 separately, or move everything to one side and
factor x(x — y) > 0.

LOI HAY GAP / COMMON MISTAKE — Nhan hai bit déing thirc cing chiéu khi c6 sb
am. Tra>bvac>dkhongsuyraac>bd:a=1,b=-5,c=2,d=-3choac=2<15=bd.
Tinh chat 2.2(iii) d6i moi s6 khong am.

Multiplying same-direction inequalities when negative numbers are present. From a > b and ¢ > d
one cannot deduce ac > bd: a =1, b= -5, ¢c=2,d =—3 gives ac =2 < 15 = bd. Property 2.2(iii)
requires all numbers non-negative.

LOI HAY GAP / COMMON MISTAKE — Xt Iy biéu thtrc c6 hai bién bing cach t6i vu
ting bién riéng roi ghép lai, trong khi rang budc ndi cac bién véi nhau. Véia+b<2vaP=a
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+b+ 1/a+ 4/b, tdi wu riéng cho a= 1, b =2, titc P = 6, nhung diém nay vi pham a+b <2 va
can 6 khong dat duoc; gia tri nho nhat that 1a 13/2.

Optimising each variable separately and then combining, while a constraint links the variables. With
a+b<2and P=a+ b+ l/a + 4/b, separate optimisation gives a = 1, b = 2, that is P = 6, but this
point violates a + b < 2 and the bound 6 is not attained, the true minimum is 13/2.

PHAI THUQC / MEMORISE — M5t bai cyc tri chi hoan thanh khi c¢6 du: (1) chimg minh
bat dang thirc; (2) chi ra bo gi tri bién 1am déu bang xay ra va thudc mién xac dinh; (3) két
luan bang mot cAu "VAy gia tri nho nhit bang ...".

An extremum problem is finished only when you have: (1) proved the inequality, (2) exhibited values
of the variables for which equality holds and which lie in the domain; (3) concluded with a sentence
"Hence the minimum is ...".

2.8. K¥ thuat tach — ghép va cac bo dé nhé — Splitting, pairing and small lemmas

Nhiéu bai kho thuc ra 13 tong cta vai bat dang thirc nho, mdi bat dang thirc chi can mot
dong. Céc bo dé sau xuat hién 1ap lai & dang phan thirc, bac ba va téng nghich dao.

Many hard problems are really a sum of a few small inequalities, each needing one line. The
lemmas that follow recur in fractional, cubic and reciprocal-sum form.

BO DE 2.28 (Bon bo dé tach — ghép) / LEMMA 2.28 (Four splitting lemmas) — Vi x, y
>0:

(a) x*y > 2x —y, d4u bang khi x = y;

(b) 1/x + 1/y > 4/(x + y), ddu bang khi x = y;
(c) x* + y* > xy(x + y), diu bang khi x = y;

(d) x/y + y/x > 2, ddu bang khi x =y.
Forx,y>0:

(a) x*y = 2x — y, with equality when x = y;

(b) I/x + 1/y >4/(x + y), with equality when x =y,
(c) x* +y?>xy(x + y), with equality when x = y;
(d) x/y + y/x > 2, with equality when x = y.

Chirng minh. / Proof.
@Axy—-2x—y)=X—2xy+y)y=x—-y)*y=>0viy>0.

(a) x?/y — (2x —y) = (x? = 2xy + y3)/y = (x — y)*/y > 0 because y > 0.

(b) Ux+ Uy —4/(x+y) =[(x+y) —dxyl/(xy(x + y)) = (x = y)/(xy(x + y)) > 0.
(b) Ix+ 1y =4/(x+y) =[x +y)? = 4]/(xy(x +y)) = (x = y)"(xy(x + y)) 2 0.
©X+y —xy(x+y) =X’ =Xy —xy* +y’ = (x T y)(x ~y)* = 0.

(€) X7+ 3 = xy(x +) = X' =3 =1+ = (x +y)(x— )20,

(D xly+yx—2=x—-y)*(xy)=>0.

(d)xty +yx—2=x-y)Yxy)=>0. &

BO DE 2.29 (Tach — ghép bac n + 1) / LEMMA 2.29 (Splitting of degree n + 1) — Véi x,

y>0van € Z" x"! + yr*! > xy + xy" Dau bang khi va chi khi x =y.
Forx,y>0andn €Z*: x""' +y"' >x"y + xy". Equality holds if and only if x = y.
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Chirng minh. / Proof.

Hiéu hai vé bang (x" — y")(x — y). Theo Tinh chit 2.2(v), x" — y" cing dau véi x — y khi x,
y > 0, nén tich khong am; n6 bang 0 chi khi x =y.

The difference of the two sides equals (X" — y")(x — y). By Property 2.2(v), x" — y" has the same
sign as x — y for x, y > 0, so the product is non-negative, it is 0 only whenx =y. B

NHAN XET / REMARK — Véin =2 ta dugc x> + y* > x2y + xy?, tring B6 d& 2.28(c). Véi
n=4:x°+y’>x% + xy*. Cong vong cho ba cap: 2(a""! + b*"! + ¢**1) > ab(a™ ! + b 1) +
be(b™ !+ ¢ ) + ca(c™ ! +a ).

Forn =2 we get x*> + y>*>x% + xy?, the same as Lemma 2.28(c). For n = 4: x° + y° > x* + xy*
Adding cyclically over three pairs: 2(a"" + b""' + ") > ab(@" ' + ") + be(®" ' + ") + ca(c"’
+a).

HE QUA 2.30 (Téng nghich dao) / COROLLARY 2.30 (Sum of reciprocals) — Vi n sb
duong xi, ..., X! (X1 + ... + Xa)(1/x1 + ... + 1/xa) > n2. D4u bang khi va chi khi moi x; bang
nhau.

For n positive numbers xi, ..., Xp: (x1 + ... T x5)(1/x1 + ... + 1/x,) >n? Equality holds if and only if all
x; are equal.

Chirng minh. / Proof.

Ap dung Pinh 1y 2.12 cho hai b Vxi va 1/\x:: tich timg cdp bang 1, nén (2 12 =n?< (T
xi)(Z 1/xi). Dau bang khi hai bo ti 18, tirc Vxi = MVxi, x; = A khong doi.

Apply Theorem 2.12 to the lists \xi and 1/\xi: each pair multiplies to 1, so (X 1)? = n? < (2 x)(X
1/x;). Equality when the lists are proportional, that is \x; = A\x; xi = A constant. ®

NHAN XET / REMARK — Véin =3, Hé qua 2.30cho(a+b+c)(l/a+1/b+ 1/c)>9, tlc
1/a+ 1/b+ 1/c > 9/(a+ b+ ¢). Dang ndy quen dung khi biét tong a + b + c.

Forn =3, Corollary 2.30 gives (a + b +c)(1/a + 1/b + 1/c) > 9, that is 1/a + 1/b + 1/c > 9/(a + b +
¢). This form is used when the sum a + b + c is known.

HE QUA 2.31 (AM—GM c6 trong s6 nguyén) / COROLLARY 2.31 (AM-GM with

integer weights) — Vi xi, ..., Xk > 0 va cac s6 nguyén duong pi, ..., px, dat N=pi + ... +
pr. Khi d6 (pixi + ... + pixi)/N > (x1P - xi®) N, dau bang khi va chi khi x; = ... = xx.
For xy, ..., xx > 0 and positive integers pi, ..., p, put N =p; + ... + pr. Then (pix; + ... + pixi)/N >
(e xi)N, with equality if and only if x; = ... = xx.

Chirng minh. / Proof.

Ap dung Pinh 1y 2.9 cho N s6 duong gém pi s6 bang x1, p2 s6 bang xa, ..., pk s6 bang x.
Trung binh cong 13 (pix1 + ... + pxx)/N, trung binh nhan 13 (x;”--x™)"N. D4u bang khi
N s bang nhau, tic xi = ... = Xx.

Apply Theorem 2.9 to the N positive numbers consisting of p; copies of x1, p2 copies of x, ..., Pk
copies of xr. The arithmetic mean is (pix; + ... + pwxi)/N and the geometric mean is (x”-x)"'N.
Equality when all N numbers are equal, that is x; = ... = x;. B
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NHAN XET / REMARK — Cong vong B dé 2.28(a) cho céc cip (a, b), (b, ¢), (c, a) ta
dugc a¥/b + b¥c + c¥/a>(2a—b) + (2b —¢) + (2c —a) =a + b + ¢, két qua trung véi dang
Engel nhung chi cin mot dong.

Adding Lemma 2.28(a) cyclically for the pairs (a, b), (b, c), (c, a) gives a’/b + b%/c + c¥a > (2a — b) +
(2b—c¢) + (2¢c —a) = a + b + ¢, the same as the Engel form but in a single line.

NHAN XET / REMARK — Cong B6 dé 2.28(c) cho ba cip dugc 2(a® + b* + ¢) > ab(a + b)
+be(b + ¢) + ca(c + a). V& phai con viét dugc bang (a + b + c)(ab + be + ca) — 3abc, nén bt
dang thirc ndy ndi bac ba véi cac tong ddi xtng so cap.

Adding Lemma 2.28(c) over three pairs gives 2(a’* + b*> + ¢°) > ab(a + b) + be(b + ¢) + ca(c + a). The
right side equals (a + b + c)(ab + bc + ca) — 3abc, so this inequality links cubes with the elementary
symmetric Sums.

NHAN XET / REMARK — Hé qua 2.31 giai thich cach chon hé s6 & Vi du 2.5: dé chan x%y
ta dung hai ban sao ctia x va mot ban sao ctia y, nén N = 3 va diém roi 1 cac s tach ra bang
nhau. Ciing cach 4y, a?b® vdi 2a + 3b ¢b dinh dung hai ban sao cta a va ba ban sao cia b (N =
5).

Corollary 2.31 explains the choice of coefficients in Example 2.5: to bound x?y we use two copies of x
and one copy of y, so N = 3 and the equality point is where the split numbers are equal. By the same
device, a’b’ with 2a + 3b fixed uses two copies of a and three copies of b (N = 5).

LOI HAY GAP / COMMON MISTAKE — Cong bat ding thic ciing chiéu rdi trir. C6 thé
cong hai bat dang thirc cing chiéu, nhung khong dugc trir chiing: tir a > b va ¢ > d khong suy
raa—c>b—d(chinghan3>1va5>0cho3 —5=-2<1-0=1). Mudn trlr, chuyén vé
dang hiéu trudc.

Adding same-direction inequalities and then subtracting. Two inequalities in the same direction can
be added but not subtracted.: from a > b and c > d one cannot deduce a — ¢ > b — d (for instance 3 > 1
and 5> 0give 3 —5=-2<1—0=1). To subtract, rewrite in difference form first.

PHAI THUQC / MEMORISE — x*/y >2x —y; 1/x+ 1/y>4/(x +y); x*+y*>xy(x +y);
(Z xi)(Z 1/xi) > n2 Ca bén déu chirng minh trong mot dong tir (x — y)? > 0 hodc Cauchy—
Schwarz.

Xy>2x—y, I/x+1y>4/x +y); X>+y’>xpx +y), (Xx)( 1/x;) >n? All four follow in one line
from (x — y)? > 0 or Cauchy—Schwarz.

2.9. Bang chién lwgc chon cOng cu — Strategy table: choosing the tool

Déu hiéu trong dé Cong cu nén thir Vidu
Sign in the problem Tool to try Example

Hiéu hai vé gom dugc thanh
téng cac binh phuong
The difference of the sides groups

Bién d6i trong duong, B6 d& 2.5
Equivalent transformation, Lemma
2.5

Vidu2.1,2.2
Example 2.1, 2.2

into a sum of squares
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Diu hi¢u trong dé

Sign in the problem

Cong cu nén thir
Tool to try

Vi du
Example

Tich hoac téng ¢d dinh, can cuc
tri, hang tor duong

Fixed product or sum, extremum
wanted, positive terms

Phan thirc x?/y, tong nghich dao,

X3 +y3, tich cac tonga + b, b+ ¢,
cta

Fractions x*/y, sums of reciprocals,

x?+y3, products of sums a + b, b +
¢, cta

Biéu thtrc bac nhét bi chin boi
téng binh phuong

A linear expression bounded by a
sum of squares

Téng phan thirc, tong mau hodc
tong tir biét trude

A sum of fractions with known sum
of denominators or numerators

Hai vé c6 cung thira s6, chi khac
hoén vi vong

Both sides share factors and differ
by a cyclic shift

Liy thura (1 +x)" so voi 1 + nx
A power (1 + x)" against 1 + nx

Téng hai cin V(p* + q2) véi phan
chira bién c6 tong khong doi

A sum of two roots \(p? + q?) whose
variable parts have constant sum

C6 diéu kién dang "<" chin diém
roi quen thudc

A condition of the form "<" blocking
the familiar equality point

Biéu thtrc chi bat bién theo hoan
vi vong

An expression invariant only under
cyclic permutation

AM-GM vé6i diém roi, tach hang
tur

AM-GM with equality point,
splitting

Bo dé tach — ghép, AM—GM
ting cadp

Splitting lemmas, AM—GM on each
pair

Cauchy—Schwarz c6 trong sb
Weighted Cauchy—Schwarz

Dang Engel (Titu), Nesbitt
Engel form (Titu), Nesbitt

Bt dang thirc hoan vi,
Chebyshev

Rearrangement, Chebyshev

Bernoulli

Minkowski, hinh hoc
Minkowski, geometry

batt= téng, khao sat theo t
Put t = the sum and study in t

Quay vong dé mot bién nam gitra
Rotate so that one variable lies in
the middle

Vidu?2.3,2.5
Example 2.3, 2.5

B6 d¢ 2.28, Vidu 2.4
Lemma 2.28, Example 2.4

Vidu2.7
Example 2.7

Vidu28,2.9
Example 2.8, 2.9

Vidu2.10
Example 2.10

Vidu2.11
Example 2.11

Vidu2.12
Example 2.12

Vidu2.13
Example 2.13

Vidu2.14
Example 2.14
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Thuéat ngir

Term (Vietnamese)

Tiéng Anh

English

Giai thich ngin
Short definition

Bét dang thic

Dau bang

Piém roi

Bién d6i trong duong
Trung binh cong

Trung binh nhan

Trung binh diéu hoa
Trung binh binh phuong

Quy nap Cauchy

Dong nhat thirc
Lagrange

Dang Engel

Hai bd ti 1¢
Cung thu tu
Hoan vi
Dich vong

Gia trj tuyét d6i

Bét dang thirc tam giac

Inequality

Equality case

Equality point

Equivalent
transformation

Arithmetic mean

Geometric mean

Harmonic mean
Quadratic mean

Cauchy induction

Lagrange's identity

Engel form

Proportional lists

Similarly ordered

Permutation

Cyclic shift

Absolute value

Triangle inequality

Quan h¢ >, >, < hodc < giira hai bi€u thuc
A relation >, >, < or < between two expressions

Gi4 tri bién 1am hai vé bang nhau
Values of the variables making both sides equal

Piém tai 36 AM—GM thanh dang thirc
The point at which AM—GM becomes an
equality

Bién d6i hai chiéu, khong doi tap nghiém
A two-way step that keeps the solution set

(al + ...+ an)/n

(a1---an)"", cac s6 khong 4m
(a;-+an)"", numbers non-negative

n/(1/x1 + ... + 1/xy), cac s6 duong
n/(1/x; + ... + 1/x,), numbers positive

V(x12+ ... + x:2)/n)

Quy nap 1én 2% rdi lui timg bude
Induction up to 2%, then stepping down

Biéu dién hiéu hai vé Cauchy—Schwarz
bang téng binh phuong

Writes the Cauchy—Schwarz gap as a sum of
squares

Y ai?/bi > (T ai)*/Z bi

Diéu kién du bang cua Cauchy—Schwarz
Equality condition of Cauchy—Schwarz

Hai day cung tang
Both lists increasing

Cach sap xép lai n phan tur
A rearrangement of n elements

Hoan vi (a, b, ¢) thanh (b, c, a)
Permuting (a, b, c) to (b, ¢, a)

Bing x néu x >0, bang —x néu x < 0
Equals x if x > 0, equals —x if x < 0

Tri tuyét ddi cta tong khong vuot tong cac
tri tuyét dbi

The absolute value of a sum is at most the sum
of the absolute values
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

Can dudi dat duoc tai mot diém ctiia mién

Gi4 tri nho nhit Minimum value
’ A lower bound attained at a point of the domain
Sb khong vuot qua moi gia tri cia ham
Can dudi Lower bound A number not exceeding any value of the
function
. R : Diéu kién cho trude gitra cac bién
Rang budc Constraint SR e .
A given condition linking the variables
Viét mot hang tir thanh tong dé dung AM—
Tach hang tu Term splitting GM,
Writing a term as a sum so that AM—GM
applies
o Bo gi4 tri lam mot khang dinh sai
Phan vi du Counterexample > glath o gdl
Values that make a claim false
e vA 1 o . ax?+bx+cvoia#0
Tam thtrc bac hai Quadratic trinomial , #
ax’ + bx +cwitha#0
nr s .. A = b? — 4ac, quyét dinh ddu tam thirc
Biét thurc Discriminant quyct dl

A = b? — 4ac, decides the sign of the trinomial

(pix1 + ... + pxk)/N voi N =X p;

Trung binh ¢6 trong s Weighted mean
£ ong £ (pix; + ... + pxi)/N with N = X p;

2.10. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 2.1/ Problem 2.1 — Chimg minh rang v&i moi sb thuc a, b, ¢, d: a2+ b2+ 2+ d?> (a +
b)(c + d). Tim céc trudng hop dau bang.
Prove that for all veal a, b, ¢, d: a? + b*> + ¢* + d?>> (a + b)(c + d). Find the equality cases.

Bai 2.2 / Problem 2.2 — Tim gia trj nho nhit cta biéu thiue 9x + 1/(x — 1) v6i x > 1.
Find the minimum of the expression 9x + 1/(x — 1) for x > 1.

Bai 2.3 / Problem 2.3 — Chimg minh rang véi moia, b,c>0: (a+b+c)(1/a+ 1/b+ 1/c) >
9.Suyra:néua+b+c=1thil/a+1/b+1/c>9.

Prove that for all a, b, ¢ > 0: (a + b + ¢c)(1/a + 1/b + 1/c) > 9. Deduce: ifa + b+ c =1 then l/a + 1/b
+ 1/c>9.

Bai 2.4 / Problem 2.4 — Tim gia trj nho nhat cua f(x) = [x — 1| + [x — 3| + [x — 7| trén R.
Find the minimum of f{x) = |x — I| + |x — 3| + |x — 7| over R.

Mikc 2 — Hoc sinh gi6i quéc gia — Level 2 — National olympiad
Bai 2.5 / Problem 2.5 — Cho a, b > 0 théa man 2a + 3b = 12. Tim gia tri lon nhét cua a?b?.

Let a, b > 0 satisfy 2a + 3b = 12. Find the maximum of a’b’.
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Bai 2.6 / Problem 2.6 — Cho x, y, z 1a céc s6 thuc théa man x + 2y — 2z =9. Tim gié tri nho
nhét cta x2 + y? + 7% va cac gia tri X, y, z tai do.

Let x, y, z be real numbers with x + 2y — 2z = 9. Find the minimum of x*> + y? + z? and the values of x,
¥, z where it is attained.

Bai 2.7 / Problem 2.7 — Cho a, b, ¢ > 0 vdia+ b+ ¢ = 1. Tim gia tri nho nhét cia a*(a + b)
+b%/(b + ¢) + c?/(c + a).
Leta, b, c > 0witha + b + ¢ = 1. Find the minimum of a®(a + b) + b%(b + ¢) + c¥/(c + a).

Bai 2.8 / Problem 2.8 — Chimg minh rang véimoia, b,c>0:a*+b*+¢c*>>(a+b +c)(a? +
b?>+c?)/3>(a+b+c)/9.
Prove that for all a, b, ¢ > 0: &> + b> + *>(a+ b + ¢)(a’> + b*> + ¢)/3>(a + b + ¢)*/9.

Mirc 3 — Olympic quf')c té — Level 3— International olympiad

Bai 2.9 / Problem 2.9 — Chimg minh ring véi moi a, b, ¢ > 0: a%(a + 2b) + b¥/(b + 2¢) +
c*/(c +2a)>(a?+ b>+c?)*(a+b+c)*>(a2+ b2+ c?)/3.

Prove that for all a, b, ¢ > 0. a’/(a + 2b) + b%/(b + 2¢) + ¢*/(c + 2a) > (a® + b> + ¢?)*/(a + b + ¢)* >
(@’ + b>+ /3.

Bai 2.10 / Problem 2.10 — Chimg minh ring v6i moi sé nguyénn>2: 1-:3-5---(2n — 1) <n".
Prove that for every integer n > 2: 1-3-5-+(2n — 1) <n".

Bai 2.11 / Problem 2.11 — Tim gi4 tri nh6 nhét cia F(x) = V(x? — 2x + 5) + V(x2 — 10x + 34)

trén R.
Find the minimum of F(x) = \(x? — 2x + 5) + N(x? — 10x + 34) over R.

Bai 2.12 / Problem 2.12 — Chirng minh réng voimoia,b,c>0:ab+b/ctc/a>(a+b+
¢)/A/(abc). Tim céc truong hop ddu bang.
Prove that for all a, b, ¢ > 0: a/b + b/c + c/a>(a + b + c)/13/(abc). Find the equality cases.

2.11. Loi giai bai tw luyén — Solutions to practice problems

Bai 2.1 — Problem 2.1

Khai trién (a + b)(c + d) = ac + ad + bc + bd. Ta c¢6 ddng nhét thire (kiém tra bang khai
trién bén binh phuong & vé phai):

Expand (a + b)(c + d) = ac + ad + bc + bd. We have the identity (check by expanding the four
squares on the right):

a>+b*+c*+d*—(a+b)(c+d)=(1/2)[(a—c)*+(@a—d)?*+(b—c)*+ (b—
d)?]

Vé phai 13 tong binh phuong, khong 4m, nén bat dang thirc dung.

The right side is a sum of squares, so it is non-negative and the inequality holds.

Daubangkhia=c,a=d,b=c, b=d, titc a=b = ¢ = d. Vay d4u bang khi va chi khi bén

sd bang nhau.

Equality holds whena =c,a=d, b=c, b =d, thatis a = b = ¢ = d. Hence equality holds if and

only if the four numbers are equal. W
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Bai 2.2 — Problem 2.2

Piéukién x> 1chox—1>0. Viét9x + 1/(x — 1) =9(x — 1) + 1/(x — 1) + 9. Theo AM—

GM hai s6 duong:

The condition x > 1 givesx — 1 > 0. Write 9x + 1/(x — 1) =9(x — 1) + I/(x — 1) + 9. By two-

term AM—GM on positive numbers:
Ix—1D+1/x—-1)=2VOE-1)1/x-1)=6

Do d6 biéu thic khong nho hon 6 + 9 = 15. D4u bang khi 9(x — 1) = 1/(x — 1), tlrc (x —

12=1/9, x — 1 = 1/3 (ly nghiém duong), x = 4/3 > 1.

So the expression is at least 6 + 9 = 15. Equality holds when 9(x — 1) = 1/(x — 1), that is (x — 1)?

=1/9, x — 1 = 1/3 (the positive root), x = 4/3 > 1.

Kiém tra: 9-(4/3) + 1/(1/3) = 12 + 3 = 15. Vay gia tri nho nhat bang 15, dat tai x = 4/3.

Check: 9-(4/3) + 1/(1/3) = 12 + 3 = 15. Hence the minimum is 15, attained at x = 4/3. &

Bai 2.3 — Problem 2.3
Khai trién tich:
Expand the product:

(@a+b+c)(l/a+1/b+1/c)=3+ (a/b+b/a)+ (b/c+c/b) + (c/a+a/c)
Véi x, y > 0, theo AM—GM hai sb, x/y + y/x > 27(1) = 2. Ap dung cho ba cip: tong ba
ngoic khong nhé hon 6. Vay tich khong nho hon 3 + 6 =9, ddu bang khia=b =c.

Forx, y > 0, two-term AM—-GM gives x/y + y/x > 2\(1) = 2. Applied to the three pairs, the sum

of the three brackets is at least 6. So the product is at least 3 + 6 = 9, with equality when a = b =
c.

Néua+b+c=1thitich béng l/a+ 1/b+ 1/c,nén l/a+ 1/b + 1/c>9, ddu béng taia=b
=c=1/3.

If a + b+ c =1 the product equals 1/a + 1/b + 1/c, so 1/a + 1/b + 1/c > 9, with equality at a = b
=c=1/3. 1

Bai 2.4 — Problem 2.4

Theo bat dang thic tam giac, [x — 1|+ [x — 7| =[x — 1|+ |7 —x| > |(x — 1) + (7 — X)| = 6,
dau bang khi 1 <x <7.

By the triangle inequality, |x — 1| + |x = 7| = |x — 1| + |7 —x| > |(x — 1) + (7 — x)| = 6, with
equality when 1 <x <7.

Mit khac [x — 3| > 0, ddu bang khi x = 3. Cong hai bat dang thirc: f(x) > 6+ 0= 6.

Also |x — 3| = 0, with equality when x = 3. Adding the two inequalities: f(x) > 6 + 0 = 6.

Tai x = 3 (thudc doan [1, 7]) ca hai diu bang clng xay ra: f(3) =2 + 0 + 4 = 6. Vay gia tri
nho nhét bang 6, dat tai x = 3.

At x = 3 (which lies in [1, 7]) both equalities hold at once: f(3) = 2 + 0 + 4 = 6. Hence the
minimum is 6, attained atx = 3. A
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Bai 2.5 — Problem 2.5
Ap dung AM-GM cho nam sb duong a, a, b, b, b (hai sb a va ba sb b); téng cua chung la
2a+3b=12:
Apply AM—GM to the five positive numbers a, a, b, b, b (two copies of a and three of b); their
sum is 2a + 3b = 12:
a-ab-b-b<((a+a+b+b+Db)/5)>=(12/5)>
Déu bang khi a = b; ciing 2a + 3b = 12 cho a = b = 12/5 (duong).
Equality holds when a = b; with 2a + 3b = 12 this gives a = b = 12/5 (positive).
Vay gié tri 16n nhat ciia a?b® bang (12/5)° = 248832/3125, dat tai a =b = 12/5.
Hence the maximum of a’b’ is (12/5)° = 248832/3125, attained ata =b = 12/5. A

Bai 2.6 — Problem 2.6
Ap dung Cauchy—Schwarz cho b0 (1, 2, —2) va (x, y, z):
Apply Cauchy—Schwarz to the lists (1, 2, —2) and (x, y, z):
81=(x+2y—22)*<(12+ 22+ (-2))(X*+y*+z%) =9(x* + y* + z%)
Suy ra x2 + y2 + z2 > 9. Dau bang khi (x, y, z) = k(1, 2, —2); thé vao diéu kién: k + 4k + 4k
=9k=9,nénk=1.
Hence x? + y? + z2 > 9. Equality holds when (x, y, z) = k(I, 2, —2); substituting into the
condition: k + 4k + 4k =9k =9, so k= 1.
Vay gia tri nhé nhat bang 9, dat tai (x, y, z) = (1, 2, —2).
Hence the minimum is 9, attained at (x, y,z) = (1, 2, =2). &

Bai 2.7 — Problem 2.7

Cacmaiua+b,b+c,c+adéu duong. Theo dang Engel:
The denominators a + b, b + ¢, ¢ + a are all positive. By the Engel form:

a’/(a+b)+b*/(b+c)+c*/(c+a)=(a+b+c)?/[(a+Db)+ (b+c)+ (c+a)]
=1/2(@+b+c)=1/2

Tai a=b = c = 1/3: mdi s6 hang bang (1/9)/(2/3) = 1/6, tong bang 1/2, nén can 1/2 dat

duoc.

At a = b = ¢ = 1/3: each term equals (1/9)/(2/3) = 1/6 and the sum is 1/2, so the bound 1/2 is

attained.
Vay gia tri nho nhat bang 1/2.

Hence the minimum is 1/2. 1

Bai 2.8 — Problem 2.8
Bét dang thic thir nhat: khong mat tong quat a < b < c. Khi d6 a* < b* < ¢2 (cac sb
duong), hai bo (a, b, ¢) va (a2, b?, ¢?) cung thur tu. Theo Chebyshev:

First inequality: WLOG a < b < c. Then a’? < b? < c? (the numbers are positive), so the lists (a, b,
¢) and (@’ b’ c?) are ordered alike. By Chebyshev:
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3@ +b*+c*)=(a+b+c)(a*+b*+c?)

Chia hai vé cho 3 dugc bat dang thirc thir nhat.
Dividing both sides by 3 gives the first inequality.

Bat dang thuc thir hai: theo chudi QM—AM (hay Cauchy—Schwarz cho bo (1, 1, 1) va (a,
b, ¢)), 3(a2+ b2+ ¢?) > (a+ b+ c)%. Nhan hai vé vdi (a+ b+ ¢)/9 > 0:

Second inequality: by OM—AM (or Cauchy—Schwarz for the lists (1, 1, 1) and (a, b, ¢)), 3(a’ + b?
+ ¢?) > (a + b + ¢)? Multiply both sides by (a + b + ¢)/9 > 0:

(a+b+c)@+b*+c*)/3=(@+b+c)3/9

Déu bang ca hai budc khia=b=c.
Equality in both steps holds whena =b=c. R

Bai 2.9 — Problem 2.9

Viét a%/(a + 2b) = (a®)*/(a® + 2ab) va twong tu. Cac mau a? + 2ab, b + 2bc, ¢ + 2ca déu
duong, tong cua chung 13 a2 + b2 + ¢2 + 2(ab + be + ca) = (a + b + ¢)% Theo dang Engel
Vol tur a2, b?, ¢

Write a’/(a + 2b) = (a?)?/(a’ + 2ab) and similarly. The denominators a’ + 2ab, b> + 2bc, c? +

2ca are positive and sum to a’> + b> + ¢? + 2(ab + bc + ca) = (a + b + ¢)> By the Engel form
with numerators a? b? c?:

a’/(a+2b)+b%/(b+2¢) + 3/(c+2a) = (a®* + b*+ c*)?/(a+b +¢)?

Bit dang thirc thir hai: chia hai vé cho a2+ b+ ¢2> 0, can (a2 + b2+ c?)/(a + b + ¢)> > 1/3,
tire 3(a2 + b* + ¢?) > (a + b + ¢) Bat ding thirc nay twong duong a2 + b+ ¢2 > ab + be +
ca, dung vi hiéu bang (1/2)-[(a — b)®+ (b — c)* + (c — a)?].

Second inequality: divide by a’ + b? + ¢? > 0; we need (a’> + b?> + c¢?)/(a + b + ¢)? > 1/3, that is
3(a? + b?+ c?) > (a + b + c) This is equivalent to a’ + b? + ¢? > ab + bc + ca, true because the
difference is (1/2)-[(a — b)* + (b — ¢)? + (c — a)?].

Taia=b=c=1: vé trdi bang 3-(1/3) = 1, vé giira bang 9/9 = 1, vé phai bang 3/3 = 1, nén
dau bang xay rakhia=b=c.

At a = b = ¢ = 1: the left side is 3-(1/3) = 1, the middle is 9/9 = 1, the right is 3/3 = 1, so
equality holds whena =b =c. &

Bai 2.10 — Problem 2.10

Xétnsd duong1é 1,3, 5, ..., 2n — 1. Tong ciia chung 1 n2 (cap sb cong n sd hang, cong
sai 2: tong bang n-(1 + (2n — 1))/2 = n?), nén trung binh cong bang n.

Consider the n positive odd numbers 1, 3, 5, ..., 2n — 1. Their sum is n? (an arithmetic

progression with n terms and common difference 2: the sum is n-(1 + (2n — 1))/2 = n?), so the
arithmetic mean is n.

Theo AM—GM cho n sd: (1-3+--(2n — 1))"" <n.
By AM—~GM for n numbers: (1-3-+(2n — 1))"" <n.
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Véin>2 cac sd 1 va 3 khac nhau nén cac sé khong déu bang nhau, ddu bang khong xay
ra: (1-:3---(2n— 1))!" <n.

For n > 2 the numbers 1 and 3 differ, so the numbers are not all equal and equality cannot
occur: (1-3-+(2n — 1))"" < n.

Lily thira n hai vé dwong: 1:3-5---(2n— 1) <n". Kiém tran=2: 1-3 =3 <4,

Raising both positive sides to the power n: 1-3-5-+(2n — 1) <n". Checkn =2:113=3<4. R

Bai 2.11 — Problem 2.11
Hoan thanh binh phuong: x> —2x +5=(x—1)?+2?vax*— 10x + 34 = (x — 5)* + 32. Dat
a=x—-1,b=2,c=5-x,d=3(chuy (5 —x)>=(x—5)?.
Complete the squares: x> —2x + 5 =(x—1)?+2?and x* — 10x + 34 = (x — 5)* + 32 Puta =x —
1,b=2,c=5—x,d=3 (note (5 —x)?=(x—5).
Theo bt dang thirc Minkowski:
By Minkowski's inequality:

F(x) =V((@a+ )%+ (b +d)?) =V(4% + 5%) =41
Déu bang khi ad = be, tirc 3(x — 1) =2(5 — x), 5x = 13, x = 13/5; vaac + bd = (x — 1)(5 -
X)+ 6 =(8/5)(12/5) + 6 > 0. Ca hai diéu kién thoa man.
Equality holds when ad = bc, that is 3(x — 1) = 2(5 — x), 5x = 13, x = 13/5; and ac + bd = (x —
DS —x) +6=(8/5)(12/5) + 6 > 0. Both conditions are met.
Vay gia tri nho nhat béng V41, dat tai x = 13/5.
Hence the minimum is \/41, attained at x = 13/5. W

Bai 2.12 — Problem 2.12

Pit t = ¥/(abc) > 0. Theo AM—GM ba sé duong a/b, a/b, b/c:
Putt = 13/(abc) > (). By three-term AM—GM on the positive numbers a/b, a/b, b/c:

a/b+a/b+b/c=3Y((a/b)(a/b)-(b/c)) = 3-¥(a%/(bc)) = 3-Y(a®/(abc)) =
3a/t

Tuong tu, voi bd (b/c, b/c, c¢/a) va (c/a, c/a, a/b):
Similarly, for the triples (b/c, b/c, c/a) and (c/a, c/a, a/b):

b/c+b/c+c/a=3b/t, ¢c/a+c/a+a/b=3c/t

Cong ba bat dang thirc: vé trai 1a 3(a/b + b/c + c/a) vi mdi phan sb xuat hién ding ba lan;
vé phai 1a 3(a + b + ¢)/t. Chia cho 3 duoc diéu phai chimg minh.

Add the three inequalities: the left side is 3(a/b + b/c + c/a) because each fraction appears
exactly three times; the right side is 3(a + b + c)/t. Divide by 3 to finish.

Déu bang khi a/b = b/c = ¢/a. Tich ba ti s ndy bang 1 nén mdi ti sé bang 1, tica=b =c;
nguoc lai a=Db = ¢ cho hai vé ciing bang 3. Vay dau bang khi va chi khia=b=c.
Equality holds when a/b = b/c = c/a. The product of these three ratios is 1, so each equals 1, that
isa =b = c; conversely a = b = ¢ makes both sides equal 3. Hence equality holds if and only if a
=b=c N
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Chuong 3. K¥ thuit chirng minh bat diang thirc ning cao —

Chapter 3. Advanced techniques for inequalities

Muc tiéu chwong — Chapter objectives

« Pua bat dang thirc c6 diéu kién vé dang thuin nhét, va nguoc lai ding diéu kién dé ha
bac.
Turn a constrained inequality into a homogeneous one, and use the constraint to lower the
degree.

« Ching minh va van dung bat dang thirc Schur, phuong phap SOS véi tiéu chuédn S,
Sb, Sc.
Prove and apply Schur's inequality and the SOS method with the criteria on Sa, Sp, Se.
« Dung danh gia tiép tuyén, don bién vé hai bién bang nhau va d6i bién p, q, r.
Use tangent-line estimates, mixing variables to two equal ones, and the p, q, r substitution.
« P6i bién Ravi cho canh tam giac; dung ham 16i va bat dang thirc Jensen rdi rac ma
khong can dao ham.
Apply the Ravi substitution to triangle sides, use convex functions and discrete Jensen
without derivatives.

« Chon k¥ thuat theo ddu hiéu ctia dé va trinh bay 10i giai du diém.
Choose a technique from the shape of the problem and write a solution that earns full marks.

3.1. Thuan nhat héa va chuan héa — Homogenisation and normalisation

Nhiéu dé cho diéu kién nhu abc = 1, a + b + ¢ = 3 hay ab + bc + ca = 3. Piéu kién lam
cac s6 hang co bac khac nhau va che mat ciu triic cia bat dang thirc. Co hai thao tac
nguoc chiéu nhau: thuan nhat hoa dung diéu kién dé cho moi sd hang cung bac, con
chuan hoa dung tinh thuan nhat dé thém mot diéu kién gon vao dé.

Many problems come with a condition such as abc = 1, a +b + c =3 orab + bc + ca = 3. The
condition gives the terms different degrees and hides the structure of the inequality. Two
opposite moves are available: homogenisation uses the condition to give every term the same
degree, while normalisation uses homogeneity to add a convenient condition to the problem.

PINH NGHIA 3.1 (Pa thirc thuin nhit) / DEFINITION 3.1 (Homogeneous polynomial)
— Pa thtc P(a, b, c) goi 1a thuan nht bac k néu P(ta, tb, tc) = t“-P(a, b, ¢) v&i moi s6 thuc t.
Bét ding thirc P(a, b, ¢) > 0 (hodc F > G v6i F, G thuan nhét ciing bac) goi la thuan nhat.
Thuong cta hai da thire thudn nhat bac m va n 13 ham thuan nhat bac m — n.

A polynomial P(a, b, c) is homogeneous of degree k if P(ta, tb, tc) = {“P(a, b, c) for every real t. An
inequality P(a, b, ¢) > 0 (or F > G with F, G homogeneous of the same degree) is called homogeneous.
A quotient of homogeneous polynomials of degrees m and n is homogeneous of degree m — n.

TINH CHAT 3.2 (Chuin héa) / PROPERTY 3.2 (Normalisation) — Cho F(a, b, ¢) thuan
nhét (bac nao ciing dugc), D 1a tap cac bd $6 duong, va h(a, b, ¢) > 0 la ham thuan nhit bac d
>0trén D (viduh=a+b+c,h=abc void=3,h=ab+bc+cavsid=_2). NéuF >0 dung
v6i moi bo trong D ¢6 h = 1 thi F > 0 dang v6i moi bd trong D. Ta goi day 13 chuén hoa.

Let F(a, b, ¢) be homogeneous (of any degree), D a set of positive triples, and h(a, b, c) > 0 a
homogeneous function of degree d > 0 on D (for example h =a + b + ¢, h = abc withd = 3, h = ab +
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bc + ca with d = 2). If F > 0 holds for every triple in D with h = 1, then F > 0 holds for every triple in
D. This is called normalisation.

Chirng minh. / Proof.

Lay (a, b, ¢) bat ky trong D va dat s = h(a, b, ¢)"d > 0. Bo (a/s, b/s, ¢/s) c6 h = s-h(a, b,
¢) = 1. Gia thiét cho F(a/s, b/s, ¢/s) > 0.

Take any (a, b, ¢) in D and put s = h(a, b, ) > 0. The triple (a/s, b/s, c/s) has h = s“h(a, b, c)
= 1. The hypothesis gives F(a/s, b/s, c/s) > 0.

Vi F thuan nhat bac k nén F(a, b, ¢) = s~-F(a/s, b/s, c¢/s) > 0, do s* > 0.
Since F is homogeneous of degree k, F(a, b, ¢) = s*F(a/s, b/s, c/s) > 0, because s* > (0. ®

Hai cach dung. Pé thuan nhét: tu chon diéu kién cho d& tinh, chang hana + b + ¢ = 3
hoic abc = 1. Pé ¢ diéu kién: nhan hodc chia timg s6 hang cho lily thira ciia biéu thirc
diéu kién dé moi s hang cung bac, roi ching minh bé“mg céc bat dfmg thirc thuan nhét
quen thudc. Khi bac cua diéu kién khong chia hét bac cua sd hang, ta lliy thura c4 hai vé
(vé duong) dé tranh can.

There are two uses. For a homogeneous problem, choose a convenient condition yourself, such
asa+ b+ c=3orabc = 1. For a constrained problem, multiply or divide each term by a power
of the constraint expression so that all terms have the same degree, then prove the result with

Sfamiliar homogeneous inequalities. When the degree of the constraint does not divide the degree
of a term, raise both (positive) sides to a power to avoid roots.

PHAN TiCH / ANALYSIS — Diéu kién ab + bc + ca = 3 ¢6 bac 2, vé trai (a + b)(b + ¢)(c +
a) co bac 3. Pua 8 vé bac 3 can (q/3)*?, ¢6 cin. Thay vi thé, tach bit dang thirc 1am hai budc:
béc 3 so véi tich p-q, roi dung p > 3 suy ra tir p2 > 3q = 9.

The condition ab + bc + ca = 3 has degree 2, the left side (a + b)(b + c)(c + a) has degree 3. Writing
8 in degree 3 needs (q/3)*?, a root. Instead split the proof in two: degree 3 against the product p-q,
then use p > 3, which follows from p’ > 3q = 9.

Vi DU 3.1 (Chuén héa diéu kién) / EXAMPLE 3.1 (Using a normalising condition) —
Cho a, b, ¢ > 0 théa ab + bc + ca = 3. Chung minh (a + b)(b + ¢)(c +a) > 8.
Let a, b, ¢ > 0 with ab + bc + ca = 3. Prove that (a + b)(b + ¢)(c + a) > 8.

Loi giai. / Solution.

batp=a+b+c,q=ab+bc+ca=3,r=abc. Khaitriéntructiép:

Putp=a+b+c q=ab+ bc+ ca=3,r=abc. Direct expansion gives:
(@a+b)(b+c)(c+a)=a?b+a’c+b?a+Db?c+c?a+c?b+2abc=pq-—-r

Hiéu pq — 9r = a(b — ¢)* + b(c —a)* + ¢(a — b)* >0, nén r < pg/9.

The difference pq — 9r = a(b — ¢)* + b(c — a)’ + c(a — b)* > 0, so r < pq/9.

Do d6 (a+b)(b+c)(c+a)=pq—r1r=>(89)pqg.

Hence (a + b)(b + c)(c +a) =pg —r>(8/9)pq.

Tep’—3q=(a—-b)*+(b—c)*+(c—a)y)2>0tacop*>9,thicp>3 vip>0. Viy (a +

b)(b + c)(c +a) > (8/9):3-3 =8.
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From p? — 3q = ((a — b)* + (b — ¢)* + (c — a)’)/2 > 0 we get p* > 9, that is p > 3 since p > 0.
Hence (a + b)(b + c)(c +a) > (8/9)-3:3 =8.

Dau bang xay rakhia=b=c=1.
Equality holds whena=b=c=1. &

PHAN TiCH / ANALYSIS — V& trai a + b + ¢ ¢6 bac 1, vé phai ab + bc + ca c6 béc 2, diéu
kién a2 + b2 + ¢2 =3 ¢6 bac 2. Nhan vé trai véi cin cua (a? + b2 + ¢?)/3 (bang 1) thi hai vé
cung bac 2. Ca hai vé duong, binh phuong 1én dé hét can.

The left side a + b + ¢ has degree 1, the right side ab + bc + ca has degree 2, the condition a® + b +
¢’ = 3 has degree 2. Multiplying the lefi side by the square root of (a’ + b*> + ¢%)/3 (which equals 1)
gives degree 2 on both sides. Both sides are positive, so square to remove the root.

Vi DU 3.2 (Thuén nhét héa bing cin) / EXAMPLE 3.2 (Homogenising with a root) —
Cho a, b, ¢ > 0 thoa a> + b? + ¢?> = 3. Chirmg minh a + b + ¢ > ab + bc + ca.
Leta, b, c> 0witha® + b+ ¢ =3. Provethata + b + ¢ >ab + bc + ca.

Loi giai. / Solution.

PitP=a2+b?+c?(=3),p=a+b+c,q=ab+ bc + ca. Bit dang thirc cin chirng minh
twong duong p-\(P/3) > q, tirc (vi hai vé duong) p*P > 3¢
PutP=a>+b>+c(=3),p=a+b+c q=ab+bc+ ca. The claim is equivalent to pN(P/3)
> g, that is (both sides positive) p*-P > 3¢°.

Vip? =P +2qnén p*P —3¢*= (P +2q)P — 3¢>=P>+2qP — 3¢* = (P — q)(P + 3q).
Since p> = P + 2q we get p’*P — 3¢° = (P + 2q)P — 3¢° = P> + 2qP — 3¢° = (P — q)(P + 3q).

MaP-q=((@a—b)>+(b—c)*+(c—a)’)/2>0vaP+3q>0,nén tich khong am.

Now P —q = ((a—b)*>+ (b —c)’+ (c —a))2>0and P+ 3q > 0, so the product is non-
negative.

Véi P =3 diéu d6 cho p > q. Ddu bangkhia=b=c=1.

With P = 3 this gives p > q. Equality holds whena =b=c=1. &

NHAN XET / REMARK — Chuén hoa chi dung khi bat dang thtrc thuan nhét. Bé nao c6
hang sb tw do (vi du a2 + b2 + ¢2 + 1 > 2(ab + be + ca)) thi khong dugc tu data+ b +c = 3.
Normalisation is valid only when the inequality is homogeneous. If the problem has a free constant
(for example a® + b’ + ¢ + 1 > 2(ab + bc + ca)), you may not seta + b + ¢ = 3.

LOI HAY GAP / COMMON MISTAKE — Djt a + b + ¢ = 3 cho mot bat déng thirc khong
thudn nhat, hodc sau khi chuan hoa quén rang diéu kién mién (a, b, ¢ > 0) van phai giit cho
moi bo sb.

Setting a + b + ¢ = 3 for an inequality that is not homogeneous, or forgetting after normalising that

the domain condition (a, b, ¢ > 0) must hold for every triple.
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3.2. Bat dé’ing thirc Schur — Schur's inequality

Ky hidup=a+b+c,q=ab+bc+ ca, r =abc. Ky hiéu Zsym a’b nghia 14 tong sau sb
hang a%b + a%c + b%a + b2c + c2a + ¢b. Bat dang thirc Schur bac ba ¢ hai dang d4u bang:
a=b=cva(a,a,Q0).

Writep =a +b + ¢, q =ab + bc + ca, r = abc. The symbol Xy a’b means the sum of six terms
a’b + d’c + b’a + b’c + *a + ¢*b. Schur's inequality of degree three has two kinds of equality
case: a =b =cand (a, a, 0).

PINH LY 3.3 (Bét ding thirc Schur) / THEOREM 3.3 (Schur's inequality) — V&i moi a,
b, c>0: a(a—b)(a—c)+b(b—a)b - c)+ c(c —a)(c — b) > 0. Ddu bang xay ra khi va chi khi
a=Db = c, hoic hai trong ba s6 bang nhau va s6 con lai bang 0.

Foralla, b, c>0: a(a—b)(a—c) +bb—a)b—c)+ c(c—a)c—b)>0. Equality holds if and only
if a =b = c, or two of the numbers are equal and the third is 0.

Chirng minh. / Proof.

Vé trai dbi xtng nén gia st a > b > ¢ > 0. Gop hai s6 hang dau: a(a — b)(a — ¢) + b(b —
a)(b—c)=(a—b)[aa—c)—b(b—c)]. Via(a—c) — b(b —c)=(a—Db)a+b—c)nén tong
hai s6 hang dau bang (a — b)*(a + b — ¢).

The left side is symmetric, so assume a > b > ¢ > (. Combine the first two terms: a(a — b)(a — c)
+b(b—a)(b—c)=(a—b)la(a—c)— b(b—c)]. Sincea(a—c) —bb—c)=(a—b)a+b—c),
the first two terms add up to (a — b)’(a + b — c).
Dob>cnéna+b—c>a>0,suyra(a—Db)a+b—c)>0.S6hang thi ba c(c — a)(c —
b)=c(a—c)b—c)>0vic>0,a>c, b>c. Vay tong khong am.

Because b>c we havea +b —c>a >0, so (a — b)’(a+ b — c)>0. The third term c(c — a)(c —
b) =c(a —c)(b—c)>0sincec>0,a>c, b>c. Hence the sum is non-negative.

Déu bang can (a — b)*(a+ b —c¢) =0 va c(a — c¢)(b — ¢) = 0. Tl yéu t6 thir nhat: a = b,
hodc a + b = ¢; trudng hop sau ciing véi c <b <a ép a =0, nén ca ba s bang 0. Véi a =
b, yéu td thir hai thanh c(a—c)? =0, tirc ¢ = 0 hodc ¢ = a. D¢ 12 hai dang d3 néu.

Equality needs (a — b)’(a + b — ¢) = 0 and c(a — c)(b — c¢) = 0. From the first factor: a = b, or a
+ b = ¢; in the latter case ¢ < b < a forces a = 0, so all three numbers are 0. With a = b the
second factor becomes c(a — ¢)? = 0, so ¢ = 0 or ¢ = a. These are the two stated forms. B

Khai trién va dung cac biéu thirc p, q, r, vé trai ciia bat diang thirc Schur bang a® + b3 + ¢3
— Yym a%b + 3abc, va bang:

Expanded and written with p, q, r, the left side of Schur's inequality equals a® + b> + ¢ — Zgym
a’b + 3abc, and also:

a(a—b)(@a=c)+b(b—a)(b—c)+c(c—a)(c—b)=p3—4pq+9r (3.1)

HE QUA 3.4/ COROLLARY 3.4 — Véi a, b, ¢ > 0 ta c6 ba dang twrong duong cua bat dang
thirc Schur: (1) p* — 4pq + 9r > 0; (2) r > p(4q — p*)/9; (3) néu p > 0 thi a2 + b2 + c2 + 9abe/p >
2(ab + bc + ca).

For a, b, ¢ > 0 there are three equivalent forms of Schur's inequality: (1) p* — 4pg + 9r >0, (2) r >
p(4q — p*)/9; (3) if p > 0 then @’ + b*> + ¢ + 9abc/p > 2(ab + be + ca).
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Chirng minh. / Proof.

Dang (1) 1a (3.1). Dang (2) 1a (1) chuyén vé rdi chia cho 9. Vi dang (3): chia (1) cho p >
0 dugc p? — 4q + 9r/p > 0; thay p? = a> + b? + ¢? + 2q ta duoc a + b*> + ¢2 — 2q + 9r/p > 0,
dang 1a dang (3).

Form (1) is (3.1). Form (2) is (1) rearranged and divided by 9. For form (3): dividing (1) by p >
0 gives p* — 4q + 9r/p > 0; substituting p*> = @’ + b*> + ¢ + 2q gives a*> + b*> + ¢ — 2q + 9r/p >
0, which is form (3). B

PHAN TICH / ANALYSIS — Piéukiéna+b+c=3chop=3néna+b+c2=9-2q.
Bét ding thirc cdn chirg minh chi con q va r. Dang (2) ciia hé qué 3.4 cho can dudi cua r theo
q, dung chiéu can dung.

The condition a + b + ¢ = 3 gives p = 3, so a’ + b* + ¢ = 9 — 2q. The claim then involves only q and
r. Form (2) of corollary 3.4 gives a lower bound for r in terms of q, which is the direction we need.

VI DU 3.3 (Schur véi diéu kién téng) / EXAMPLE 3.3 (Schur with a sum condition) —
Cho a, b, ¢ >0 thoa a + b + ¢ = 3. Ching minh a? + b? + ¢? + abc > 4.
Leta, b,c>0witha +b +c=3. Provethat @ + b° + & + abc > 4.

Loi giai. / Solution.
Véip=3tacoa’+b’+c>=9—2q, vadang (2) ciia hé qua 3.4 cho r > 3(4q — 9)/9 = (4q
—9)/3.
With p = 3 we have a*> + b* + ¢? = 9 — 2q, and form (2) of corollary 3.4 gives r > 3(4q — 9)/9 =
(4q — 913

a?+b?2+c?+abc=9-2q+r=>9-2q+(4q—-9)/3=6—-2q/3

Tup>>3qtaco6q<3,nén6—-2q/3>6—-2=4.
Fromp’>3qwegetq<3,506—29/3>6—2=4.

Dau bang xay rakhiq=3,tica=b=c=1.
Equality holds when q = 3, thatisa=b=c=1. &

Vi DU 3.4 (Nesbitt manh hon) / EXAMPLE 3.4 (A stronger Nesbitt) — Cho a, b, ¢ >0,
trong d6 khong c6 hai s6 nao cing bang 0. Chimg minh a/(b + ¢) + b/(c + a) + ¢/(a+ b) +
4abc/((a+b)(b +c)(c +a))>2.

Let a, b, ¢ > 0 with no two of them equal to 0. Prove that a/(b + ¢) + b/(c + a) + ¢/(a + b) + 4abc/((a
+b)(b +c)(c +a) > 2.

Loi giai. / Solution.
Quy dong véi mau chung (a + b)(b + c)(c + a) > 0. Tt s6 ctia a/(b + ¢) + b/(c + a) + c/(a +
b) la:
Use the common denominator (a + b)(b + c¢)(c + a) > 0. The numerator of a/(b + ¢) + b/(c + a)
+c/(a + b) is:
a(a+b)(@a+c)+b(b+a)b+c)+c(c+a)(c+b)=a3+b3+ c3+ Zsyma?b +
3abc
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Con 2(a + b)(b + ¢)(c + a) = 2Zsym ab + 4abc. Hiéu cia vé trai va vé phai khi nhan véi
mau chung 1a:

Also 2(a + b)(b + ¢c)(c + a) = 2Xym a’b + 4abc. The difference between the two sides, after
multiplying by the common denominator, is:

a3 + b3 + c3 + Xsym a%b + 3abc + 4abc) — ZZsym a?b + 4abc) =a3+ b3+ c3 —
Yy
Zsym aZb + 3abc

D6 chinh 13 vé trai bat dang thirc Schur, khong am theo dinh 1y 3.3. Ddu bang khia=b =
¢ hoac (a, a, 0) va cac hoan vi.

That is exactly the left side of Schur's inequality, non-negative by theorem 3.3. Equality holds
when a = b = ¢, or at (a, a, 0) and its permutations. ®

NHAN XET / REMARK — Vi du 3.4 1am manh bt déng thirc Nesbitt: s6 hang 4abc/((a +
b)(b + c)(c + a)) bang 1/2 tai a=b = ¢ va bang 0 tai (a, a, 0), nén tong ba phan thirc nhan gia
tri 3/2 tai tAm va 2 tai bién. Ca hai diém déu 1a du béng cua Schur.

Example 3.4 strengthens Nesbitt's inequality: the term 4abc/((a + b)(b + c)(c + a))is [/2ata=b =c
and 0 at (a, a, 0), so the sum of the three fractions is 3/2 at the centre and 2 on the boundary. Both
points are equality cases of Schur.

PHAI THUQC / MEMORISE — Schur: p* — 4pq + 9r > 0 v6i a, b, ¢ > 0. Dau bing tai (1,
1, 1) va (1, 1, 0). Khi d& c6 hai dang d4u bang nay cung luc, hiy nghi t6i Schur.

Schur: p* — 4pq + 9r >0 for a, b, ¢ > 0. Equality at (1, 1, 1) and (1, 1, 0). When a problem has both
these equality cases at once, think of Schur.

3.3. Phwong phap SOS (téng cac binh phwong) — The SOS method (sums of

squares)

Néu F(a, b, ¢) ddi xung va F(a, a, a) = 0 thi thuong viét duogc F thanh téng c6 hé sb 1a cac
biéu thtc Sa, Sb, Sc nhin véi binh phuong hiéu hai bién. Cac hé s6 nay khong can duong
hét; dinh 1y 3.5 cho biét khi nao van két luan duoc F > 0.

If F(a, b, ¢) is symmetric and F(a, a, a) = 0, one can usually write F as a sum of squared

differences multiplied by coefficients Sa, Sp, Sc. The coefficients need not all be positive; theorem
3.5 says when F > 0 can still be concluded.

F(a, b, ¢) = Sa(b — ¢)? + Sp(c — a)? + Sc(a — b)? (3.2)

PINH LY 3.5 (Tiéu chuin SOS) / THEOREM 3.5 (SOS criteria) — Cho F c¢6 dang (3.2)
vagidsta>b>c>0.Khido F>0 néu mot trong céac diéu kién sau dtng: (1) Sa>0, Sp > 0,
S¢>0; (i) Sp >0, Sa + Sp > 0, Sc + Sp > 0; (iii) b> 0, Sp >0, Sc > 0 va a?Sp + b?S, > 0.

Let F have the form (3.2) and suppose a > b > c > 0. Then F > 0 if one of the following holds: (i) Sa >
0, Sy>0,S.>0; (ii) Sy >0, Sa + Sy >0, Se + Sy > 0; (iii) b> 0, Sy >0, S. > 0 and a’Sy + b*S, > 0.

Chirng minh. / Proof.
(i) hién nhién: ba s6 hang déu khong am.

(i) is immediate: all three terms are non-negative.
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(i) Via — c = (a — b) + (b — ¢) v6i hai s6 hang khong am, nén (a — ¢)®> = (a — b)> + (b —
¢)?+2(a—Db)(b—c)>(a—b)?+ (b — c)2. Nhan v6i Sp > 0 r6i cong vao (3.2):

(ii) Since a — ¢ = (a — b) + (b — ¢) with both terms non-negative, (a — c¢)* = (a — b)’> + (b — ¢)*
+2(a — b)(b —¢)>(a— b)* + (b — c)’. Multiply by Sy > 0 and add into (3.2):

F> (Sc+ Sb)(a—b)2+ (Sa+ Sp)(b—c)2>0

(iii)) Taco (a—c)b —a(b —c)=c(a—b) >0, nén (a — c)b > a(b — ¢) > 0. Binh phuong:
b?(a — ¢)?> > a?(b — ¢)*. Nhan voi Sp/b? > 0:

(iii) We have (a — c)b — a(b — ¢) = c¢(a — b) >0, so (a — ¢c)b > a(b — c¢) > 0. Squaring: b’(a — c)*
>a’(b — ¢)’. Multiply by Sy/b’ > 0:

F>Sc(a—b)2+ (b—c)?(b2Sa+ a2Sp)/b2 >0

|
Céach tim Sa, Sb, Sc: viét hiéu hai vé thanh tong cta cac biéu thic dang (x — y)? nhan hé
sO, thuong qua cac dang thirc a3 + b® — ab(a + b) = (a + b)(a — b)?, a2 + b> — 2ab = (a —
b)?, 1/a — 1/b = (b — a)/(ab). Tiéu chuin chi can tht tw a > b > ¢ nén bat déng thuc phai
d6i xtmg (hodc ta xét du thu ty).
To find Sa, S S, rewrite the difference of the two sides as a sum of terms (x — y)° times
coefficients, usually via the identities a> + b> — ab(a + b) = (a + b)(a — b)?, a*> + b’ — 2ab = (a

—b)?, 1/a — 1/b = (b — a)/(ab). The criterion needs the ordering a > b > c, so the inequality must
be symmetric (or all orderings must be treated).

VI DU 3.5 (SOS v6i moi h¢ s6 dwong) / EXAMPLE 3.5 (SOS with all coefficients
positive) — Chimg minh véGi a, b, ¢ > 0: (a? + b?)/(a + b) + (b*> + c?)/(b + ¢) + (c? + a®)/(c + a)
>at+b+c.

Prove that for a, b, ¢ > 0: (@’ +b)/(a+b) + B +)/(b+c)+(+a)/(c+a)>a+b+c

Loi giai. / Solution.

Véi mdi cip: (a> + b?)/(a+b) — (a+b)/2 = (22> + 2b%> — (a+ b)?)/(2(a + b)) = (a — b)*/(2(a
+b)).

For each pair: (a° + b*)/(a + b) — (a + b)/2 = (2a° + 2b°> — (a + b)?)/(2(a + b)) = (a — b)*/(2(a
+b)).

Cong ba ding thuc, vitong (a+b)/2+ (b+¢c)2+(c+a)2=a+b+c:

Adding the three identities, since (a + b)/2 + (b +¢)/2 + (c +a)/2=a+ b + c:

VI-(a+b+c)=(@—-b)2/2(a+b))+(b—-0c)2/2(b+c))+ (c—a)?/(2(c+
a))=0
Pay 1a dang (3.2) voi Se = 1/(2(a + b)) > 0 va cac hé sb con lai twong tu, tiéu chuan (i).
Dau bang khia=b=c.
This is form (3.2) with S. = 1/(2(a + b)) > 0 and the other coefficients similar, criterion (i).
Equality holds whena =b=c. 1R
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PHAN TICH / ANALYSIS — Pay la bit ding thirc Schur bac 4 (tham s t = 2). Viét hiéu
thanh dang (3.2): a%(a — b)(a — ¢) cong hoan vi s& cho S, = (b2 + c2 — a?)/2, ¢ thé am khi a 16n
nhét. Hai hé s6 kia duong khi a >b > ¢, nén thir tiéu chuan (iii).

This is Schur's inequality of degree 4 (parameter t = 2). Writing the difference in the form (3.2): a’(a
— b)(a — c) plus its permutations gives S, = (b° + ¢ — a)/2, which can be negative when a is largest.
The other two coefficients are positive when a > b > ¢, so try criterion (iii).

Vi DU 3.6 (SOS va Schur bic 4) / EXAMPLE 3.6 (SOS and degree-4 Schur) — Chung
minh v&i a, b, ¢ >0: a*+b*+¢* +abc(a+b+¢)>a’b+ab® + b’c + b + ¢la+ ca’.
Prove that for a, b, ¢ > 0: a* + b* + c* + abc(a + b + c) >a’b + ab’ + b’c + bc’ + Pa + cd’.

Loi giai. / Solution.

Khai trién cho thay hiéu hai vé bang F = a%(a — b)(a — ¢) + b3(b — a)(b — ¢) + c*(c — a)(c —
b). Khai trién nita cho:

Expanding shows that the difference of the two sides is F = a’(a — b)(a — ¢) + b*(b — a)(b — ¢) +
c’(c — a)(c — b). A further expansion gives:

2F = (b —0c)?(b%2 4+ c?2—a?) + (c —a)?(c? + a2 — b?) + (a — b)?(a? + b2 — ¢?)
Giasta>b>c>0.Néub=0thic=0vaF=2a*>0.V&ib>0:S.=(a+b>—c?)/2>0
va Sp=(c2+a2—b2)2> 0.
Assumea>b>c>0.Ifb=0thenc=0and F =a’>0. Forb> 0: Sc = (a’ + b°> — ?)/2 >0 and
Sp=(2+d— b2 >0,
Con Sa = (b? + ¢2 — a2)/2 c6 thé am; ta kiém tra:

Sa = (b2 + & — a®)/2 may be negative; we check:
2(a?Sp + b2Sa) = a?(c? + a? — b?) + b?(b?2 + c2 —a?) = (a? —b?)?2 + c?(a2+b?) =0

Tiéu chuan (iii) cho F > 0. Dau bang khi a =b = ¢ hoic (a, a, 0).
Criterion (iii) gives F > 0. Equality holds when a = b = c or at (a, a, 0). &

NHAN XET / REMARK — MGdi bt déng thirc dang (3.2) c6 nhiéu cach chon Sa, S, Se, Vi
(a—Db)2 + (b —c)?+ (c — a)? c6 thé chuyén vé qua lai. Khi mot cach chon khong thoa tiéu
chuén, thir cach khac trude khi bo SOS.

A given inequality of the form (3.2) allows many choices of S, Sk, Se, because terms can be traded
between the three squared differences. When one choice fails the criteria, try another before

abandoning SOS.

LOI HAY GAP / COMMON MISTAKE — Ap tiéu chuén (ii) hoic (iii) ma khong néu gia
thiét a > b > ¢, hodc dung cho bét ding thirc khong ddi ximg nén khong cé quyén sip thir tur.
Applying criterion (ii) or (iii) without stating the assumption a > b > ¢, or using it on a non-symmetric
inequality where the ordering cannot be assumed.

3.4. Phwong phap tiép tuyén — The tangent-line method

Khi bat dang thirc ¢ dang tong g(a) + g(b) + g(c) voi didu kién a + b + ¢ ¢d dinh, ta tim
mot ham béac nhit ax + B nam dudi (hoac trén) g trén ca mién cua bién, cham g tai diém
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xay ra diu bang. Cong ba danh gia mot bién lai thi diéu kién tong 1am phan con lai thanh
hang sd.

When the inequality has the form g(a) + g(b) + g(c) with a + b + c fixed, look for a linear
Sfunction ox + f lying below (or above) g on the whole range of the variable and touching g at
the equality point. Adding the three one-variable estimates, the sum condition turns the right side
into a constant.

PINH LY 3.6 (Panh gia tiép tuyén) / THEOREM 3.6 (Tangent-line estimate) — Cho
ham g x4c dinh trén tap I, diém m € I va cic s6 a, B sao cho g(x) > ax + B véi moi x € I, va
g(m)=oam + . Khi d6 véixi, ..., xn €l coOx1 + ... + Xxp =nmtacod g(xi) +... + g(Xn) >
n-g(m). Dau bang xay ra khi x; = ... = x, = m.

Let g be defined on a set I, let m €1 and let a,  be numbers such that g(x) > ax + p for all x €I, and
g(m) = am + . Then for xi, ..., x, Elwithx; + ... + x, = nm we have g(x;) + ... + g(x,) >n-g(m).
Equality holds when x; = ... = x, = m.

Chirng minh. / Proof.
Cong n bat dang thire g(xi) > oxi + p:
Add the n inequalities g(x;) > ax; + p:

g(x1) + ..+ g(xn) = a(x1 + ... + xn) + nff = anm + nf3 = n(am + B) = n-g(m)
Khi moi xi = m thi mdi danh gia 1a dang thuc.

When every x; = m each estimate is an equality. B

Tim hé sé goc o khong can dao ham. Viét g(x) — g(m) = (x — m)-h(x) bang bién d6i dai
sO (rt gon thira s6 x — m); khi d6 o = h(m). Sau d6 kiém tra g(x) — ax — p c6 nhan tir (x
— m)? va phan con lai khong 4m trén 1. Néu phan con lai d6i dau trong I thi tiép tuyén
khong dung duogc trén ca mién.

Finding the slope o needs no derivative. Write g(x) — g(m) = (x — m)-h(x) by algebra (cancelling
the factor x — m); then o = h(m). Next check that g(x) — ax — B has the factor (x — m)? and that
the rest is non-negative on 1. If the rest changes sign inside I, the tangent line cannot be used on
the whole range.

PHAN TiCH / ANALYSIS — Piém roilaa=b=c =1 vi tong bang 3. Véi g(x) = 1/(x2 +
1):gx)—g()=1/(x>+1)—1/2=(1 —x)(1 +x)/2(x>+ 1)) = (x — 1) [(1 + x)/2(x*>+ 1))].
Vay h(x) = —(1 + x)/(2(x> + 1)) va a = h(1) = —1/2. Tiép tuyén: g(x) > 1/2 — (x — 1)2=2 -
x)/2.

The equality point is a = b = ¢ = 1 because the sum is 3. With g(x) = 1/ + 1): g(x) — g(1) = 1/(x* +
1)—=12=(1-x)(1+x)/2x +1)=(x—1)[—(+x)/206 + 1))]. So h(x) = —(1 + x)/(2(x* + 1))
and . = h(l) = —1/2. The tangent line: g(x) > 1/2 — (x — 1)/2 = (2 — x)/2.

Vi DU 3.7 (Tiép tuyén co bin) / EXAMPLE 3.7 (A basic tangent line) — Cho a, b, ¢ >0
thoa a + b+ ¢ = 3. Ching minh 1/(a2 + 1) + 1/(b + 1) + 1/(c2 + 1) > 3/2.
Leta, b,c>0witha+b+c=3. Prove that 1/(a’ + 1) + 1/(b* + 1) + 1/(c* + 1) > 3/2.

Loi giai. / Solution.

Véimoi x >0:
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For every x > 0:

1/x24+1) -2 —x)/2=x3-2x2+x)/2&2+ 1) =x(x—1)2/2x2+1)) =0
Vay 1/(x2+ 1) > (2 — x)/2 v6i x > 0, ddu bang khi x = 0 hodc x = 1.

Hence 1/(x* + 1) > (2 — x)/2 for x > 0, with equality atx = 0 or x = 1.

Ap dung cho a, b, ¢ 10i cong: tong > (6 — (a + b + ¢))/2 = 3/2.

Apply it to a, b, c and add: the sum is at least (6 — (a + b + ¢))/2 = 3/2.

Déu bang can ca ba bién thudc {0, 1} va tong bang 3, nénchicoa=b=c=1.

Equality needs all three variables in {0, 1} with sum 3, soonlya=b=c=1. R

gx)=1/(x2+1)

——— 2=

Hinh 3.1. D4 thi g(x) = 1/(x2+ 1) va tip tuyén y = (2 — x)/2 tai x = 1; véi x > 0 d0 thi nam trén
tiép tuyén.
Figure 3.1. Graph of g(x) = 1/(x? + 1) and its tangent line y = (2 — x)/2 at x = 1, for x > 0 the graph lies
above the line.

PHAN TICH / ANALYSIS — Piém roi x =y =z = 1/3. Vi g(x) = x/(1 + x2), g(1/3) = 3/10.
Rt gon g(x) — g(1/3) = (10x — 3 — 3x2)/(10(1 + x2)) = —(3x — 1)(x — 3)/(10(1 + x?)) = (x —
1/3)-3(3 — x)/(10(1 + x2)). Vay h(x) = 3(3 — x)/(10(1 + x2)) va a = h(1/3) = 18/25. Chiéu bat
dang thirc 1a < nén can g(x) < ox + p.

The equality point is x =y = z = 1/3. With g(x) = x/(1 + x°), g(1/3) = 3/10. Simplify g(x) — g(1/3) =
(10x — 3 = 32)/(10(1 +x7) = —B3x — D)(x = I/10(1 +x2) = (x — 1/3)-3(3 — x)/(10(1 + x)). So h(x)
= 3(3 —x)/(10(1 +x°)) and o = h(1/3) = 18/25. The inequality points downward (<), so we need g(x)
<oax +p.

Vi DU 3.8 (Tiép tuyén cho bit ding thirc <) / EXAMPLE 3.8 (Tangent line for a <
inequality) — Cho x, y, z> 0 théa x +y +z= 1. Chirng minh x/(1 +x?) + y/(1 +y?) + z/(1 +
z?) <9/10.

Letx, y,z> 0withx +y +z = 1. Prove that x/(1 + x°) + y/(1 +°) + z/(1 + 2°) < 9/10.

Loi giai. / Solution.
Tiép tuyén tai x = 1/3 1a y = (18/25)x + 3/50 (vi 3/10 — (18/25)(1/3) = 3/10 — 6/25 =
3/50). Véi moi x > —3/4:
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The tangent at x = 1/3 is y = (18/25)x + 3/50 (because 3/10 — (18/25)(1/3) = 3/10 — 6/25 =
3/50). For every x > —3/4:

(18/25)x + 3/50 — x/(1 + x2) = (3x — 1)2(4x + 3)/(50(1 + x2)) = 0

Do d6 x/(1 + x2) < (18/25)x + 3/50 v6i moi x > 0. Cong ba bét dang thuc:
Hence x/(1 + x?) <(18/25)x + 3/50 for all x > 0. Adding the three inequalities:

T x/(1+ x2) < (18/25)(x +y + z) + 9/50 = 36/50 + 9/50 = 9/10

Dau bang khix =y =z = 1/3.
Equality holds whenx =y =z=1/3. &

NHAN XET / REMARK — Tiép tuyén c6 thé thit bai. Véia+b+c=3,a, b, c>0, bat
dang thire 1/(a% +2) + 1/(b* + 2) + 1/(c? + 2) > 1 sai: tai (0; 3/2; 3/2) tong bang 1/2 + 2-(4/17)
=33/34 < 1. Tiép tuyén tai 1 1a (5 — 2x)/9 va hiéu bang (x — 1)2(2x — 1)/(9(x% + 2)), 4m khi x
< 1/2. Hiéu ddi dau trong mién 1a tin hiéu bat dﬁng thirc géc c6 thé sai hodc can mot ky thuat
khac.

The tangent line can fail. Witha + b + ¢ = 3, a, b, ¢ > 0, the inequality 1/(a® + 2) + 1/(b* + 2) + 1/(c’
+ 2) > 1 is false: at (0, 3/2, 3/2) the sum is 1/2 + 2-(4/17) = 33/34 < 1. The tangent at 1 is (5 — 2x)/9
and the difference equals (x — 1)*(2x — 1)/(9(x* + 2)), negative for x < 1/2. A difference that changes

sign inside the range signals that the original inequality may be false or needs another technique.

LOI HAY GAP / COMMON MISTAKE — Chi kiém tra tiép tuyén tai vai diém gan diém
roi ma khong chimg minh né dung trén toan mién. Phai c6 déng thie dai s6 cho g(x) — ax —
B.

Checking the tangent line at a few points near the equality point without proving it on the whole
range. An algebraic identity for g(x) — ax — f is required.

3.5. Don bién vé hai bién bang nhau — Mixing variables

Nhiéu bat ding thic d6i xtimg ba bién c6 gia tri nhé nhat (hodc 16n nhat) khi hai bién
bang nhau. Ta c6 dinh mot bién, thay hai bién con lai bang trung binh cong cua chiing,
chting minh gi4 tri ctia biéu thirc khong giam (hoic khong ting), roi giai bat dang thirc
mot bién con lai.

Many symmetric inequalities in three variables attain their minimum (or maximum) when two
variables are equal. Fix one variable, replace the other two by their arithmetic mean, show the
value of the expression does not decrease (or increase), and then solve the remaining one-
variable inequality.

BO DK 3.7 (B6 dé don bién) / LEMMA 3.7 (Mixing lemma) — Vi moi s6 thuc a, b dit s
=a+b. Khi d6 ab = s?/4 — (a — b)*/4 < s*/4, va a> + b> = s?/2 + (a — b)?/2 > s?/2. Tich ab 16n
nhat, va a + b? nhé nhat, khia =b.

For real numbers a, b put s = a + b. Then ab = s°/4 — (a — b)*/4 <s’/4 and &’ + b’ = s°/2 + (a — b)’/2
> s%/2. With s fixed, the product ab is largest, and a’ + b* smallest, when a = b.
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Chirng minh. / Proof.

Khai trién: s%4 — (a — b)%4 = ((a + b)> — (a — b)?)/4 = ab. Tuong tu (a + b)%2 + (a — b)*/2
=a’+ b2

Expanding: s°/4 — (a — b)’/4 = ((a + b)? — (a — b)?)/4 = ab. Similarly (a + b)’/2 + (a — b)*/2 =
a+bp. n

Quy trinh: (1) chon bién ¢6 dinh, thudng 13 bién nhé nhét ¢ (khi tong bang 3 thi ¢ < 1);
(2) viét biéu thirc dudi dang A(c)-ab + B(c)-(a + b) + C(c), voi a + b = s ¢b dinh; (3) néu
A(c) > 0 thi ting ab 1én s¥4 lam biéu thirc khong giam; (4) giai bat dang thirc mot bién,
thuong c6 nhan tir (¢ — 1)

Procedure: (1) choose the fixed variable, usually the smallest ¢ (when the sum is 3, ¢ < 1); (2)
write the expression as A(c)-ab + B(c)-(a + b) + C(c) with a + b = s fixed; (3) if A(c) > 0, raising
ab to s°/4 does not decrease the expression, (4) solve the one-variable inequality, which usually
has a factor (¢ — 1)°.

PHAN TICH / ANALYSIS — Biéu thirc 2(ab + bc + ca) — abc, vic cd dinhvaa+b=3 —
¢ khong dbi, chi phu thudc vao tich ab: né bang (2 — c)ab + 2¢(3 —¢). Hé s ciaab 1a2 — ¢ >
0 khi ¢ <1. Vay gia tri [6n nhét dat khi ab 16n nhét, tirc a = b.

With c fixed and a + b = 3 — ¢ constant, the expression 2(ab + bc + ca) — abc depends on ab only: it
equals (2 — cJab + 2¢(3 — ¢). The coefficient of ab is 2 — ¢ > 0 when ¢ < 1. So the maximum occurs
when ab is largest, that is a = b.

ViDU 3.9 (Don bién b%mg hé s6 clia ab) / EXAMPLE 3.9 (Mixing through the coefficient
of ab) — Cho a, b, ¢ > 0 théa a + b + ¢ = 3. Chirng minh 2(ab + bc + ca) — abc < 5.
Leta, b, ¢ >0 witha + b + ¢ = 3. Prove that 2(ab + bc + ca) — abc < 5.

Loi giai. / Solution.
Gid st c =min{a, b,c}. Vidc<a+b+c=3nén0<c<1.DatF=2(ab + bc + ca) —
abc. Doa+b=3-c:
Assume ¢ = min{a, b, c}. Since 3c <a +b +c =3 wehave )0 <c<1. PutF = 2(ab + bc + ca) —
abc. Asa+b=3-c:
F=(2—-c)ab+ 2c(3—¢)
Vi2—c>0vaab<((a+b)2)*=(3—c)¥4 (bddé3.7):
Since 2 — ¢ > 0and ab < ((a + b)/2)’ = (3 — ¢)°/4 (lemma 3.7):
F<(2-0B-0)?%/4+2c(3—c)=(18+3c—c?)/4
Cudi cung 5 — (18 + 3¢ — ¢?)/4 = (c® — 3¢+ 2)/4 = (c — 1)*(c +2)/4 > 0.
Finally 5 — (18 + 3¢ — ¢)/d = (¢ — 3¢ + 2)/4 = (c — 1)*(c + 2)/4 > 0.
Vay F<5.Daubangcana=bvac=1,ttca=b=c=1.
Hence F < 5. Equality needsa =bandc =1, thatisa=b=c=1. &
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5,2 1

4,8 1

4,6 1 :
— G(c)=2(18+30—c3)/4
-—— y=5

4.4

0 0.2 0.4 0.6 0.8 1 12
C
Hinh 3.2. Sau khi don hai bién nho vé nhau, F khong vuot qua G(c) = (18 + 3¢ — ¢®)/4, va G(c) <
5 voi dau bang tai c = 1.
Figure 3.2. After merging the two other variables, F does not exceed G(c) = (18 + 3¢ — ¢*)/4, and G(c) <
5 with equality at ¢ = 1.

NHAN XET / REMARK — Don bién can chon dung bién c¢b dinh. O vi du 3.9 phai lay ¢
nho nhit dé 2 — ¢ > 0; néu lay ¢ 16n nhat thi 2 — ¢ c6 thé 4m va chiéu danh gi4 ab < s%/4 bj
dao. Biéu thirc véi tich ab c6 hé s6 am can don theo hudng nguoc lai (giam ab).

Mixing needs the right choice of the fixed variable. In example 3.9 ¢ must be the smallest so that 2 — ¢
> (), with c the largest, 2 — ¢ may be negative and the estimate ab < s*/4 goes the wrong way. When
the coefficient of ab is negative, mix in the opposite direction (decrease ab).

LOI HAY GAP / COMMON MISTAKE — Thay a, b bang trung binh cong ma khong
chimg minh biéu thirc khong giam, roi khang dinh ddu bang & a = b. Khang dinh d6 chua
dugc chung minh.

Replacing a, b by their mean without proving that the expression does not decrease, then asserting
that equality occurs at a = b. That statement is unproved.

3.6. Poi bién P> q, ¥ — The p, q, r substitution

Vi bat déng thirc dbi xung ba bién, dat p=a+b+c,q=ab+bc+ca, r=abc. Moida
thirc d6i xtng cua a, b, ¢ déu 1a da thire cta p, q, r. Khi p c¢b dinh, biéu thic thuong chi
con q, r va ta dung cac rang budc giita p, q, r (bdo dam bdi Schur va AM—GM) dé két
luan.

For a symmetric inequality in three variables put p = a + b + ¢, ¢ = ab + bc + ca, r = abc.
Every symmetric polynomial in a, b, c is a polynomial in p, q, r. With p fixed the expression often

involves only q and r, and the constraints linking p, q, r (guaranteed by Schur and AM-GM)
finish the proof-

TINH CHAT 3.8 / PROPERTY 3.8 — Cac déng thirc sau diing voi moi sb thuc a, b, ¢: a2+
b? +c?=p*>—2q; a’ + b + ¢ =p* — 3pq + 3r; a’b? + b2c? + c?a? = ¢ — 2pr; Teym a’b =pq —
3r; (a+b)(b+c)(c+a)=pq-—r.

The following identities hold for all real a, b, c: a® + b> + I =p? — 2q; a> + b* + & = p’ — 3pq + 3r;
a’b’ + b+’ =q° — 2pr; Zyma’b =pg — 3r; (a+ b)(b+c)c+a)=pqg—r.
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Chirng minh. / Proof.
Binh phuong p: p? = a> + b?> + ¢ + 2q. Nhan p vé6i q: pq = Zeym a’b + 3abc, nén Zgym a’b =
pq — 3r.

Squaring p: p*> = a® + b’ + ¢ + 2q. Multiplying p by q: pq = Zom a’b + 3abc, s0 Zgm a’b = pg —
3r.

Lap phuong p: p* = a®> + b® + ¢ + 3Zgym a’b + 6abc. Thay Zeym a’b = pq — 3r dugc a® + b’
+¢*=p*—=3(pq —3r) — 6r=p’* — 3pq + 3r.

Cubing p: p° = @’ + b> + &3 + 3%, a’b + 6abc. Substituting Zym a’b = pq — 3r gives a® + b> +
A =p’=3(pqg—3r)— 6r=p°—3pq + 3r.

Binh phuong q: g° = a?b? + b%c? + c2a® + 2abe(a + b + ¢) = a?b? + b’c? + ¢?a? + 2pr.
Squaring q: ¢° = a’b’ + b’c? + *a’ + 2abce(a + b + ¢) = a’b? + b + FPa’ + 2pr.

Cudi cung (a + b)(b + ¢)(c + a) = Zsym a’b + 2abc =pq — 3r+2r=pq —r.
Finally (a + b)(b + c)(c + a) = Zym a’b + 2abc =pg — 3r + 2r=pqg —r. W

PINH LY 3.9 (Hé thirc giira p, q, r) / THEOREM 3.9 (Relations among p, q, r) — Cho a,
b, ¢ 12 s6 thyc. Khi d6 (t — a)(t — b)(t — ¢) = £ — pt2 + qt — r voi moi t (hé thirc Vite), va p? >
3q, g2 > 3pr. Néu thém a, b, ¢ > 0 thi p, q, r >0 va p* — 4pq + 9r > 0 (Schur).

Let a, b, ¢ be real numbers. Then (t — a)(t — b)(t — c) = £ — pt’ + qt — r for all t (Viéte's relations),
and p’ > 3q, > > 3pr. If also a, b, ¢ >0 then p, q, r > 0 and p° — 4pq + 9r > 0 (Schur).

Chirng minh. / Proof.
Khai trién (t — a)(t — b)(t — ¢) theo lily thira ctia t cho ngay hé s6 —p, q, —r.
Expanding (t — a)(t — b)(t — ¢) in powers of t gives the coefficients —p, q, —r at once.

p2—3q=((@a—b)2+ (b—c)2+(c—a)?)/2=>0, q2—3pr=((ab—bc)2+ (bc—
ca)2+ (ca—ab)?)/2=>0

Hai dang thie nay kiém bang khai trién (4p dung dang thirc dau cho ba sé ab, be, ca, tong
ctia chung 1a q va tong tich ddi 1a abe(a + b + ¢) = pr). Phan con lai 14 hién nhién hoic 1a
Schur (dinh 1y 3.3).

Both identities are checked by expansion (apply the first to the three numbers ab, bc, ca, whose

sum is q and whose sum of pairwise products is abc(a + b + ¢) = pr). The rest is immediate or is
Schur (theorem 3.3). R

BO PE 3.10 (Biét thirc khi p = 0) / LEMMA 3.10 (Discriminant when p =0) — Néua+b
+ ¢ =0 thi (a—b)*(b — ¢)’(c —a)’> = —4q> — 2712, va (a®> + b> + ¢?)* — 54(abc)? = 2(a — b)*(b —
c)}(c—a)*>0.

Ifa+b+c=0then (a—b)’(b—c)i(c—a)=—4¢ — 277 and (@’ + b’ + *)’ — 54(abc)’ = 2(a —
bY’(b — ¢)’(c — a)’ > 0.

Chirng minh. / Proof.

Thay ¢ = —a — b. Khi d6 q = ab — (a + b)* = —(a® + ab + b?) va r = —ab(a + b). Céc hiéu: b
—c=a+2b,c—a=—-(2a+b),nén (a—b)b—c)c—a)=—(a—Db)a+2b)2a+Db)=
—(2a* + 3a’b — 3ab? — 2b%).

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 92



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

Substitute ¢ = —a — b. Then ¢ = ab — (a + b)*> = —(a’> + ab + b°) and r = —ab(a + b). The
differences: b — c =a + 2band ¢c — a = —(2a + b), so (a — b)(b — ¢)(c —a) = —(a — b)(a +
2b)(2a + b) = —(2a° + 3a’b — 3ab’ — 2b%).

Vé trai 1a binh phuong cua biéu thirc nay, bang 4a® + 12a’b — 3a*b? — 26a°b® — 3a?b* +
12ab% + 4b°®. V& phai 1a —4q® — 2712 = 4(a’ + ab + b?)® — 27a’b?(a + b)%; khai trién cho
cung da thuc do.

The left side is the square of this expression, equal to 4a° + 12a°b — 3a’b’> — 26a°b* — 3a°b* +
12ab’ + 4b°. The right side is —4q> — 277 = 4(a’ + ab + b*)’ — 27a°b*(a + b)?; expanding gives
the same polynomial.

Cudi cing a® + b2 + ¢2 = p2 — 2q = —2q, nén (a2 + b2 + ¢2)’ = —8q°. Do d6 (a® + b2 + c?)* —
5412 = —8q> — 54r? = 2(—4q’> — 27r?).

Finally a® + b* + ¢ = p> — 2q = —2q, so (@’ + b*> + ?)’ = —8¢°. Hence (@’ + b° + ¢?)° — 541 =
—8¢° — 547 = 2(—4q° — 271). m

PHAN TiCH / ANALYSIS — Vi p = 3: a?b? + b%c2 + c2a2 = % — 6r, nén biéu thirc can
danh gia 1a q* — 6r + 3r = 2 — 3r. DAu trir trudc r nghia 14 can can dudi cua r theo q: 46 1a
Schur, r > (4q — 9)/3. Can nay chi c6 y nghia khi vé phai duong, tirc q > 9/4; véi q < 9/4 ta
dung r > 0.

Withp = 3: a’b? + b’ + ?a’ = ¢° — 67, so the expression to bound is > — 6r + 3r = ¢> — 3r. The
minus sign in front of r means we need a lower bound for r in terms of q: that is Schur, r > (4q — 9)/3.
The bound is informative only when its right side is positive, g > 9/4; for q < 9/4 we use r > 0.

Vi DU 3.10 (pqr va Schur) / EXAMPLE 3.10 (pqr with Schur) — Cho a, b, ¢ >0 thoa a +
b + ¢ = 3. Ching minh a’b? + b?c? + ¢?a? + 3abc < 6.
Leta, b, ¢c>0witha + b + ¢ = 3. Prove that a’b> + b°c®> + *d® + 3abc <6.

Loi giai. / Solution.

Véi p = 3, tinh chét 3.8 cho vé trai bang q* — 6r + 3r=q>— 3r. Vi p> >3qnén q < 3.

With p = 3, property 3.8 gives the left side as q° — 6r + 3r = ¢° — 3r. Since p*> > 3q we have q <

3.

Truong hop q<9/4: vir>0nén > - 3r<¢*><81/16 <6.

Case g <9/4: sincer>0, ¢° — 3r <q’ <81/16 < 6.

Truong hop 9/4 < q < 3: Schur cho r > (4q — 9)/3, nén

Case 9/4 < q < 3: Schur gives r > (4q — 9)/3, so
*—3r<q?-—(49—-—9)=q*-4q9q+9=6+(q—1)(q—-3)<6

vil<q<3nén(q—1)(q—3)<0.

because 1 <q <3 gives (q — I)(q — 3) <0.

Déu bang cdn q=3,thca=b=c= 1.

Equality needs q = 3, thatisa=b=c=1. 1
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PHAN TICH / ANALYSIS — Hai diéu kién cho p = 6 va q = 9 nhung khong cho timg sb.
Cédinha:khiddb+c=6—-avabc=q—a(b+c)=9—a(6—a)=(a—3)% Haisd thucb, c
ton tai khi va chi khi (b + ¢)? > 4bc. Diéu kién nay cho khoang chay cua a, rdi abc = a-bc =
a(a — 3)? 1a ham mot bién.

The two conditions give p = 6 and q = 9 but not the numbers themselves. Fix a: then b + ¢ =6 — a
andbc=q —a(b+c) =9 —a(6 — a) = (a — 3)°. Real numbers b, c exist if and only if (b + ¢)’ > 4bc.
This condition gives the range of a, and then abc = a-bc = a(a — 3)° is a function of one variable.

Vi DU 3.11 (Piéu kién nghié¢m thuc) / EXAMPLE 3.11 (Condition for real roots) — Cho
a, b, ¢ 1a cac sb thuc théaa+b+c=6vaab+bc+ca=9. Chimg minh 0 <a,b,c<4val<
abc <4,

Let a, b, ¢ be real numbers witha +b + ¢ = 6 and ab + bc + ca = 9. Prove that 0 <a, b, c <4 and 0 <
abc <A4.

Loi giai. / Solution.
Tacob+c=6—-avabc=9—alb+c)=9—6a+a’>=(a—23)> Vib, c thucnén (b +c)*
> 4bc:

We haveb +c=6—aandbc=9 —a(b+c) =9 — 6a +da’ = (a— 3)°. Since b, c are real, (b +
c)? > 4bc:

(6—a)!—4(a—3)2=-3a%2+12a=-3a(a—4)=0

Suy ra 0 <a<4. Vaitro a, b, c nhu nhaunén 0 <b, c <4.

Hence 0 <a <4. The roles of a, b, c are symmetric, so 0 <b, ¢ <4.

Véi tich: abc = a-bc = a(a — 3)* >0 vi a > 0. Mat khac:
For the product: abc = a-bc = a(a — 3)* > 0 since a > 0. On the other hand:

4—abc=4—-a(a—3)2=—(a%3—6a2+9a—-4)=(a—1)2(4—-a)=0

Vay 0 <abc <4. Gia tri 4 dat tai (1, 1, 4), gia tri 0 dat tai (0, 3, 3); cd hai by théap =6 va
q=9.

Hence 0 < abc < 4. The value 4 is attained at (1, 1, 4) and the value 0 at (0, 3, 3); both triples
satisfyp=6andg=9. 1

NHAN XET / REMARK — Vi du 3.11 13 trudng hop riéng cua su kién: a, b, ¢ 1a ba nghiém
thuc cta t® — pt2 + qt — r = 0 thi r bi chin giira hai gié tri khi p, q ¢6 dinh. O day £ — 6t + 9t =
t(t — 3)% nhan gia tri r € [0, 4] ba lan, nén p = 6, q = 9 xac dinh mién cua abc.

Example 3.11 is a special case of the fact that if a, b, c are the three real roots of £ — pt’ + qt — r = 0,
then r is confined between two values when p and q are fixed. Here ' — 61 + 9t = t(t — 3)° takes each
value r € [0, 4] three times, so p = 6, q = 9 determines the range of abc.

LOI HAY GAP / COMMON MISTAKE — Diing bét dang thirc pqr cho s6 thuc c6 thé am,
nhu r > p(4q — p2)/9 (can a, b, ¢ > 0) hodc q > 0, roi viét thang 'vi a, b, ¢ bit ky'. Néu dé khong
cho a, b, ¢ khong am thi chi p? > 3q va g*> > 3pr con dung dugc.

Using pqr inequalities for real numbers that may be negative, such as r > p(4q — p*)/9 (needs a, b, ¢ >
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0) or q > 0, and then writing 'since a, b, ¢ are arbitrary'. If the problem does not give a, b, ¢ > 0, only
P’ >3q and ¢’ > 3pr remain available.

PHAI THUQC / MEMORISE — Xa? =p? —2q; Za®=p®—3pq+ 3r; Za?b?=q?— 2pr; (a
+b)(b+c)(c+a)=pq—r1; p>=3q; q*=3pr.

Xal=p’—2q; Xa’=p’ —3pq + 3r; Za’b’ =q’ — 2pr; (a+b)(b+c)c+a)=pg—r p’>3q; ¢
> 3pr.

3.7. Doi bien Ravi cho canh tam giac — The Ravi substitution

Ba canh a, b, ¢ cta tam giac bi rang budc boi bat d'fmg thirc tam gidc, nén khong thé coi
chung 1 ba s6 duong tuy ¥. D6i bién Ravi chuyén rang budc d6 thanh ba sé duong ty do
X, y, z, 12 d0 dai cac doan tiép tuyén ké tir dinh t6i dudng tron ndi tiép.

The sides a, b, c of a triangle are bound by the triangle inequality, so they cannot be treated as

arbitrary positive numbers. The Ravi substitution turns that restriction into three free positive
numbers x, y, z, the lengths of the tangent segments from the vertices to the incircle.

PINH LY 3.11 (Péi bién Ravi) / THEOREM 3.11 (Ravi substitution) — Ba s6 duong a,
b, ¢ 12 dd dai ba canh cia mot tam giac (khong suy bién) khi va chi khi ton tai ba sé duong x,
y,zsaochoa=y+z b=z+x,c=x+y.Khidox=(b+c—a)2,y=(c+a—b)2,z=(a+
b —c¢)/2.

Three positive numbers a, b, ¢ are the side lengths of a non-degenerate triangle if and only if there

exist positive numbers x, y, zwitha=y +z,b=z+x,c=x+y. Thenx=(b tc—a)/2, y=(c +a—
b)/2,z=(a+b—c)2.

Chirng minh. / Proof.
Néua=y+zb=z+x,c=x+yviix,y,z>0thib+c—a=2x>0,c+a—-b=2y>
0,a+b—c=2z>0: ba bat dang thirc tam giac ding ngit.
Ifa=y+zb=z+x,c=x+ywithx,y,z>0thenb+c—a=2x>0,c+ta—b=2y>0,a+
b — ¢ =2z> 0: all three triangle inequalities hold strictly.

Nguoc lai, néu a, b, ¢ 1a canh tam giac,daitx=(b+c—a)2,y=(c+a—b)2,z=(a+b
— ¢)/2; chung duong theo bét ding thic tam gidc, vay +z=a,z+x=b,x +y =c.
Conversely, if a, b, c are sides of a triangle, putx = (b + c —a)/2, y =(c+a—b)/2,z=(a + b
— ¢)/2; they are positive by the triangle inequality, andy + z=a,z +x=b,x +y=c. R

Y nghia hinh hoc: goi D, E, F 1a tiép diém cua duong tron ndi tiép voi BC, CA, AB. Hai
tiép tuyén ciing ké tir mot dinh bang nhau nén AE = AF =x, BD=BF =y, CD =CE =z,
vaBC=y+z

Geometric meaning: let D, E, F be the points where the incircle touches BC, CA, AB. Two

tangents from the same vertex are equal, so AE = AF =x, BD = BF =y, CD = CE =z, and BC
=y -tz
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Hinh 3.3. D6i bién Ravi: cac doan tiép tuyén AE=AF=x,BD=BF=y,CD=CE=z;BC=y
+z, CA=z+x, AB=x+y.
Figure 3.3. The Ravi substitution: tangent segments AE = AF =x, BD =BF =y, CD=CE=z; BC=y +
z,CA=z+x, AB=x+y.

HE QUA 3.12/ COROLLARY 3.12 — Véi a, b, ¢ 1a ba canh ctia mot tam giac: (1) abe > (b
+c¢—a)cta—Db)a+b—c); (2)2(ab+bc+ca)—(a®+ b+ c?) =4(xy + yz + zx) > 0, trong
do x,y, zlacac s6 Ravi.

For a, b, c the sides of a triangle: (1) abc > (b + c —a)(c + a — b)(a + b — ¢); (2) 2(ab + bc + ca) —
(@ + b+ %) =4(xy + yz + zx) > 0, where x, y, z are the Ravi numbers.

Chirng minh. / Proof.

(1) Theo d6i bién Ravi, bat dang thirc thanh (y + z)(z + x)(x + y) > 8xyz. Ma (y + z)(z +
X)X +y) — 8xyz = X(y — 2 + y(z — X + 2(x — y 2 0.

(1) By the Ravi substitution the inequality becomes (y + z)(z + x)(x + y) > 8xyz. And (y + z)(z +
X)(x+y) = 8xyz =x(y — 2’ + y(z = x)* + z(x = y)* = 0.

(2) Thaya=y+z, b=z+x,c=x+y:a+b>+c?=2(x>+y> +2%) + 2(xy + yz + zx) va
ab +bc +ca=x%>+y*+ 22+ 3(xy + yz + zx). Trir ra 2(ab + bc + ca) — (a> + b*> + ¢?) =
4(xy + yz + zx).

(2) Substitutinga =y +z,b=z+x,c=x+y: > +b>+ 7 =2(x* +y> +22) + 2(xy + yz + zx)
and ab + bc + ca = x> +y? + 22 + 3(xy + yz + zx). Subtracting gives 2(ab + bc + ca) — (a® + b’
+c?)=4(xy +yz+zx). &

PHAN TICH / ANALYSIS — Mau b +c—a,c+a—b,a+b—c chinh 1 2x, 2y, 2z: ding
didu Ravi lam gon. Thay a =y + z, tir s6 thanh t6ng hai bién, va mdi phan thirc thanh (y +
2)/(2x). Khi d6 chi con cac ti s6 y/x dang nghich dao ctia nhau, va AM—GM cho tong cua hai
nghich dao > 2.

The denominators b + ¢ —a, c + a — b, a + b — c are exactly 2x, 2y, 2z, which is what Ravi simplifies.
With a =y + z each numerator is a sum of two variables and each fraction becomes (v + z)/(2x). Only
ratios y/x and their reciprocals remain, and AM—GM bounds the sum of two reciprocals by at least 2.
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Vi DU 3.12 (Ravi cho phan thirc) / EXAMPLE 3.12 (Ravi for fractions) — Cho a, b, ¢ 13
ba canh cua mgt tam giac. Chung minh a/(b +c —a)+b/(c+a—b)+c/(a+b—c)>3.
Let a, b, ¢ be the sides of a triangle. Prove that a/(b + ¢ —a) + b/(c +a—b) + ¢/(a+b —c) > 3.

Loi giai. / Solution.

bata=y+z b=z+x,c=x+yvdix,y,z>0.Khidob+c—a=2x,cta—b=2y,a
+b — ¢ =2z va vé trai bang:
Puta=y+z,b=z+x,c=x+ywithx,y,z>0.Thenb+c—a=2x,cta—b=2y,a+b—
¢ = 2z and the left side equals:

y+2)/(2x) + (z+x)/(2y) + (x+y)/(22) = (1/2)-[(x/y +y/X) + (y/z + 2/y)
+ (z/x + x/2)]

Véiu, v>0:u/v+ viu>2 (vi(u—v):>0). Do dé tong trong ngoic > 6 va vé trai > 3.
Foru, v > 0: u/v + v/u>2 (because (u — v)’ > 0). So the bracket is at least 6 and the left side is
at least 3.

Dau bang khix =y =z thca=b=c.
Equality holds whenx =y =z, thatisa=b=c. R

PHAN TiCH / ANALYSIS — Chuvibang2 chox+y+z=1vicaccanha=1-x,b=1
-y,c=1—-z Biéu thirc ab+bc+ca—abclédatht’rcdéixfrngbéc 3cual —x,1-y,1—1z
khai trién theo u = xy + yz + zx va v = xyz s& triét tiéu u.

Perimeter 2 givesx +y +z=1and sidesa=1—x,b=1—y, ¢ =1 —z The expression ab + bc + ca
— abc is a symmetric polynomial of degree 3in 1 — x, 1 —y, 1 — z; expanding in u = xy + yz + zx and
v = xyz makes u cancel.

Vi DU 3.13 (Ravi va chu vi ) dinh) / EXAMPLE 3.13 (Ravi with fixed perimeter) —
Cho a, b, ¢ 1a ba canh clia mot tam giac c6 chu vi biang 2. Chimg minh 1 < ab + bc + ca — abc
<28/27.

Let a, b, ¢ be the sides of a triangle with perimeter 2. Prove that 1 < ab + bc + ca — abc <28/27.

Loi giai. / Solution.

Poibién Ravi:a+b+c=2(x+y+z)=2nénx+y+z=1,vaa=y+z=1-x,b=1-
y,c=1—z Datu=xy +yz+ zx, v=Xxyz.

Ravi substitution:a +b+c=2(x+y+z)=2,sox+y+z=1Landa=y+z=1—-x,b=1-—
yv,e=1—z Putu=xy+yz+zx,v=2xyz

Khai trién:

Expanding:

ab+bc+ca=3-2(x+y+z)+u=1+u, abc=1—-(x+y+z)+u—v=u

-V

Dodoab+bc+ca—abc=1+v.Vix,y,z>0nénv>0, suyravétréi>1.

Hence ab + bc + ca —abc = 1 +v. Since x, y, z> 0 we have v > 0, so the left side exceeds 1.

Theo AM-GM, 1 =x +y +z>3-(xyz)'3, nén v < 1/27 va ab + bc + ca — abc < 28/27.
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By AM-GM, I =x +y +z > 3-(xyz)", sov<1/27 and ab + bc + ca — abc < 28/27.

Dau bé‘mg bén phai khix=y=2z=1/3, ttc a=b =c = 2/3. Can 1 khéng dat dugc viv >0
ludén dung.

Equality on the right occurs when x =y =z = 1/3, thatis a = b = ¢ = 2/3. The bound 1 is never
attained since v > 0 always. R

NHAN XET / REMARK — Tam giac chi can thiét khi bt dang thirc dung diéu kién tam
gidc. Bit ding thirc abc > (b + ¢ — a)(c + a — b)(a + b — ¢) con ding véi moi a, b, ¢ > 0 (twong
duong Schur), nhung ching minh bang Ravi gon hon va chi ding AM—GM.

The triangle condition is needed only when the inequality uses it. The inequality abc > (b + ¢ — a)(c +
a—b)(a + b — c) holds for all a, b, ¢ > 0 (equivalent to Schur), but the Ravi proof'is shorter and uses
only AM-GM.

LOI HAY GAP / COMMON MISTAKE — Ddi bién Ravi khi dé chi cho a, b, ¢ > 0 ma
khong cé diéu kién tam giac, hodc dbi chiéu (cho x, Yy, Z 10i ndi a, b, ¢ 1a canh tam giac) ma
quén x, y, z phai duong.

Applying the Ravi substitution when the problem gives only a, b, ¢ > 0 with no triangle condition, or
going the other way (starting from x, y, z) and forgetting that x, y, z must be positive.

3.8. Ham 10i va bat dang thirc Jensen roi rac — Convex functions and discrete

Jensen

Panh gia tiép tuyén ¢ muyc 3.4 1a hé qua cla tinh 16i. Cong cu tong quat hon khong can
dao ham: kiém tra tinh 16i bang dinh nghia trung diém, rdi suy ra bat dang thirc cho n sb
bat ky.

The tangent estimate of section 3.4 is a consequence of convexity. The more general tool needs

no derivatives: check convexity from the midpoint definition, then deduce an inequality for any
number of terms.

PINH NGHIA 3.13 (Ham 16i) / DEFINITION 3.13 (Convex function) — Ham f x4c dinh
trén khoang I goi 14 16i trén I néu f(x + y)/2) < (f(x) + f(y))/2 v6i moi x, y € 1. Ham f goi 1a
16m néu bt ding thirc dao chiéu, tirc —f 16i.

A function f defined on an interval I is called convex on Lif f((x + y)/2) < (f(x) + f(v))/2 for all x, y €1

1t is called concave if the inequality is reversed, that is, if —f'is convex.

Pinh nghia thong thuong ctiia ham 16i doi hoi f(Ax + (1 — N)y) < AMf(x) + (1 — Vf(y) véi
moi A € [0, 1]. LAy A = 1/2 ta dugc dinh nghia trén, nén moi ham 16i theo nghia thong
thuong déu 16i theo nghia cua sach nay. Ching minh bat dang thic Jensen chi dung A =
1/2.

The usual definition of a convex function requires f(Ax + (I — 1)y) <Af(x) + (I — Yf(y) forall 1 €
[0, 1]. Taking A = 1/2 gives the definition above, so every function convex in the usual sense is
convex in the sense of this book. The proof of Jensen's inequality uses only 1 = 1/2.

BO PE 3.14 (Kiém tra ham 16i) / LEMMA 3.14 (Checking convexity) — (a) f(x) = x* 16i
trén R; (b) f(x) = 1/x 16i trén (0, +0); (c) f(x) = x* 1di trén [0, +o0); (d) tong hai ham 16i, tich
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ctia ham 16i v6i s6 duong, va ham 16i hop v6i phép thé bac nhat f(ox + B) déu 16i (trén tap
thich hop).

(a) fix) = x° is convex on R, (b) f{(x) = 1/x is convex on (0, +x); (c) f{x) = x’ is convex on [0, +); (d)
a sum of convex functions, a convex function times a positive number, and a convex function
composed with a linear substitution f(ox + ) are convex (on a suitable set).

Chirng minh. / Proof.
(@) (* +y)2 = ((x +y)2)’ = (x ~y)’/4 = 0.
(@) (x> + )2 = ((x +3)/2)* = (x = y)*/4 = 0.

(b) Voix, y > 0: (1/x + 1/y)/2 = 2/(x +y) = (x — y)*/(2xy(x + y)) > 0.
(b) Forx, y > 0: (I/x + 1/7)/2 = 2/(x +y) = (x — y)*/(2xy(x + y)) > 0.

() Voix,y>0: (x> +y)2 —((x +y)2)=3(x +y)(x — y)*/8>0.
(c) Forx,y>0: (x> +1°)/2 — ((x +y)/2)’ = 3(x + y)(x — y)°/8 > 0.

(d) Véi tong va bodi duong, cong hodc nhan cac bat dang thice trung diém. V&i phép thé
bac nhat, trung diém cua ax + B va ay + B 1a a(x + y)/2 + B, nén bat dang thirc trung diém
cua f ap dung duoc.

(d) For sums and positive multiples, add or multiply the midpoint inequalities. For a linear
substitution, the midpoint of ox + f and ay + pis a(x + y)/2 + B, so the midpoint inequality for f
applies. A

PINH LY 3.15 (Bit ding thirc Jensen) / THEOREM 3.15 (Jensen's inequality) — Cho f
16i trén khoang I. Vi moi xi, ..., Xa € [ (n>2): f((x1 + ... + Xa)/n) < (f(x1) + ... + f(xa))/n.
Néu f 16m thi bat dang thirc dao chiéu.

Let f'be convex on an interval I. For all xy, ..., x» €Il (mn>2): f((x1 + ... + x,)/n) < (f(x) + ... +
f(xn))/n. If fis concave the inequality is reversed.

f((x1 + x2+ ... + xn)/n) < (f(x1) + f(x2) + ... + f(Xn))/n (3.3)
Chirng minh. / Proof.
Budc 1: n = 2%, Quy nap theo k, dat m = 2%, V6i k = 1 @6 1a dinh nghia. Gia s ding cho
m sb; v6i 2m sb, goi A 1a trung binh cta m sd dau, B 1 trung binh ctia m s6 sau. Khi d6
trung binh ctia ca 2m sb 1a (A + B)/2 va
Step 1: n = 2% Induction on k, put m = 2X. For k = I this is the definition. Assume it for m

numbers, given 2m numbers, let A be the mean of the first m and B the mean of the last m. The
mean of all 2m numbers is (A + B)/2 and

f((A + B)/2) < (f(A) + f(B))/2 < (1/2)-[(f(x1) + . + f(xm))/m + (FXmt1) + .. +
f(xzm))/m]

Vé phai 13 trung binh cua f(x;) trén ca 2m sd.

The right side is the mean of the f(x;) over all 2m numbers.

Budc 2: n bat ky. Chonm=2>n, dat A= (xi + ... + xa)/n €I va bo sung m —n $O Xn+1
= ... =Xm = A. Trung binh ctia m s6 1a (nA + (m — n)A)/m = A. Theo budc 1:
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Step 2: arbitrary n. Choose m = 2¥>n, put A = (x; + ... + x»)/n €I and append m — n numbers
Xp+1 = ... =Xm = A. The mean of the m numbers is (nA + (m — n)A)/m = A. By step 1:

f(A) < (f(x1) + ... + f(xn) + (m — n)f(A))/m

Nhéan m, chuyén (m — n)f(A) sang trai dugc n-f(A) < f(x1) + ... + f(x). Chia cho n ta c6
(3.3).

Multiply by m and move (m — n)f(A) to the left to get nf(A) < f(x1) + ... + f{xn). Dividing by n
gives (3.3). 1

HE QUA 3.16 / COROLLARY 3.16 — Cho f16i trén I, cac s6 hitu ti dwong w1, ..., Wa 6
tong bang 1 va xi, ..., xn € L. Khi d6 f(wix1 + ... + Waxn) < wif(x1) + ... + Waf(Xn).

Let f'be convex on I, let wi, ..., wy be positive rationals with sum 1 and x;, ..., x, €. Then f(wix; + ...
+ waxy) Swifxr) + ...+ wif(x).

Chirng minh. / Proof.

Viét wi = my/N v6i m; nguyén duong, m; + ... + m, = N. Ap dung dinh 1y 3.15 cho N s,
trong d6 xi xuat hién m; 1an: vé trai 1a f cua trung binh c6 trong s6, vé phai 1a trung binh
c6 trong s cua f(x;).

Write wi = mi/N with positive integers m;, m; + ... + m, = N. Apply theorem 3.15 to N numbers
in which x; appears m; times: the left side is f of the weighted mean, the right side is the weighted
mean of the f(x;). W

SX)+1y)
2

)

f(*;"‘;

x y
Hinh 3.4. B thi ham 16i f(x) = 1/x: diém giita ctia diy cung nam trén d0 thi tai trung diém, f((x
+v)/2) < (f(x) + f(y))/2.
Figure 3.4. Graph of the convex function f(x) = 1/x: the midpoint of the chord lies above the graph at the
midpoint, f((x +y)/2) < ({(x) + f(»))/2.

PHAN TiCH / ANALYSIS — Piéu kién x +y +z =1 1a tdng ¢ dinh va vé trai 13 tong cua
cung mot ham tai ba bién. Viét x/(1 —x) = 1/(1 —x) — 1. Ham 1/u 16i véi u > 0 (b6 d& 3.14b);
d6i bién u =1 — x 12 phép thé bac nhit nén f(x) = 1/(1 — x) 10i trén (—o, 1).

The condition x +y + z = 1 fixes the sum and the left side is a sum of the same function at three
variables. Write x/(1 — x) = 1/(1 — x) — 1. The function 1/u is convex for u > 0 (lemma 3.14b); u = 1
— x is a linear substitution, so f(x) = 1/(1 — x) is convex on (—», 1).
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Vi DU 3.14 (Jensen cho ba bién) / EXAMPLE 3.14 (Jensen for three variables) — Cho x,
y,Z € (0, 1) théoa x +y + z= 1. Chung minh x/(1 — x) + y/(1 —y) + z/(1 — z) > 3/2.
Letx, y,z €(0, 1) withx +y +z = 1. Prove that x/(1 — x) + y/(1 —y) +z/(1 — z) > 3/2.

Loi giai. / Solution.
Xét f(t)y=t/(1 —t)=1/(1 —t) — 1 trén I = (0, 1). Theo bd dé 3.14 (b) va (d), f15i trén L.
Consider f(t) =t/(1 —t) = 1/(1 —t) — 1onl= (0, 1). By lemma 3.14 (b) and (d), f'is convex on L.

Ap dung dinh 1y 3.15 v&in = 3:
Apply theorem 3.15 with n = 3:

fx) +f(y) +f(z) =23 f(x+y+1z)/3)=31(1/3)=3-(1/3)/(2/3) = 3/2

Dau bang khix =y =z=1/3.
Equality holds whenx =y =z=1/3. &

NHAN XET / REMARK — Jensen manh hon tiép tuyén ¢ chd khong can tim hé sb o;
nhung tiép tuyén cho phép dung ham khong 10i trén ca mién mién 14 g(x) > ax + p dung trén I
(nhu 1/(x2 + 1) & vi du 3.7, khong 16i trén [0, 3]).

Jensen is stronger than the tangent line in that no slope a has to be found; the tangent line, however,
works for functions that are not convex on the whole range as long as g(x) > ax + [ holds on I (such
as 1/(x* + 1) in example 3.7, which is not convex on [0, 3]).

NHAN XET / REMARK — Vi ham 18m, Jensen cho can trén. Him Vx 16m trén [0, +o0) Vi
(\Vx + Vy)/2 < V((x + y)/2) (binh phuong hai vé, quy v& 2\(xy) < x +y). Do d6 Va + Vb + Ve <
3\((a+b+c)3)véia, b, c>0.

For a concave function Jensen gives an upper bound. The function \x is concave on [0, +x) because
(x + )2 <N((x + )/2) (square both sides and reduce to 2\(xy) <x + y). Hence Na + \b + ¢ <
3N(a+b+¢)3) fora, b, c>0.

LOI HAY GAP / COMMON MISTAKE — Duing Jensen ma khong kiém tra ham 15i trén
dung khoang chtra cac bién. Ham 1/(x2 + 1) khong 16i trén [0, 3], va bat dang thirc Jensen cho
n6 khong ap dung dugc.

Using Jensen without checking that the function is convex on the exact interval containing the
variables. The function 1/(x* + 1) is not convex on [0, 3], so Jensen does not apply to it.

3.9. Bang diu hi€u va ky thuat — Signs and techniques at a glance

Déu hiéu trong dé Cong cu nén thir Vidu
Sign in the problem Tool to try Example

Diéu kién abc = 1, ab + bc + ca =3

hay a® + b + ¢ = 3; cic sd hang Thuan nhit héa bang diéu kién,

khac bac hogc chuin héa Vidu3.1,3.2
Constraint such as abc = 1, ab + bc + = Homogenise with the constraint, or = Examples 3.1, 3.2
ca=3ora’+b’+c? =3 terms of normalise

different degrees
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Diu hi¢u trong dé

Sign in the problem

Cong cu nén thir
Tool to try

Vi du
Example

Déu béng taia=b=cvatai(l,1,
0); biéu thirc bac ba hodc bac bén
Equalityata=b=candat (1, 1, 0);
cubic or quartic expression

Hiéu hai vé chia hét cho (a — b)?,
(b—c)’, (c—a)’

The difference of the sides is divisible
by (@ —b)’, (b =), (c — a)’

Téng ctia ciing mot ham tai timg
bién, tong cac bién cb dinh

Sum of the same function at each
variable, sum of the variables fixed

Biéu thirc ddi ximg, dit ¢ nho nhét
thi phu thudc don gian vao ab
Symmetric expression which, with ¢
smallest, depends simply on ab

Bt dang thirc d6i xtng ba bién, dé
cho p hoic g, hodc c6 Za’b?, Xa’
Symmetric inequality in three
variables, with p or q given, or
containing Xa’h’, Xa’

Dé cho a, b, ¢ 1a ba canh tam giac
The problem says a, b, c are sides of a
triangle

Tiép tuyén cho hiéu ddi dau trong
mién

The tangent line gives a difference that
changes sign in the range

Thuéat ngir

Term (Vietnamese) English

Tiéng Anh

Bét dang thirc Schur
Schur's inequality

Phuong phap SOS, tiéu chuan
Sa, Sb, SC
SOS method, criteria on S, Sp, Sec

Panh gi tiép tuyén; néu ham
16i thi Jensen

Tangent-line estimate; if the
function is convex, Jensen

D6n hai bién vé trung binh
Mix two variables to their mean

D6i bién p, q, r kém Schur va p?
>3q

The p, q, r substitution with Schur
and p* > 3q

Péibién Ravia=y+z,b=z+
X, =Xty
Ravi substitutiona =y +z, b=z +
X, c=x*ty

Chia mién, hoic chuyén sang
SOS hoac pqr
Split the range, or switch to SOS

or pqr

Short definition

Giai thich ngin

Vidu3.3,3.4
Examples 3.3, 3.4

Vidu3.5,3.6
Examples 3.5, 3.6

Vidu3.7,3.8,3.14
Examples 3.7, 3.8, 3.14

Vidu 3.9
Example 3.9

Vidu 3.10, 3.11
Examples 3.10, 3.11

Vidu3.12,3.13
Examples 3.12, 3.13

Nhén xét sau vi du 3.8
Remark after example 3.8

Thuin nhat hoa

Chuan hoa

Homogenisation

Normalisation

dung dicu kién d¢ cac so hang cung bac

condition

making all terms of the same degree using the

thém diéu kién gon vao dé thuan nhat

adding a convenient condition to a

homogeneous problem
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition
3 ‘ Homogeneous
Pa thirc thuin nhét ger P(ta, tb, tc) = t*-P(a, b, ¢)
polynomial

b bién 1am bét dang thirc thanh dang thirc
biém roi Equality point the values of the variables that make the
inequality an equality

Ya(a—b)a—c)>0vodia,b,c>0

Bat dang thirc Schur Schur's inequality Saa—b)a—c¢)>0fora b,e>0
viét hiéu hai vé thanh X Sc(a — b)?
Phuong phap SOS SOS method writing the difference of the sides as X S¢(a —

b)?

bicu thuc 1a tong cua cac binh phuong nhan
S hé s6
Tong céac binh phuong Sum of squares ; ) ) i )
an expression that is a sum of squares times

coefficients

duong théng ax + B cham dd thi tai diém
Tiép tuyén Tangent line rot . )
the line ox + f touching the graph at the
equality point

thay hai bién bang trung binh cong cta
A 4 .« . . h i
Don bién Mixing variables ¢ ung. ) o )
replacing two variables by their arithmetic
mean

khéng d6i khi hoan vi cac bien

Pa thuc ddi xim Symmetric polynomial
g y poty unchanged under permutations of the variables

lién h¢ nghiém véi h¢ so cua da thuc
H¢ thuc Viéte Viéte's relations relations between roots and coefficients of a
polynomial

tich cac binh phuong hi€u cac nghiém
Biét thirc Discriminant the product of the squared differences of the
roots

a=ytz,b=z+x,c=x+yvdix,y,z>0

Ddi bién Ravi Ravi substitution }
a=y+tzb=z+x,c=x+ywithx,y,z>0

mdi canh nhé hon tong hai canh kia

Bét dang thirc tam gisc  Triangle inequali ,
g g g quality each side is less than the sum of the other two

dudng tron tiép xtic ba canh trong tam giac

Puong tron ndi tiép Incircle the circle tangent to the three sides inside the
triangle
Ham 16 Convex function f((x +y)2) <(f(x) + (y))2
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

ham c6 —f161

Ham I6m Concave function _ o
a function whose negative is convex
£z : : f(trung binh) < trung binh ctia f véi £ 16i
Bat dang thurc Jensen Jensen's inequality (trung ) £
f(mean) < mean of f for convex f
2 . diém (x + y)/2 nam giita x va y
Trung diem Midpoint
& p the point (x + y)/2 halfway between x and y
. b6 s6 1am mot ménh dé sai
Phan vi du Counterexample T T ,
a choice of values that makes a statement false
s, . . ddi chd a, b, ¢ cho nhau
Hoan vi cac bién Permutation of variables

interchanging a, b and c

3.10. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 3.1/ Problem 3.1 — Ching minh véi moi a, b, ¢ >0: (a+b +c)(a®+ b+ c?) <3(a’ +b?
+ ¢). Du bang xay ra khi nao?
Prove that for all a, b, ¢ > 0: (a + b + c)(@ + b* + %) <3(a’ + b° + ). When does equality hold?

Bai 3.2 / Problem 3.2 — Cho X, y, z> 0 thoa x + y + z= 3. Ching minh 1/(x*> +x + 1) +
Uy*+y+ 1)+ 1/(z2>+z+1)>1.
Letx,y,z>0withx +y+z=23 Provethat I/’ +x+ 1)+ 1/0° +y+ D)+ 1/Z +z+1)> 1.

Bai 3.3 / Problem 3.3 — Cho a, b, ¢ 1a ba canh ciia mét tam gidc. Ching minh (b + ¢ —a)/a +
(cta—-b)b+(a+b—c)c>3.
Let a, b, ¢ be the sides of a triangle. Prove that (b +c¢ — a)/a+ (c +a—b)/b + (a+b— c)/c>3.

Bai 3.4 / Problem 3.4 — Cho a, b, ¢ > 0 thda abc = 1. Chirng minh a’> + b>+¢>>a+b +c.
Leta, b, ¢ > 0 withabc = 1. Provethata® +b° +*>a + b + c.

Mikc 2 — Hoc sinh giéi quoc gia — Level 2— National olympiad

Bai 3.5 / Problem 3.5 — Tim s thuc k 16n nhit sao cho v&i moi a, b, ¢ > 0: (a—bY(a+b-
kc) + (b —c)*(b + ¢ —ka) + (c —a)’(c +a—kb) > 0.

Find the largest real k such that for all a, b, ¢ > 0: (a — b)’(a+b —kec) + (b — c)’(b +c — ka) + (c —
a)’(c +a—kb)>0.

Bai 3.6 / Problem 3.6 — Cho a, b, ¢ 12 cac sb thuc théaa+b + ¢ =3 vaab + bc + ca = 2.
Tim gia tri 16n nhat va nho nhit cua abe.

Let a, b, ¢ be real numbers with a + b + ¢ = 3 and ab + bc + ca = 2. Find the largest and smallest
values of abc.

Bai 3.7 / Problem 3.7 — Cho a, b, ¢ > 0 théa a + b + ¢ = 3. Chirng minh 3(ab + bc + ca) —
2abc <7.
Leta, b, c >0 witha + b + ¢ = 3. Prove that 3(ab + bc + ca) — 2abc < 7.
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Bai 3.8 / Problem 3.8 — Cho a, b, ¢, d > 0 thoa a + b + ¢ + d = 4. Ching minh a/(1 + a) +
b¥(1+b) +c?(1 +c)+d*(1+d)>2.

Leta, b, c,d>0witha+b+c+d=4. Prove that a’/(1 + a) + b’/(1 +b) + /(1 +¢c) + d*/(1 +d) >
2.

Mikc 3 — Olympic quoc t& — Level 3 — International olympiad

Bai 3.9 / Problem 3.9 — Cho a, b, ¢ > 0 théa a + b + ¢ = 4. Chitng minh 4(a?b? + b%c? + ¢?a?)
+ 11labc < 64. Tim moi trudng hop dau bang.

Leta, b, ¢ >0witha + b + ¢ = 4. Prove that 4(a’b’> + b’c’ + ¢’a’) + 11abc < 64. Find all equality
cases.

Bai 3.10 / Problem 3.10 — Tim s thuc k 16n nhit sao cho v&i moia, b, ¢ >0: a*+b*+ ¢4+
k-abc(a + b +¢) > (1 +k)(a?b? + b%c? + ¢?a?).

Find the largest real k such that for all a, b, ¢ > 0: a* + b* + ¢* + k-abc(a + b + ¢) > (1 + k)(@’b’ +
v’ + ).

Bai 3.11 / Problem 3.11 — Cho a, b, ¢ 1a c4c s6 thuc thbaa+b+c=3 vaab+bc+ca=0.
Chirng minh —4 < abc < 0 va chi ra cac bd s6 dat hai can.

Let a, b, ¢ be real numbers witha +b + ¢ = 3 and ab + bc + ca = 0. Prove that —4 <abc < 0 and
exhibit triples attaining both bounds.

Bai 3.12 / Problem 3.12 — Cho a, b, ¢, d > 0 thoa a + b + ¢ + d = 4. Chtitng minh abc + abd +
acd + bed — abed < 3. Tim moi truong hop diu bang.

Leta, b, c,d>0witha + b+ c+d=4. Prove that abc + abd + acd + bed — abed < 3. Find all
equality cases.

3.11. Loi giai bai tw luyén — Solutions to practice problems

Bai 3.1 — Problem 3.1
Khai trién: (a + b + c)(@ + b2 + ¢?) = a> + b® + ¢ + Zyym a?b. Vay hiéu hai vé bang 2(a> +
b3 + 03) - Z:sym azb.
Expanding: (a + b + c)(@® + b* + ?) = a’ + B> + 3 + Zym a’b. So the difference of the sides is
2(613 + b3 + Cj) - Z:vym azb.
Véi mdi cip, (a + b)(a— b)? =a’ + b’ — a%b — ab®. Cong ba cip, mdi 1ap phuong xuat hién
hai lan:
For each pair, (a + b)(a — b)? = @’ + b’ — a’b — ab’. Adding the three pairs, each cube appears
twice:

3@+b3+cd)—(@a+b+c)@+b2+c’)=(@+b)(a—b)2+ (b+c)(b—c)*+
(c+a)(c—a)2=0

Déu bang cin ca ba sd hang bang 0. Néu a # b thi phdicoéa+b=0,vdéia,b>0suyraa

=b =0, mau thudn. Vdy a = b; tuong tu b = c. Dau bang xay ra khi va chikhia=b=c.

Equality needs all three terms to vanish. If a # b then a + b = 0, which for a, b > 0 gives a = b =

0, a contradiction. So a = b; similarly b = c. Equality holds if and only ifa=b=c. B
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Bai 3.2 — Problem 3.2
Piémroix=y=z=1,g(1)=1/3. Ratgon g(t) — 1/3=2 -t — /B +t+ 1)) = (t —
1)(—t — 2)/(3(t% + t + 1)), nén h(t) = —(t + 2)/(3( + t + 1)) va a = h(1) = —1/3. Tiép tuyén:
(2 —1)/3.
Equality pointx =y =z =1, g(1) = 1/3. Simplify g(t) — 1/3 =2 —t — 2)/3F +t+ 1)) = (t -
D(—t = 2)/(3(E +t+ 1), soh(t) =—(t+2)/(3( +t+ 1) and a = h(l) = —1/3. The tangent
line: (2 — 1)/3.
Véimoit>0:
For every t > 0:

1/ +t+1D)-2-1)/3=0t—-D2(t+1)/B2+t+1)) >0
Cong ba bat dang thire cho x, y, z: vé trai > (6 — (x + y + z))/3 = 1. Ddu bang khi x =y =
z=1.

Adding the three inequalities for x, y, z: the left side is at least (6 — (x + y + z))/3 = 1. Equality
holds whenx =y =z=1. R

Bai 3.3 — Problem 3.3

Poibién Ravi:a=y+z b=z+x,c=x+yvoix,y,z>0.Khido (b+c—a)a=2x/(y
+ z) va tuong tu. Can chimg minh x/(y + z) + y/(z + x) + z/(x + y) > 3/2.

Ravi substitution: a =y +z, b=z +x,c=x+ywithx, y,z> 0. Then (b + ¢ — a)/a = 2x/(y + z)
and similarly for the others. It suffices to prove x/(y + z) + y/(z + x) + z/(x +y) > 3/2.
Pits=x+y+z Vix/(y +z)=s/(y + z) — | nén téng bang s-(1/(y + z) + 1/(z + x) + 1/(x
+vy)) —3.

Puts =x+y +z Sincex/(y +z) =s/(y +z) — 1, the sum equals s-(1/(y +z) + 1/(z+x) + 1/(x +
y) 3.

Theo b6 dé 3.14 (b) hoic AM-HM, 1/(y + z) + 1/(z + x) + 1/(x + y) > 9((y + 2) + (z + X)
+ (x +y))=9/(2s).

By lemma 3.14 (b) or AM—HM, 1/(y +z) + 1/(z+x) + I/(x +y)>9/((y +z) + (z+x) + (x + )
= 9/(2s).

Do d6 téng > s-9/(2s) — 3 = 3/2, va biéu thirc dé bai >2-(3/2) = 3. Ddu bang khix =y =z,
tire tam giac déu.

Hence the sum is at least s-9/(2s) — 3 = 3/2, and the expression in the problem is at least 2+(3/2)
= 3. Equality holds when x =y = z, that is the triangle is equilateral. W

Bai 3.4 — Problem 3.4

Pitp=a+b+c. Theo AM—GM cho ba s (Chuong 2), p > 3-(abc)"? = 3.
Putp = a + b + c. By three-term AM—GM (Chapter 2), p > 3-(abc)'? = 3.

Mit khac 3(a® + b? + c?) —p?> = (a — b)> + (b — ¢)* + (c — a)> > 0, nén a? + b?> + ¢? > p%/3.
Also 3(a®> + B> + %) —p’ = (a—b)> + (b —c)’ + (c — a)’ >0, so a’ + b° + * > p?/3.

Vip>3nénp¥3=p(p/3)>p. Vay a2+ b2+ c?>p. Daubangkhia=b=c=1.
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Since p > 3 we have p?/3 = p+(p/3) > p. Hence o’ + b’ + ¢ > p. Equality holds whena =b = ¢ =
/7. m

Bai 3.5 — Problem 3.5
Goi Fxla vé trai. Liya=b=1,c=0: (a—b)?=0,con (b —c)’(b+c—ka)=1—k va (c —
a)’(ct+ta—kb)=1-k Vay Fck=2(1 —k), vaFk>0budc k < 1.
Let Fy be the left side. Take a = b = 1, ¢ = 0: (a — b)’ = 0, while (b — c)’(b + ¢ —ka) =1 — k
and (c — a)’(c + a—kb) = 1 — k. So Fx = 2(1 — k), and Fir > 0 forces k< 1.
Nguoc lai, taich Fx = Z(a — b)’(a + b — ¢) + (1 — k)Z(a — b)2c. Tong dau bang 2[a(a — b)(a
—c¢)+b(b—a)b—c)+c(c—a)c—Db)],vi
Conversely, split Fy = X(a — b)*(a + b — ¢) + (I — k)2(a — b)’c. The first sum equals 2[a(a —
b)(a—c) +bb—a)b—c)+c(c—a)c—b)], because

Z(a—Db)2(a+b) =2(a3+ b3+ c3) — Xsym a?b, X(a — b)2c = Zsym a%b — 6abc

Trir hai dang thire: Z(a — b)2(a + b — ¢) = 2(a> + b® + ¢) — 2Zym a’b + 6abc, dung bang
hai 1an vé trai cta bat dang thic Schur, khong am (dinh 1y 3.3).

Subtracting: X(a — b)’(a + b — ¢) = 2(a* + b® + &) — 22w a’b + 6abc, which is exactly twice
the left side of Schur's inequality and is non-negative (theorem 3.3).

Véik <1 thi (1 —-k)Z(a—b)*c>0,nén Fc>0 véimoia,b,c>0. Viy s6 k 16n nhat 1a k
=1.

For k<1 we have (I — k)X(a — b)’c >0, so Fr >0 for all a, b, ¢ > 0. Hence the largest k is k = 1.
|

Bai 3.6 — Problem 3.6

Dits=v3/3=1/V3vam=2V3/9. Cédinha:b+c=3 —avabc=2—a(3 —a)=a>—3a
+2=(a— 1)(a—2). Hai sb thuc b, ¢ ton tai khi (3 — a)? > 4(a2 — 3a + 2), tirc:

Puts =V3/3=1AN3 andm =2N3/9. Fixa:b+c=3—aandbc=2—-a(3—a)=a®> —3a+2 =
(a — 1)(a — 2). Real numbers b, c exist when (3 — a)® > 4(a’ — 3a + 2), that is:

3a2—6a—1<0 e 3(@—1)32<4 o 1—-2s<a<1+2s
Khi d6 abc = a(a — 1)(a — 2) = a®> — 3a + 2a. Ta c6 hai dang thtrc (kiém bang khai trién,
dung 3s*=1):
Then abc = a(a — 1)(a — 2) = a® — 3a® + 2a. There are two identities (check by expansion, using
3s?=1):
abc—m=(a—1+s)%2(a—1—-2s), abc+m=(a—1—-5s)2(a—1+ 25)

Trén doan 1 —2s<a <1+ 2s: thrasda— 1 —2s <0 nén abc <m; thraséa—1+2s>0
nén abc > —m.

On the interval 1 — 2s <a <1 + 2s: the factor a — 1 — 2s <0 so abc <m; the factor a — I + 2s >
0 so abc > —m.
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Céc gia tri dat dugc: véia=1—sthib+c=2+s, bc =s(1 + s), biét thirc (2 +s)* — 4s(1

+5)=4—-3s>=3>0nénb, cthuc, viabc=m. VGia=1+sthib+c=2—s,bc=s(s -

1), biét thuc cling bang 3 > 0, va abc = —m.

Both values are attained: fora =1 —swegeth +c =2 +s, bc = s(l +s), discriminant (2 + s)?

—4s(l1 +s)=4—3s>=3>0,s0b, carereal and abc =m. Fora=1+swegeth +c =2 —s,

bc = s(s — 1), discriminant again 3 > 0, and abc = —m.

Vay gi4 tr 10n nhat cta abe 13 2Y3/9 va gia tri nho nhat 13 —23/9.

Hence the largest value of abc is 2N3/9 and the smallest is —2N3/9. m

Bai 3.7 — Problem 3.7

Gia st c=min{a, b,c},nén 0 <c<1.Pat F =3(ab + bc + ca) —2abc. Via+b=3 —c:

Assume ¢ = min{a, b, ¢}, so 0 <c <1. Put F = 3(ab + bc + ca) — 2abc. Sincea + b =3 —c:

F=(3—-2c)ab+3c(3—0¢)

Do 3 —2c>1>0vaab<(3—c)¥4 (bd dé 3.7), ta co:

Since 3 — 2¢>1> 0 and ab < (3 — ¢)*/4 (lemma 3.7), we get:
F<(3—-20)(3—-0¢)?/4+3c(3—c)=(27+3c2—2c3)/4

Cudi cung 7 — (27 + 3c2 = 2¢%)/4 = (2¢® — 3¢2+ 1)/4 = (c — 1)2(2c + 1)/4 > 0.

Finally 7 — (27 + 3¢ = 2¢%)/4 = (23 — 3¢ + 1)/4 = (¢ — 1)*(2c + 1)/4 > 0.

Vay F <7, ddubangkhia=b=c=1.

Hence F <7, with equality whena =b=c=1. R

Bai 3.8 — Problem 3.8

Viét f(t) =t2/(1 +t) =t — 1 + 1/(1 + t) trén (0, +o0), vit2 = (t + 1)t — 1) + 1.

Write f{t) = /(1 +t) =t— 1 + 1/(1 +t) on (0, +), because * = (t + 1)(t — 1) + 1.

Ham t — 1 1a bac nhét nén vira 16i vira 16m (b4t dang thirc trung diém thanh dang thuc).
Ham 1/(1 + t) 18i theo bd dé 3.14 (b) voi phép thé bac nhat u =1 + t > 0. Do d6 f 15i trén
(0, +o0).
The function t — 1 is linear, so it is both convex and concave (the midpoint inequality is an
equality). The function 1/(1 + t) is convex by lemma 3.14 (b) with the linear substitution u = 1 +
t > 0. Hence f'is convex on (0, +).
Theo dinh 1y 3.15 véin = 4:
By theorem 3.15 withn = 4:

f(a) + f(b) + f(c) + f(d) = 4-f((a+b+c+d)/4) =4-f(1) =4-(1/2) =2
Vay bt dang thtrc ding; du bangkhia=b=c=d=1.
Hence the inequality holds, with equality whena =b=c=d=1. R

Bai 3.9 — Problem 3.9
Véi p = 4, tinh chat 3.8 cho a?b? + bc? + c%a? = q* — 8r. V& trai bang 492 — 32r + 11r =
4¢* — 21r. Vip? > 3q nén q < 16/3.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 108



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

With p = 4, property 3.8 gives a’b’ + b’c? + ?a’ = ¢° — 8r. The left side is 4¢° — 32r + 11r =
4q° — 21r. Since p* > 3q we have q < 16/3.

Truong hop q <4: vir>0nén 4q> — 21r <4q* < 64.

Case q < 4: sincer >0, 4¢° — 21r <4q* < 64.

Truong hop 4 < q < 16/3: dang (2) ctia h¢ qua 3.4 cho r > 4(4q — 16)/9 = (16q — 64)/9. Do
doé 21r > (7/3)(16q — 64) va
Case 4 <q < 16/3: form (2) of corollary 3.4 gives r > 4(4q — 16)/9 = (16q — 64)/9. Hence 21r >
(7/3)(16q — 64) and

64 — (492 — 21r) 2 64 — 492+ (7/3)(16q — 64) = —(4/3)(3q%2 — 28q + 64) =

(4/3)(16 = 3q)(q—4) =0

Dong cudi diing vi 4 < q < 16/3. Vay bat dang thtrc dang trong cé hai trudng hop.
The last line holds because 4 < q < 16/3. So the inequality holds in both cases.

Déu bang. Truong hop q < 4 cho bt dang thirc ngat. Trudng hop q > 4 can (16 — 3q)(q —
4)y=0var=(16q—64)/9. Néuq=16/3thip>=3qnéna=b=c=4/3. Néuq=4 thir=
O,t&cmétsébéngO, chénghanc=0,khidéa+b=4, ab=4néna=b=2.

Equality. The case q < 4 gives a strict inequality. The case q >4 needs (16 — 3q)(q — 4) = 0 and
r=(16q — 64)/9. If ¢ = 16/3 then p* = 3q, soa =b = c = 4/3. If ¢ = 4 then r = 0, so one number
is 0,sayc=0; thena+b=4,ab=4anda=>b=2.

Vay ddu bang xay ra tai (4/3, 4/3, 4/3) va cac hoan vi caa (2, 2, 0).
Hence equality holds at (4/3, 4/3, 4/3) and at the permutations of (2, 2, (). &

Bai 3.10 — Problem 3.10
Goi Hy 12 hiéu hai vé. Ldya=b=1,c=0: Hc =2 — (1 + k) = 1 — k. Vay Hx > 0 budc k <
1.

Let Hy be the difference of the sides. Takea =b =1,c=0. Hk=2— (1 +k) =1 —k So H. >0
forces k< 1.

Vi k = 1, ta tach H; thanh hai phan khong 4m. Phan thi nhat 13 bat dang thirc Schur bac
4 cta vi dy 3.6. Phan thir hai [a T ab(a — b)%:

For k = 1 split H; into two non-negative parts. The first is the degree-4 Schur inequality of
example 3.6. The second is X ab(a — b)*:

Hi=[a*+b*+ c*+ abc(a + b + ¢) — Xsym a3b] + [ab(a — b)? + be(b — ¢)? + ca(c
— a)?]

That vAy ab(a — b)? = a’b + ab?® — 2a’b?, cong ba cdp cho Zegym a’b — 2(a’b? + b?c? + c?a?);

cong véi phan dau dugc dung Hy.

Indeed ab(a — b)’ = &’b + ab’ — 2a°b’; adding the three pairs gives Zym a’b — 2(a’b* + b°c? +

’d®); adding the first part gives exactly H.

Véik < 1: Hy = H;y + (1 — k)-(a?b? + b>c? + c?a® — abe(a + b + ¢)), va a’b? + b’c? + c?a? —

abc(a + b+ ¢) = ((ab — bc)? + (be — ca)? + (ca — ab)?)/2 > 0. Vay Hk > 0 véi moi k < 1.
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Fork < 1: Hy = H; + (1 — k)-(a’°b> + b°c? + ?a’ — abc(a + b + ¢)), and a’b’ + b°c® + a® —
abc(a + b + ¢) = ((ab — bc)’ + (bc — ca)’ + (ca — ab)?)/2 > 0. So Hi > 0 for every k < 1.

Sok I6nnhatlak=1.

The largestkisk=1. &

Bai 3.11 — Problem 3.11

Tinh tién: ddtx=a—1,y=b—1,z=c— 1. Khidé x + y+z=0. Hon nita a> + b2 + ¢2 =
p’—2q=9,nén x> +y*+z2 =@ +b*+c?)-2@@+b+c)+3=9-6+3=6.

Translate: putx =a—1,y=b—1,z=c— 1. Thenx +y +z = 0. Moreover a°> + b* + ¢* =p’ —
2g=9, 50X’ +y’+2Z2=(@+b+c?)-2a+b+c)+3=9-6+3=6.

Khai trién abc = (x + 1)(y+ D(z+ D) =xyz+ (xy+yz+zx) + (x +y+2z)+ 1. Voix +y
+z=0tacoOxy +tyz+zx=—(x>+y*+2z?)/2=-3,nénabc=xyz—3+0+1=xyz—2.
Expand abc = (x + Dy + D(z+ 1) =xyz+ (xy +yz+zx) + (x +y+z) + [. Withx +y +z=10
we have xy +yz + zx = —(x* +y? +2%)/2 = =3, 50 abc =xyz — 3+ 0 + 1 = xyz — 2.

Ap dung b6 dé 3.10 cho x, y, z (tong bang 0):

Apply lemma 3.10 to x, y, z (sum zero):

63 —54(xyz2)2=>0 = (xyz2)2<4 > —2<xyz<2

Do d6 —4 <abc =xyz—2<0.
Therefore —4 <abc = xyz — 2 <0.

Pat can: (a, b, c) =(3, 0, 0) c6 téng 3,ab+bc+ca=0,abc=0.Bd(a,b,c)=("1,2,2)
céténg3, ab+bc+ca=-2-2+4=0, abc =—4.

Bounds attained: (a, b, ¢) = (3, 0, 0) has sum 3, ab + bc + ca = 0, abc = 0. The triple (a, b, c) =
(—1,2,2) has sum 3, ab + bc +ca=—-2-2+4=0,abc=—4. 1

Bai 3.12 — Problem 3.12

Sipthttwra>b>c>d. Pits=a+b,u=c+d, v=cd. Vic+d<a+Db vatong bang 4
nén 0 <u<2,s=4—u. Biéu thic bang:

Ordera>b>c>d Puts=a+b u=c+d v=cd Sincec+d<a+ bandthe sum is 4, we
have 0 <u <2 and s = 4 — u. The expression equals:

F=ab(c+d)+cd(a+b)—abcd =ab(u—v) +vs

Budc 1 (don a, b). Vi v <u?/4 (bd d& 3.7) nén u— v >u — u?/4 = u(4 — u)/4 > 0. Thay ab
bang gié tri 16n nhat s%/4:
Step 1 (mix a, b). Since v <u’/4 (lemma 3.7) we get u — v >u — u’/4 = u(4 — u)/4 > 0. Replacing
ab by its largest value s°/4:

F<(s?/4)(u—vVv)+vs=s?u/4+v-s(4—s)/4=s?u/4+vsu/4
Budc 2 (don ¢, d). Hé s6 cua v 1a su/4 > 0, va v < u?/4, nén F < s>u/4 + su®/16. Thay s = 4
—u
Step 2 (mix c, d). The coefficient of v is su/4 > 0 and v <u’/4, so F <s’*u/4 + su®/16. Substituting
s=4—u
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F<(4—-u)?u/4+ (4 —-—uwu3/16 = (4 —w)u(u?—-4u+16)/16

Budc 3 (mot bién). Ta c6 48 — (4 — u)u(u® — 4u + 16) = u* — 8u® + 32u® — 64u + 48 = (u —
2)2(u? — 4u + 12), kiém bang khai trién, va u? — 4u + 12 = (u — 2)> + 8 > 0. Do d6 (4 —
w)u(u? —4u+16)/16 <3, suy ra F <3,

Step 3 (one variable). We have 48 — (4 — wu(u? — 4u + 16) = u* — 8u> + 32u°> — 64u + 48 = (u
— 2)°(u? — 4u + 12), checked by expansion, and u> — 4u + 12 = (u — 2)° + 8 > 0. Hence (4 —
wu(u’ — 4u + 16)/16 <3, so F < 3.

Diubangcanu=2,ab=s¥4=1vdia+b=2néna=b=1,vacd=uvY/4=1vsic+d=
2nénc=d=1. Vay diu bang chi xayrakhia=b=c=d = 1.

Equality needs u = 2, ab = s°/4 = 1 witha +b =2soa=b =1, and cd = u’/4 = 1 withc +d =
250 c =d = 1. Hence equality holds only whena=b=c=d=1. 1
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Chuong 4. Phwong trinh, bat phwong trinh va hé phwong trinh

— Chapter 4. Equations, inequations and systems

Muc tiéu chwong — Chapter objectives

* Xét dau tam thuc bac hai, dung dinh 1y Viéte va so sdnh nghiém voi mot s6 o dé bién
luan theo tham sb.
Determine the sign of a quadratic, and use Viete's theorem and comparison of roots with a
number a to discuss a parameter.

« Giai phuong trinh va bat phuong trinh v6 ti bang nang liiy thira ¢ diéu kién, an phy,
lién hop va déanh gia.
Solve irrational equations and inequations by conditional squaring, substitution, conjugates
and estimation.

« Giai phuong trinh bac cao c6 cdu trac: d6i xting, hdi quy, dit an theo nhém nhan tir.
Solve structured higher-degree equations: symmetric, reciprocal, and substitution on
grouped factors.

« Giai hé d6i xtng loai I, loai II, hé dang cip, hé bac nhat ba an va hé giai bang ddnh
gia.
Solve symmetric systems of types I and II, homogeneous systems, linear systems in three
unknowns, and systems solved by estimation.

« Dung tinh don diéu theo dinh nghia: f(u) = f(v) = u = v, dé giai phuong trinh va hé
vong quanh.

Use monotonicity from the definition: f(u) = f(v) = u = v, to solve equations and cyclic
Systems.

4.1. Ham so bac hai va dau caa tam thirc bac hai — The quadratic function and the

sign of a quadratic trinomial

Moi bai toan bié€n ludn nghiém cua phuong trinh bac hai déu quy vé viéc doc ddu cua mot
tam thirc, nén phan nén dugc chimg minh day du.

Every discussion of the roots of a quadratic comes down to reading the sign of a trinomial, so
the basics are proved in full.

PINH NGHIA 4.1 (Tam thitc bic hai) / DEFINITION 4.1 (Quadratic trinomial) — Tam
thirc bac hai 12 biéu thirc f(x) = ax® + bx + ¢ véia, b, ¢ € R va a # 0. Biét thirc 1a A = b? — 4ac.
Khi b = 2b’ ta dung biét thirc thu gon A’ = b2 — ac, ciing ddu véi A. Nghiém cua 13 sb xo sao
cho f(x0) = 0.

A quadratic trinomial is an expression f(x) = ax’ + bx + c with a, b, c ER and a # 0. Its discriminant

is A =b’— 4ac. When b = 2b' we use the reduced discriminant A' = b” — ac, which has the same sign
as A. A root of fis a number xo with f(xg) = 0.

PINH LY 4.2 (Dang chinh tic) / THEOREM 4.2 (Completed-square form) — V&i moi x:
f(x) = a[(x + b/(2a))> — A/(4a2)]. Do d6 dd thi y = f(x) la parabol c6 dinh (~b/(2a); —A/(4a)),
truc doi xung x = —b/(2a). Néu a > 0 thi f dat gia tri nho nhat —A/(4a) tai x = —b/(2a); néua<
0 thi f dat gi tri 16n nhat —A/(4a) tai diém do.

For every x: f(x) = a[(x + b/(2a))’ — A/(4a’)]. Hence the graph y = f{x) is a parabola with vertex
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(—b/(2a), —A/(4a)) and axis x = —b/(2a). If a > 0 then f attains its minimum —A/(4a) at x = —b/(2a), if

a < 0 it attains its maximum —A4/(4a) there.

Chirng minh. / Proof.
Khai trién binh phuong va rat gon:
Expand the square and simplify:

a[(x+b/(2a))%? — (b? — 4ac)/(4a?)] = a[x? + (b/a)x + b?%/(4a%) — b2/(4a2) +
c/al]=ax?+bx+c 4.1)

Binh phuong ludn khong am va bang 0 ding khi x = —b/(2a). Véi a > 0, f(x) > —A/(4a),
dau bang tai x = —b/(2a); v6i a < 0 bat dang thirc d6i chiéu.

A square is never negative and vanishes exactly at x = —b/(2a). For a > 0, f(x) > —4/(4a) with
equality at x = —b/(2a), for a < 0 the inequality reverses. B

PINH LY 4.3 (Dinh Iy vé ddu tam thirc bic hai)/ THEOREM 4.3 (Sign of a quadratic
trinomial) — Goi a 14 hé s6 bac hai caa f. (i) Néu A < 0 thi a-f(x) > 0 véi moi x € R; (ii) Néu
A =0 thi a-f(x) > 0 véi moi x, va f(x) = 0 chi tai x = —b/(2a); (iii) Néu A > 0 thi f c6 hai
nghiém x; < x2, f(x) = a(x — x1)(x — X2); a-f(x) < 0 khi x; <x <x2, a-f(x) > 0 khi x <x; hodc x
> X2.

Let a be the leading coefficient of f. (i) If A < 0 then af(x) > 0 for all x ER; (ii) If A = 0 then a‘f(x) > 0
for all x, and f(x) = 0 only at x = —b/(2a); (iii) If 4 > 0 then f has two roots x; < x; and f{x) = a(x —
x)(x — x2); af(x) < 0forx; <x <x and af(x) > 0 for x < x; or x > x..

Chirng minh. / Proof.

Nhan (4.1) véi a: a-f(x) = a2[(x + b/(2a))? — A/(4a?)]. Vi a2 > 0 nén diu cua a-f(x) 1a ddu
cua (x + b/(2a))? — A/(4a?).

Multiply (4.1) by a: a*f{x) = a’[(x + b/(2a))’ — A/(4a’)]. Since a’ > 0, the sign of a-f(x) is the sign
of (x + b/(2a))? — A/(4d°).

Néu A < 0 thi —A/(4a?) > 0, tong cia mot sd khong Am va mot sé duong 1a dwong: ().

If A < 0 then —A/(4a°) > 0, and a non-negative number plus a positive one is positive: (i).

Néu A = 0 thi a-f(x) = a%(x + b/(2a))? > 0, bang 0 dung khi x = —b/(2a): (ii).
If 4 = 0 then a-f(x) = a*(x + b/(2a))? > 0, with equality exactly at x = —b/(2a): (ii).

Néu A > 0 dat x12 = (-b F VA)/(2a) (sdp dé x1 < x2). Khi d6 (x + b/(2a))> — A/(4a?) = (x —
x1)(x — x2) theo hang dang thirc hiéu hai binh phuwong, nén f(x) = a(x — x1)(x — x2) va
a-f(x) = a%(x — x1)(x — x2). Tich (x — x1)(x — X2) &m khi hai thira s6 trai dau, tic x; < x <
X2, va duong khi hai thira s6 cing dau, tirc x ndm ngoai [x1, x2]: (iii).

If A > 0 put x1> = (—b FAA4)/(2a), ordered so that x; < x.. By the difference of squares, (x +
b/(2a))’ — A/(4d°) = (x — x))(x — x2), 50 f(x) = a(x — x))(x — x2) and a*f{x) = a’(x — x1)(x — x2).
The product (x — x1)(x — x2) is negative when the factors have opposite signs, that is x; < x < x2,
and positive when they have equal signs, that is x outside [x;, x2]: (iii). ®
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y

Hinh 4.1. Ba vi tri ctia parabol y = ax? + bx + ¢ (a > 0) so vdi truc hoanh, theo dau cua A.
Figure 4.1. Three positions of the parabola y = ax® + bx + ¢ (a > 0) relative to the x-axis, according to
the sign of A.

HE QUA 4.4/ COROLLARY 4.4 — Véi a #0: f(x) > 0 voi moi x € R khi va chi khia> 0
va A <0; f(x) > 0 v&i moi x khi va chi khi a > 0 va A < 0. Hai diéu kién twong tu cho f(x) <0
va f(x) < 0 dbi a > 0 thanh a < 0.

Fora#0: f(x) >0 for all x ER if and only if a > 0 and A < 0; f{x) > 0 for all x if and only if a > 0 and
A < 0. The analogous conditions for f(x) <0 and f(x) < 0 replace a > 0 by a < 0.

Chirng minh. / Proof.

Gida st a>0va A <0. Theo Pinh 1y 4.3 (i), (ii), a-f(x) > 0, ma a > 0 nén f(x) > 0; khi A <
0 thi f(x) > 0.

Suppose a > 0 and A < 0. By Theorem 4.3 (i), (ii), a‘f(x) >0, and a > 0, so f(x) > 0; when 4 < 0,
J(x) > 0.

Nguoc lai gia sir f(x) > 0 voi moi x. Theo Pinh 1y 4.3 ludn ¢6 diém x véi a-f(x) > 0 (moi
x khac —b/(2a) néu A <0, moi x ngoai [x1, x2] néu A > 0). Tai diém d6 f(x) > 0 nén a > 0.
Néu A > 0, phan (iii) cho a-f(x) < 0 ¢ giita hai nghiém, tirc f(x) < 0 vi a > 0, tréi gia thiét.
Vay A <0. Truong hop f(x) > 0 v&i moi x tuong tu, loai thém A = 0 vi khi do f(—b/(2a))
=0.

Conversely suppose f(x) > 0 for all x. By Theorem 4.3 there is always a point with a-f(x) > 0
(every x other than —b/(2a) if A < 0, every x outside [x1, x2] if A > 0). At that point f(x) > 0, so a
> 0. If 4 > 0, part (iii) gives af(x) < 0 between the roots, that is f(x) < 0 since a > 0,
contradicting the hypothesis. Hence A < (. The case f(x) > 0 for all x is similar, with 4 = 0
excluded because then f(—b/(2a)) = 0. &

PHAI THUQC / MEMORISE — f(x) = ax? + bx + ¢ luén cing déu a khi A < 0; chi trai ddu
a trong khoang gitra hai nghiém khi A > 0.

f(x) = ax’ + bx + ¢ always has the sign of a when A < 0; it has the opposite sign only between the two
roots when A > 0.

Vi DU 4.1 (Tam thirc khong ddi ddu) / EXAMPLE 4.1 (Trinomial of constant sign) —
Cho f(x) =x2—2(m + 1)x + 3m + 7. (a) Tim m dé f(x) > 0 véi moi x € R. (b) Tim m d¢é gia tri
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nho nhét cia fbang 1.
Let f(x) = x> — 2(m + 1)x + 3m + 7. (a) Find m such that f(x) > 0 for all x €R. (b) Find m such that
the minimum of f equals 1.

Loi giai. / Solution.

(a) Hé sd bac hai bang 1 > 0. Theo Hé qua 4.4, f(x) > 0 v6i moi x khi va chi khi A’<0. O
day A'=(m+ 1)) - (Bm+7)=m?—m— 6= (m— 3)(m + 2).

(a) The leading coefficient is 1 > 0. By Corollary 4.4, f(x) > 0 for all x if and only if A" < 0. Here
A'=m+1°—-0CBm+7)=m’—m—6=(m—3)(m+2).

Tich (m — 3)(m + 2) am khi =2 <m < 3. Vay f(x) > 0 v6i moi x khi va chi khi =2 <m <
3

The product (m — 3)(m + 2) is negative when —2 < m < 3. Hence f(x) > 0 for all x if and only if
—2<m<3.

(b) Theo Pinh 1y 4.2, gia tri nho nhat 13 fim + 1) =—A’=-m? + m + 6, vi a = 1. Diéu kién
—m?+m+6=1chom*—m-—5=0, ttc m= (1 £ V21)/2.

(b) By Theorem 4.2 the minimum is f{im + 1) = —A' = —m? + m + 6, because a = 1. The
condition —m? + m + 6 =1 givesm?> —m —5=0,som = (1 £N21)/2.

Vay m = (1 +V21)/2 hodc m = (1 — V21)/2. Ca hai déu nam trong (—2; 3), nén véi ching
f cling duong v4i moi x, phu hop voi (a).

Hence m = (1 +N21)/2 or m = (I — N21)/2. Both lie in (-2, 3), so f'is also positive everywhere
for them, consistent with (a). R

LOI HAY GAP / COMMON MISTAKE — Dung A > 0 hay A > 0 cho ¢4 hai y cia mot dé:
f(x) > 0 v&i moi x cho phép A = 0 (parabol tiép xuc truc), con f(x) > 0 v6i moi x thi khong.
Quén xét a = 0 khi hé¢ s6 bac hai chtra tham sb cling mét diém.

Using A > 0 or 4 > 0 for both parts of a problem: f(x) > 0 for all x allows A = 0 (the parabola touches
the axis) while f(x) > 0 for all x does not. Forgetting the case a = () when the leading coefficient
contains the parameter also loses marks.

4.2. Dinh ly Viete va so sanh nghiém véi mot s0 o — Viéte's theorem and

comparing roots with a number a

DINH LY 4.5 (Pinh ly Viete) / THEOREM 4.5 (Viéte's theorem) — Néu f(x) = ax?> + bx +
¢ ¢6 hai nghiém x1, x2 (ké ca nghiém kép) thi x1 + x2 = —b/a va xix2 = c¢/a. Nguoc lai, hai sb
thuc ¢6 tong S va tich P 13 hai nghiém ctia X2 — SX + P = 0, va hai s6 thyc nhu véy ton tai khi
va chi khi S? > 4P.

Iff(x) = ax’ + bx + ¢ has roots x;, x2 (a double root counted twice) then x; + x2 = —b/a and xx> = c/a.
Conversely, two real numbers with sum S and product P are the roots of X’ — SX + P = 0, and such
real numbers exist if and only if S° > 4P.

Chirng minh. / Proof.
Theo Dinh 1y 4.3, nghiém la
By Theorem 4.3 the roots are
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x12 = (=b + VA)/(2a) (4.2)

Cong hai nghiém: (-b + VA — b — YA)/(2a) = —b/a. Nhan hai nghiém: (b? — A)/(4a2) =
4ac/(4a’) = c/a.
Adding the roots gives (—b + NA — b — \NA)/(2a) = —b/a. Multiplying them gives (b* — A)/(4a?) =
dac/(4a’) = c/a.

Phén dao: néuu+v =S vauv =P thi (X — u)(X —v) =X?—SX + P, nén u, v 1 nghiém
cua tam thirc ndy. Tam thirc X? — SX + P ¢6 nghiém thyc khi va chi khi biét thirc S? — 4P
> 0, va khi d6 hai nghiém c6 téng S, tich P theo phan thuan.

For the converse: ifu + v =S and uv = P then (X — u)(X —v) = X*> — SX + P, so u and v are
roots of this trinomial. X’ — SX + P has real roots if and only if its discriminant S* — 4P > 0, and
then the roots have sum S and product P by the direct part. W

Pit S = x; + x2 va P = xix,. Céc biéu thirc d6i xtmg cta hai nghiém déu tinh duoc tir S va
P, khong can giai ra nghiém:

Put S = x; + x2 and P = x1x2. Every symmetric expression in the two roots can be computed from
S and P without solving for the roots:

x12 + X22 = S2 — 2P (4.3)
x13 + x23 = $3 — 3SP (4.4)
Ix1 — x2| = V(52 — 4P) = VA/|a| (4.5)

PINH LY 4.6 (So sanh nghiém véi mdt s6) / THEOREM 4.6 (Comparing roots with a
number) — Cho f(x) = ax® + bx + ¢, a # 0, va s6 thuc o. (i) f c6 hai nghiém x; < a < x, khi va
chi khi a-f(a) < 0; (ii) f c6 hai nghiém x; < x» (ké ca nghiém kép) cing 16n hon o khi va chi
khi A>0, a-f(a) > 0 va —b/(2a) > a; (iii) f ¢6 hai nghiém x; < x> cung nhé hon a khi va chi
khi A>0, a-f(a) > 0 va —b/(2a) < a.

Let f{x) = ax’ + bx + c with a # 0, and let a be real. (i) f has two roots x; < a < x2 if and only if a-f{a)
< 0. (ii) f has two roots x; < x> (a double root allowed) both greater than o if and only if A > 0, a-f(a)
> (0 and —b/(2a) > a. (iii) [ has two roots x; <x; both less than o if and only if A > 0, a-f(a) > 0 and
—b/(2a) < a.

Chirng minh. / Proof.

Khi A >0, f(x) = a(x — x1)(x — x2) nén a-f(a) = a%(o. — x1)(a — X2), cung dau véi (o — x1)(a
— X2).

When A > 0, f(x) = a(x — x))(x — x2), so af{a) = a’(a — x1)(a — x2) has the sign of (a — x1)(a —
X2).

(i) Néu a-f(o) < 0 thi A > 0, vi v&i A <0 ta c6 a-f(a) > 0 theo Dinh 1y 4.3. Khi d6 (a —
x1)(0. — X2) < 0, tic hai thira s6 trai dau: x; < o < xo. Chiéu nguogc lai 1a cing dang thic
trén.

(i) If af(a) < 0 then A > 0, because A < 0 gives a‘f(a) > 0 by Theorem 4.3. Then (0. — x1)(a — x2)
< 0, so the factors have opposite signs: x; < a. < x2. The converse is the same identity.

(ii) Néu o < x; < x> thi ca hai thira s6 o — x1, o — x» déu 4m, tich dwong, nén a-f(a) > 0;
trung diém (x; + x2)/2 = —b/(2a) 16n hon a. Nguoc lai, a-f(a) > 0 cho hai thira s6 cung
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dau: hodc a < x1, hodc o > x2. Trudng hop a > x» kéo theo o > x2 > (x1 + x2)/2 = —b/(2a),
trai voi —b/(2a) > a. Vay o <x; < xo.

(ii) If a < x; < x2 then both factors a — x; and o — x2 are negative, the product is positive, so
af(o) > 0; and the midpoint (x; + x3)/2 = —b/(2a) exceeds o. Conversely, af(a) > 0 gives two
factors of equal sign: either o. < x1 or oo > x2. The case o. > x2 would give o. > x2 > (x; + x2)/2 =
—b/(2a), contradicting —b/(2a) > a. Hence o < x; < x>

(iii) Ching minh d6i xtmg véi (ii): d6i chiéu moi bat dang thirc so véi a.

(iii) Symmetric to (ii): reverse every inequality involving o. W

X2

Hinh 4.2. Parabol y = x> — 6x + 7 (a = 1): s6 a nam giita hai nghiém khi f(a)) < 0; s6 o’ ndm
ngoai, bén trai ca hai nghiém, khi f(a) > 0 va o’ < —b/(2a).
Figure 4.2. The parabola y = x> — 6x + 7 (a = 1): the number o lies between the roots when f(o) < 0, the
number a' lies to the left of both roots when f(a) > 0 and a' < —b/(2a).

PHAN TICH / ANALYSIS — Dé cho nghiém “I6n hon 17 khong can giai ra nghiém. Ba
phép thir chay theo dung Dinh 1y 4.6 (ii): nghiém c6 ton tai (A), s6 1 nam ngoai khoang hai
nghiém (d4u a-f(1)), va n6 nam bén trai (so véi trung diém).

A statement such as “both roots exceed 1" needs no explicit roots. Three tests follow Theorem 4.6 (ii)
exactly: the roots exist (4), the number 1 lies outside the interval between them (sign of a-f(1)), and it
lies on the left (compare with the midpoint).

Vi DU 4.2 (So sanh nghiém véi s6 1) / EXAMPLE 4.2 (Comparing roots with 1) — Cho
phuong trinh x> — 2mx + 3m — 2 = 0. (a) Tim m dé phuong trinh c¢6 hai nghiém (ké ca nghiém
kép) déu 16n hon 1. (b) Tim m dé phuong trinh ¢6 nghiém x; < 1 < x».

Consider x* — 2mx + 3m — 2 = 0. (a) Find m such that both roots (a double root allowed) exceed 1.
(b) Find m such that the roots satisfy x; < 1 < x..

Loi giai. / Solution.

Pit f(x) = x> — 2mx + 3m — 2. Hé s6 bac hai bang 1, f(1)=1 —-2m+3m—-2=m— 1, A’
=m?— (3m - 2) = (m — 1)(m — 2), trung diém hai nghiém 1a m.

Put fix) = x* = 2mx + 3m — 2. The leading coefficient is I, f{1) =1 —2m +3m — 2 =m — 1, A’
=m?’— (3m — 2) = (m — 1)(m — 2), and the midpoint of the roots is m.
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(a) Theo Pinh 1y 4.6 (ii) can dong thoi: A’ > 0, tirc m < 1 hodc m > 2; (1) > 0, thc m > 1;
m > 1. Giao ba diéu kién la m > 2.

(a) By Theorem 4.6 (ii) we need simultaneously: A' > 0, that is m <1 or m > 2; f(1) > 0, that is m
> [, and m > 1. The intersection is m > 2.

Kiém tra m = 2: phuong trinh thanh (x — 2)? = 0, nghiém kép x =2 > 1, dung.

Check m = 2: the equation becomes (x — 2)? = 0, double root x = 2 > 1, as required.

(b) Theo Pinh 1y 4.6 (i) can f(1) <0, ttc m < 1. Khi d6 A’ = (m — 1)(m — 2) > 0 tu 6, hai
nghiém phén biét nam hai phia cta 1.

(b) By Theorem 4.6 (i) we need f(1) < 0, that is m < 1. Then A" = (m — 1)(m — 2) > 0 holds
automatically and the two distinct roots lie on either side of 1.

Vay (@ m=2;(b)m <1,
Hence (a)m=>2; (b)m<1. A

Bién luin s6 nghiém bang dd thi — Counting solutions graphically

Khi tham s6 m tach dugc vé mot vé, sd nghiém cua f(x) = m la sb giao diém cua do thi y
= f(x) voi dudng ngang y = m. Véi fix) = [x2 — 2x — 3| = |(x — 1) — 4], dd thi gdm phéan
parabol y = x> — 2x — 3 nam trén truc hoanh, cong phﬁn con lai 1at 1én qua truc hoanh;
diém cuc dai dia phuong 1a (1; 4).

When the parameter m can be isolated on one side, the number of solutions of f(x) = m is the
number of intersections of y = f{x) with the horizontal line y = m. For f{x) = |x* — 2x — 3| = |(x —

1)? — 4| the graph consists of the part of y = x> — 2x — 3 above the axis together with the rest
reflected upwards; the local maximum is the point (1, 4).

Hinh 4.3. D6 thi y = [x — 2x — 3| (nét lién) va parabol gdc (nét dut); cac dudong ngangy =2, 4, 6
cat do thi tai 4, 3, 2 diém.
Figure 4.3. The graph of y = |x? — 2x — 3| (solid) and the original parabola (dashed), the horizontal lines
y=2,4,6meetitin4, 3, 2 points.

Tu hinh: phuong trinh |x? — 2x — 3| = m v0 nghiém khi m < 0; ¢6 2 nghiém khi m = 0
hodc m > 4; ¢ 4 nghiém khi 0 < m < 4; ¢6 3 nghiém khi m = 4. Mdi két qua kiém lai
dugc bang Pinh 1y 4.6: voi m > 0, hai phuong trinh x> — 2x — 3 = +m cho cic nghiém
phai d¢ém riéng.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 118



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

From the picture: |x* — 2x — 3| = m has no solution for m < 0; two solutions for m = 0 or m > 4;
four solutions for 0 < m < 4; three solutions for m = 4. Each claim can be rechecked with
Theorem 4.6: for m > 0 the two equations x* — 2x — 3 = +m must be counted separately.

NHAN XET / REMARK — Hinh v& chi goi y dap s6. Trong bai thi phai di kém 1ap luan
bang bang bién thién ctia ham hodc bang diéu kién A, vi dd thi “tréng nhur cat” khong phai 1a
chimg minh. O vi du trén, véi m = 4 hai phuong trinh x2 — 2x — 3 = 4 (A’ = 8 > 0, hai nghiém)
vax2—2x — 3 =—4 (A’ =0, nghiém kép x = 1) cho tong cong 3 nghiém khéac nhau.

A picture only suggests the answer. In an exam it must be backed by monotonicity of the function or by
the condition on A, because “it looks like it crosses” is not a proof. In the example above, for m = 4
the equations x> — 2x — 3 =4 (4' = 8 > 0, two roots) and x’ — 2x — 3 = —4 (4' = 0, double root x = 1)
give three distinct solutions in all.

4.3. Phwong trinh vo ti — Irrational equations

Bén ky thuat chiém gﬁn hét cac dé: nang iy thtra c6 diéu kién, dit an phy, nhan lién hop,
danh gia. Diém mat nhiéu nhét 1a budc nang lity thira khong kém diéu kién, sinh nghiém
ngoai lai, hoic kiém nghiém sai chd.

Four techniques cover most problems: conditional squaring, substitution, conjugates and

estimation. Most marks are lost in squaring without a condition, which creates extraneous roots,
or in checking roots in the wrong equation.

BO DE 4.7 (Nang lity thira twong dwong) / LEMMA 4.7 (Equivalent squaring) — Vi
cac biéu thuc A, B: (a) VA = B khi va chi khi B> 0 va A = B (b) YA = \B khi va chi khi A
=B>0.

For expressions A, B: (a) NA = B if and only if B> 0 and A = B>; (b)) NA =B if and only if A = B > (.

Chirng minh. / Proof.
(a) Néu VA = B thi B 1a cin béc hai s6 hoc nén B > 0, va binh phuong hai vé cho A = B2
Nguoc lai, néu B> 0 va A =B2 thi A >0 va VA = V(B?) = |B| = B.

(a) If NA = B then B is an arithmetic square root, so B > 0, and squaring gives A = B.
Conversely, if B> 0 and A = B then A > 0 and NA = \(B?) = |B| = B.

(b) Néu VA = VB thi ca hai vé xac dinh, hai cin khéng 4m va binh phuong cho A =B > 0.
Nguoc lai A =B >0 cho VA = \B hién nhién.

(b) If N4 = \B then both sides are defined and non-negative, and squaring gives A = B > 0. The
converse is immediate. W

TINH CHAT 4.8 (Biéu thirc lién hop va danh gia hai cin) / PROPERTY 4.8 (Conjugate
and two-root estimate) — V&i A, B>0va A #B: VA — VB =(A - B)/(VA + \B). Véia, b>
0: (Va+ Vb)* < 2(a + b), diu bang khi va chi khi a=b.

For A, B>0with A# B: NA — B = (4 — B)/(NA + \B). Fora, b>0: (Na + \b)> <2(a + b), with
equality if and only if a = b.

Chirng minh. / Proof.
Vi A #Bnén VA + VB > 0 (hai cin khong cung bang 0). Nhan tir va mu cua vé phai véi
VA + VB, hodc don gian hon nhan chéo:
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Since A # B, NA + \B > 0 (the two roots are not both zero). Cross-multiplying:
(VA-VB)(WA++VB)=A-B (4.6)

Bét dang thuc thir hai: 2(a + b) — (Va + Vb)2 = a + b — 2\(ab) = (\a — Vb)? > 0, bang 0
dung khi Va = b.

For the inequality: 2(a + b) — (Na + \b)> = a + b — 2N(ab) = (Na — \b)? > 0, with equality
exactly when Na =~\b. m

PHAN TICH / ANALYSIS — Hai cin léch nhau dung 2, va biéu thic trong cin déu bac
nhét. Co 1ap mot can roi binh phuong hai vé bo duge mot can, dé lai mot can duy nhat; 1an
binh phuong thtr hai bé hin can. V& phai sau khi c6 1ap 142 + V(x + 1) >2> 0 nén B6 dé 4.7
(a) cho phép binh phuong ma khong sinh nghiém ngoai lai.

The two radicals differ by exactly 2 and their radicands are linear. Isolating one radical and squaring
removes one radical and leaves exactly one, a second squaring removes the last. After isolating, the
right side is 2 + \(x + 1) >2 > 0, so Lemma 4.7 (a) lets us square without creating extraneous roots.

Vi DU 4.3 (Néng liiy thira c6 diéu kién) / EXAMPLE 4.3 (Conditional squaring) — Giai
phuong trinh V(3x + 7) — V(x + 1) = 2.
Solve the equation N(3x + 7) = N(x + 1) = 2.

Loi giai. / Solution.

Piéu kién x4c dinh: x + 1 >0 va 3x + 7> 0, tirc x > —1. Chuyén vé: V(3x + 7) =2 + V(x +
1). V& phai > 2 > 0 nén theo B6 dé 4.7 (a), phuong trinh twong duong véi 3x + 7 =4 +
NEx+1D)+x+1.

Domain: x + 1 >0 and 3x + 7 > 0, that is x > — 1. Rearranging: \/(3x +7)=2+ \/(x + 1). The
right side is > 2 > 0, so by Lemma 4.7 (a) the equation is equivalent to 3x + 7 = 4 + 4\/(x + 1)+
x+ 1.

Rt gon: 2x + 2 =4\(x + 1), the x + 1 =2\(x + 1). Pat v="(x + 1) > 0: v2=2v, nén v =
0 hoac v=2.

Simplifying: 2x + 2 = A(x + 1), that is x + 1 = 2\(x + 1). Put v =~(x + 1) > 0: v* = 2v, so v =
0orv=2.

Véiv=0:x=-1.Véiv=2:x+1=4,x=3.Cahai théa x > —1. Kiém tra trong dé: x =
~1 cho V4 —0=2;x =3 cho V16 -~ V4 =2.
Forv=0:x=—1 Forv=2x+1=4,x=3. Both satisfy x > —1. Check in the original: x =
—1 gives N4 — 0 =2;x =3 gives 16 — 4 = 2,

Vay tap nghiém la {—1; 3}.
Hence the solution set is {—1, 3}. B

PHAN TiCH / ANALYSIS — Trong d&, x + 5x xuét hién & ca hai vé: ngoai can 1a x2 + 5x
+ 4 va trong can 1a x? + 5x + 10. Hiéu hai biéu thirc d6 1a hang sb 6, nén dat t 1a can thi x2 +
5x + 4 =12 — 6, va phuong trinh thanh phwong trinh bac hai theo t. Diéu kién t > 0 phai duoc
giit lai dé loai nghiém.

In the statement x> + S5x occurs on both sides: x* + 5x + 4 outside the root and x> + 5x + 10 inside.
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The two differ by the constant 6, so with t the root, x’ + 5x + 4 = £ — 6 and the equation becomes
quadratic in t. The condition t > 0 must be kept to discard roots.

Vi DU 4.4 (D3t 4n phu 1a cin) / EXAMPLE 4.4 (Radical as the new unknown) — Giai
phuong trinh x? + 5x + 4 = V(x? + 5x + 10).
Solve the equation x* + 5x + 4 = N> + 5x + 10).

Loi giai. / Solution.

Biéu thirc dudi can x> + 5x + 10 = (x + 5/2)> + 15/4 > 0 nén phuong trinh xac dinh voi
moi x. Pt t = V(x2 + 5x + 10) > 0, khi d0 x2 + 5x + 4 = > — 6.

The radicand x* + 5x + 10 = (x + 5/2)? + 15/4 is positive, so the equation is defined for all x.
Putt =2+ 5x + 10) > 0; thenx? + 5x + 4 =1 — 6.

Phuong trinh thanh 2 -6 =t, thc t? —t —6=(t = 3)(t +2)=0. Vit>0nén t = 3.
The equation becomes * — 6 = t, thatist* —t— 6 = (t — 3)(t + 2) = 0. Since t >0, t = 3.

Tot=3:x2+5x+10=9, thtc X2+ 5x + 1 =0 véi A =21>0, nén x = (—5 + V21)/2. Véi
hai gia tri nay x>+ 5x + 4 =3 > 0 va V(x> + 5x + 10) = 3, dung.

Fromt=3:x>+5x +10 =9, thatis x> + 5x + 1 = 0 with A4 =21 > 0, so x = (-5 £ N21)/2. For
both values x> + 5x + 4 =3 > 0 and (x> + 5x + 10) = 3, as required.

Vay tap nghiém 1a {(-5 — V21)/2; (-5 +N21)/2}.
Hence the solution set is {(—=5 — N21)/2, (-5 +N21)/2). =

PHAN TICH / ANALYSIS — Thtr x = 1 cho cé hai cin bang 3 va 3, hai vé déu 0. Nghiém
doan duoc 1a dau hiéu nén tach thira s6 x — 1. Hiéu hai biéu thirc trong cn 13 4(x — 1) chia hét
cho x — 1, nén nhén lién hop dua vé trai vé dang c6 nhén tir x — 1. Phin con lai phai duoc
danh gia dé chi ra n6 khong triét tiéu.

Trying x = 1 gives both radicals equal to 3, and both sides 0. A guessed root signals a factor x — 1.
The difference of the radicands is 4(x — 1), divisible by x — 1, so multiplying by the conjugate puts the
left side in a form with the factor x — 1. The remaining factor must be estimated to show it never
vanishes.

Vi DU 4.5 (Nhén lién hop, tich nhén tir) / EXAMPLE 4.5 (Conjugate and factor
extraction) — Giai phuong trinh V(5x + 4) — V(x + 8) = 2x — 2.
Solve the equation N(5x + 4) — \(x + 8) = 2x — 2.

Loi giai. / Solution.

Piéu kién: 5x +4 >0 va x + 8 > 0, tirc x > —4/5. Dat T = V(5x + 4) + V(x + 8). Vi x >
—4/5:x+8>36/5>4nénV(x +8)>2vaT>2.

Domain: 5x + 4> 0and x + 8 >0, that is x > —4/5. Put T = N(5x + 4) + \(x + 8). For x > —4/5
we have x + 8 >36/5> 4, soN(x +8) > 2 and T > 2.

Theo (4.6): V(5x + 4) — V(x + 8) = (5x + 4 — x — 8)/T = 4(x — 1)/T. Chuyén moi hang tir
sang mot vé:
By (4.6): \/(5x +4) — \/(x +8) =(0x+4—x—8)/T=4(x— 1)/T. Moving everything to one side:
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4x—1)/T-2(x—-1)=2x-12-T)/T=0
ViT>2nén2-T#0vaT#0, do d6 phuong trinh twong duong x — 1 = 0. Nghi¢m x =

1 thoa diéu kién; trong dé, vé trdi 1a 3 — 3 = 0 va vé phai 12 0.
Since T > 2, we have 2 — T # 0 and T # 0, so the equation is equivalent to x — I = 0. The root x
= [ satisfies the domain; in the original, the left side is 3 — 3 = 0 and the right side is 0.

Vay phuong trinh ¢6 nghiém duy nhat x = 1.

Hence the equation has the single rootx = 1. R

PHAN TiCH / ANALYSIS — V& trai 1a tong hai cin c6 tong hai biéu thirc trong can 14 hang
sO (x —2) + (4 — x) = 2. Khi d6 Tinh chat 4.8 chin vé trai tir trén bang mot hang sb. Vé phai
x2 — 6x + 11 1a tam thtrc bac hai, dwa vé binh phuong cong hing s6 thi chin duoc tir dudi.
Néu hai chin gip nhau thi moi ddu bang phai xay ra dong thoi.

The left side is a sum of two roots whose radicands add to the constant (x — 2) + (4 — x) = 2. Property
4.8 then bounds it above by a constant. The right side x* — 6x + 11 is a quadratic; completing the
square bounds it below. If the two bounds meet, every equality must hold at once.

VI DU 4.6 (Panh gia hai vé) / EXAMPLE 4.6 (Estimating both sides) — Giai phuong
trinh V(x — 2) + V(4 — x) =x>— 6x + 11.
Solve the equation \(x — 2) + (4 —x) =x’ — 6x + I1.

Loi giai. / Solution.
Piukién: x —2>0va4—x>0, thrc 2 <x < 4.
Domain: x —2>0and 4 — x>0, that is 2 <x <A4.

Theo Tinh chit 4.8 véia=x—2,b=4—-x: (N(x —2) + V4 — x))* <2((x — 2) + (4 — x)) =
4, nén vé trai <2, déub@ingkhix—2=4—x, tire x = 3.

By Property 4.8 witha=x —2,b=4—x: (N(x —2) + N4 —x))> <2((x = 2) + (4 — x)) = 4, so
the left side is < 2, with equality when x — 2 = 4 — x, that is x = 3.

Vé phai: x> — 6x + 11 = (x — 3)> + 2 > 2, d4u bang khi x = 3.

Right side: x> — 6x + 11 = (x — 3)* + 2 > 2, with equality when x = 3.

Hai vé bang nhau chi khi cing bang 2, tirc dong thoi dat diu bang, nghia 1a x = 3. Kiém
tra: V1 + V1 =2va 9 — 18 + 11 = 2. Vay phuong trinh c¢6 nghiém duy nhit x = 3.

The two sides are equal only when both equal 2, that is when both equalities hold, which means
x = 3. Check: N1 + N1 =2and 9 — 18 + 11 = 2. Hence the equation has the single root x = 3.
|

NHAN XET / REMARK — Khi binh phuong, mdi lan binh phuong can ghi déu ctia hai vé.
O Vi du 4.3 vé phai duong nén moi bude 1a twong duong; néu vé phai c6 thé am, phuong
trinh sau binh phuwong chi 1 hé qua va bét budc thir nghiém lai vao d& gdc.

Each time you square, record the signs of both sides. In Example 4.3 the right side is positive, so every
step is an equivalence; if the right side can be negative, the squared equation is only a consequence
and roots must be tested in the original equation.
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LOI HAY GAP / COMMON MISTAKE — Binh phuong hai vé rdi quén diéu kién vé con
lai khong 4m: x = —3 12 nghiém ngoai lai cia V(x + 7) = x + 1 vi vé phai bang —2. Két luan ma
khong thir lai 1a mat diém.

Squaring and forgetting that the other side must be non-negative: x = —3 is extraneous for \(x + 7) =
x + I because the right side equals —2. Concluding without testing loses marks.

4.4. Phuwong trinh bic cao: d6i xing, hoi quy va dit an — Higher-degree

equations: symmetric, reciprocal and grouped substitution

Phuong trinh bac ba tré 1én chi giai dugc bang k¥ thuat so cap khi c6 ciu trac. Ba ciu
trac hay gip: cac nghiém di theo cap nghich dao (hdi quy), céc thira sé ghép dugc thanh
hai nhom cting mét biéu thtrc, va dang tring phuong.

A cubic or higher-degree equation yields to elementary methods only when it has structure.
Three structures are common: roots in reciprocal pairs (reciprocal equations), factors that
group into two blocks sharing one expression, and biquadratic forms.

BO DK 4.9 (Bit ding thirc x + 1/x) / LEMMA 4.9 (The inequality x + 1/x) — Véix #0 ta
6 [x + 1/x| > 2, ddu bang khi va chi khi x = 1 hodc x =—1. V&i s6 thuc t, phuong trinh x + 1/x
= t ¢6 nghiém thyc khi va chi khi [t > 2; khi |t| > 2 ¢6 hai nghiém phan biét co tich bang 1, khi
t| =2 c6 nghiém kép x = t/2.

Forx#0, |x + 1/x| > 2, with equality if and only if x = 1 or x = —1. For real t, the equation x + 1/x =
t has a real solution if and only if |t| > 2; for |t| > 2 it has two distinct roots with product 1, and for |t|
= 2 a double root x = t/2.

Chirng minh. / Proof.

Nhén phuong trinh x + 1/x =t v6i x # 0: x> — tx + 1 = 0, biét thirc t* — 4. Phuong trinh ¢6
nghiém thyc khi va chi khi t2 > 4, tirc [t| > 2. Theo Viéte, tich hai nghiém bang 1; khi t* =
4 nghiém kép lax =t/2 € {1; —1}.

Multiply x + I/x =t by x # 0: x* — tx + 1 = 0, with discriminant £ — 4. It has a real root if and
only if ¥ > 4, that is |t| > 2. By Viéte the product of the roots is 1, when * = 4 the double root is x
— 2 €{1, 1}

Moi x # 0 cho mét gia tri t = x + 1/x ma phuong trinh ¢6 nghiém x, nén [t| > 2: d6 1a bat
dang thirc da néu.

Every x # 0 gives a value t = x + 1/x for which the equation has the root x, so |t| > 2: this is the
stated inequality. W
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t

Hinh 4.4. D6 thi t = x + 1/x: khong c6 diém nao trong dai —2 <t < 2, nén phuong trinh hdi quy
theo t chi nhan nghiém t voi [t| > 2.
Figure 4.4. The graph of t = x + 1/x: no point lies in the strip —2 < t < 2, so a reciprocal equation in t
admits only roots with |t| > 2.

PINH LY 4.10 (Phwong trinh hdi quy bac bén) / THEOREM 4.10 (Reciprocal quartic)
— Phuong trinh hdi quy bac bén ax* + bx? + cx? + bx + a =0 (a # 0) khong nhan x = 0 lam
nghiém. it t = x + 1/x, phuong trinh trong duong at? + bt + ¢ — 2a = 0 v&i diéu kién |t| > 2.
Moi nghiém t véi [t| > 2 cho hai nghiém x nghich ddo nhau; mdi nghiém t = +2 cho nghiém x
=+l.

The reciprocal quartic ax* + bx® + cx’ + bx + a = 0 (a # 0) does not have x = 0 as a root. With t = x

+ 1/x the equation is equivalent to at’ + bt + ¢ — 2a = 0 under the condition |t| > 2. Each root t with
|t| > 2 gives two reciprocal roots x; each root t = £2 gives x = £1.

Chirng minh. / Proof.
Thay x =0 cho a = 0, trai gia thiét. Vi x # 0 chia hai vé cho x*:
Substituting x = () gives a = 0, contrary to the hypothesis. For x # 0 divide by x°:

ax?+1/x2)+b(x+1/x)+c=0 4.7)

Vix?+1/x2=(x+1/x))-2=t—-2,taduoc a(t? —2) +bt+¢c =0, tic at> + bt + ¢ — 2a =
0. Theo B6 d¢ 4.9, mdi t véi |t > 2 ing vi nghiém x cta x + 1/x =t, con mdi t véi [t| <2
khong tng véi x thuc nao.

Since x> + 1/xX° = (x + 1/x)? =2 =1 — 2, weget a(* — 2) + bt + ¢ = 0, that is at’ + bt + ¢ — 2a
= 0. By Lemma 4.9 each t with |t| > 2 corresponds to roots x of x + 1/x = t, while each t with |t|
< 2 corresponds to no real x. R

PHAN TICH / ANALYSIS — Hé s6 2, 3, —16, 3, 2 d6i xting qua giita. D6 1a dau hiéu duy
nhét can dé chia cho x? va dat t = x + 1/x. Sau khi giai theo t, dimg quén budc hai: giai x + 1/x
=t, va kiém tra [t| > 2.

The coefficients 2, 3, —16, 3, 2 are symmetric about the middle. That is the only sign needed to divide

by X’ and put t = x + 1/x. After solving for t, do not forget the second step: solve x + 1/x = t and check
|t > 2.
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Vi DU 4.7 (Phwong trinh hdi quy) / EXAMPLE 4.7 (Reciprocal equation) — Giai
phuong trinh 2x* + 3x® — 16x> + 3x + 2 = 0.
Solve the equation 2x* + 3x* — 16x* + 3x + 2 = 0.

Loi giai. / Solution.

x = 0 khong 1a nghiém (vé trai bang 2). Chia hai vé cho x? va dit t = x + 1/x theo Dinh 1y
4.10: 2(t* = 2)+3t—16 =0, tirc 2t + 3t — 20 = 0.

x = 0 is not a root (the left side equals 2). Divide by x* and put t = x + 1/x as in Theorem 4.10:
2(F—2)+3t— 16 =0, that is 2¢ + 3t — 20 = 0.

Biét thirc 9 + 160 = 169 = 132, nén t = (-3 + 13)/4 = 5/2 hodc t = (-3 — 13)/4 = —4. Ca hai
thda |t| > 2.

The discriminant is 9 + 160 = 169 = 13°, sot = (=3 + 13)/4 = 5/2 or t = (-3 — 13)/4 = —4.
Both satisfy |t| > 2.

Véit=5/2:x2—(52)x +1=0, trc 2x> = 5x +2 =0, nghiém x =2 vax = 1/2. Véi t =
—4: x>+ 4x + 1 = 0, nghiém x = —2 £ V3.
Fort=15/2: x> — (5/2)x + 1 = 0, that is 2x’ — 5x + 2 = 0, with roots x = 2 and x = 1/2. For t =
—4:x2 + 4x + 1 = 0, with roots x = =2 3.

Vay tap nghiém 1a {2; 1/2; —2 +V3; —2 — V/3}.
Hence the solution set is {2, 1/2, =2 + \/3, -2 - \/3}. [ |

NHAN XET / REMARK — Nghiém ctia phuong trinh hdi quy di theo cap (x; 1/x). O Vi du
4.7 cac cap 1a (2; 1/2) va (-2 +V3; =2 — V3), vi (-2 + V3)(—2 — V3) =4 — 3 = 1. Quan sat nay
cho cach kiém tra nghiém nhanh.

The roots of a reciprocal equation come in pairs (x, 1/x). In Example 4.7 the pairs are (2, 1/2) and
(-2 + 3, =2 —3), since (—2 +\3)(—2 — \3) = 4 — 3 = 1. This observation gives a fast check on the
roots.

NHAN XET / REMARK — Khi bén thira s6 bac nhit c6 tong hai cip bang nhau, ghép
chung thanh hai nhom cting phan x2 + kx. Vi du (x + 1)(x + 2)(x + 4)(x + 5): ghép (x + 1)(x +
5)=x2+6x+5va(x+2)(x+4)=x2+6x+8, roi dity=x>+ 6x. Pibukiény >-9 (viy=
(x + 3)2 — 9) phai duogc giir khi két luan.

When four linear factors can be paired with equal sums, group them into two blocks sharing the part
X’ +kx. For (x + D(x + 2)(x + 4)(x + 5): pair (x + D(x +5) =x> +6x + Sand (x + 2)(x + 4) =x" +
6x + 8, then put y = x> + 6x. The condition y > —9 (because y = (x + 3)° — 9) must be kept when
concluding.

LOI HAY GAP / COMMON MISTAKE —Dbatt=x + 1/x roi gidirat=1 va coi nhu
xong: phuong trinh x + 1/x = 1 v nghiém thuc vi |1] < 2. Moi gia tri t phai duoc kiém tra diéu
kién [t| > 2 trudc khi quay lai bién x.

Putting t = x + 1/x, finding t = 1 and stopping: x + 1/x = I has no real solution because |1| < 2. Every
value of t must be tested against |t| > 2 before returning to x.

PHAI THUQC / MEMORISE — Phuong trinh hdi quy bac bdn: chia x2, dat t = x + 1/x, roi
giai x + 1/x =t chi khi |t > 2. Hai nghiém cting t ¢6 tich bang 1.
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Reciprocal quartic: divide by X°, put t = x + 1/x, then solve x + 1/x = t only when |t| > 2. Two roots
sharing the same t have product 1.

4.5. Hé phwong trinh: doi xirng, dang cap, bic nhat ba an — Systems: symmetric,

homogeneous, linear in three unknowns

H¢ d6i xirng loai I — Symmetric systems of type I

Hé gdm cac phuong trinh khong d6i khi hoan vi x va y goi 1a hé ddi xtng loai I. Cac tong
x2+y2, x> +y3, x* + y* déu biéu dién dugc qua S =x + y va P = xy:

A system whose equations do not change when x and y are swapped is a symmetric system of
type I. The sums x° + )2, x> + 33, x? + y? can all be written with S = x + y and P = xy:

x24+y2=52—2P, x34+y3=53—3SP, x4+ y*=S*—4S2P 4+ 2P2  (4.8)

PINH LY 4.11 (H¢ dbi xirng loai I) / THEOREM 4.11 (Symmetric system of type I) —
Cho hé hai phwong trinh ddi ximg theo x, y, viét dwoc thanh hé (H) theo S =x +y va P =xy.
Khi d6 (x; y) 12 nghiém thyc cta hé ban dau khi va chi khi (S; P) = (x + y; xy) la nghiém cia
(H) v6i S? > 4P. Vi mbi nghiém (S; P) cua (H) thoa S? > 4P, hai sb x, y 14 hai nghiém cua X2
— SX + P =0, va hé ban ddu nhan (x; y) va (y; x).

Let a pair of equations symmetric in x, y be rewritten as a system (H) in S =x + y and P = xy. Then (x,
) is a real solution of the original system if and only if (S, P) = (x + y, xy) solves (H) with §° > 4P.
For each solution (S, P) of (H) with S* > 4P, the numbers x, y are the two roots of X* — SX + P = 0,
and the original system has both (x, y) and (y, x).

Chirng minh. / Proof.
Néu (x; y) 1a nghiém thuc thi S =x + y, P = xy thoa (H), va hai sb thuc x, y ¢ tong S,
tich P nén S? > 4P theo Dinh 1y 4.5.

If (x, y) is a real solution then S = x + y, P = xy satisfy (H), and the real numbers x, y have sum S
and product P, so §° > 4P by Theorem 4.5.

Nguoc lai, néu (S; P) thoa (H) va S? > 4P thi X2 — SX + P = 0 ¢6 hai nghiém thyc, goi 13
X, y; theo Viete x + y =S, xy = P, va vi h¢ ban dau chi phu thudc S, P nén (x; y) thda né.
Hoan vi x, y khong d6i S, P nén (y; x) ciing 1a nghiém.

Conversely, if (S, P) satisfies (H) and S? > 4P then X*> — SX + P = 0 has two real roots, call them
x and y; by Viete x +y = S and xy = P, and since the original system depends only on S and P,
(x, y) satisfies it. Swapping x and y leaves S and P unchanged, so (y, x) is also a solution. W

Vi DU 4.8 (H¢ d6i xirng loai I) / EXAMPLE 4.8 (Symmetric system of type I) — Giai hé
x+ty+xy=1lvax>+y*+x+y=32.
Solve the system x +y +xy =11 and x> +y* +x +y = 32.

Loi giai. / Solution.

bit S =x +y, P =xy. Theo (4.8) hé thanh S + P =11 va S> — 2P + S = 32, ThéP=11-—
S:S?—-22+2S+S =32, tc S +3S — 54 =0, hay (S—6)(S +9)=0.

Put S = x +y, P = xy. By (4.8) the system becomes S + P = 11 and 8 — 2P + S = 32.
Substituting P =11 — S: 8 — 22+ 2S5+ S =32, thatis S + 3S — 54 =0, or (S— 6)(S+ 9) = 0.
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V6iS=6,P=5:5-4P=16>0,X>—6X+5=0cho X =1 hoic X =35, duoc (1; 5) va
(55 1).

ForS=6,P=5:8-4P=16>0,X>—6X+5=0givesX=10orX= 35,50 (I, 5) and (5, 1).
V6iS=-9,P=20:3>—4P=81-80=1>0, X>+9X +20 =0 cho X = —4 hodc X =
=5, duoc (—4; —5) va (-5; —4).

ForS§=-9,P=20:8 4P =81 -80=1>0, X +9X+20=0givesX =4 or X =—35, 50
(—4, —5) and (-5, —4).

Vay hé ¢6 bon nghiém (1; 5), (5; 1), (—4; —5), (=5; —4).

Hence the system has four solutions (1, 5), (5, 1), (=4, =5), (-5, —4). &

H¢é d6i xing loai II — Symmetric systems of type I1

TINH CHAT 4.12 (Hé d6i xitng loai IT) / PROPERTY 4.12 (Symmetric system of type
II) — H¢ F(x, y) = 0, F(y, x) = 0 (loai II) tuong duong véi hé F(x, y) =0, F(x, y) — F(y, x) =
0. V6i F 1a da thire, G(x, y) = F(x, y) — F(y, x) chia hét cho x — y; hé tach thanh hai truong
hop x =y va G(x, y)/(x —y)=0.

The system F(x, y) = 0, F(y, x) = 0 (type 1l) is equivalent to F(x, y) = 0, F(x, y) — F(y, x) = 0. For a
polynomial F, G(x, y) = F(x, y) — F(y, x) is divisible by x — y, so the system splits into the cases x =y
and G(x, y)/(x —y) = 0.

Chirng minh. / Proof.

Tuong duong: néu F(x, y) = 0 thi F(y, x) = 0 khi va chi khi F(x, y) — F(y, x) = 0.
Equivalence: if F(x, y) = 0 then F(y, x) = 0 if and only if F(x, y) — F(y, x) = 0.

Chia hét: viét F(x, y) = 2 cix'yl. Khi d6 G(x, y) = Z cij(x'y! — xiy'). S6 hang i = j bang 0.
V6ii#j, dat m = min(i, j), k = i — j|: xly! — ¥y' = £xTy"(x* — y¥), va xk — yk = (x — y)(x*!
+xK2y + ..+ y* ). Vay mdi s6 hang, nén ca G, chia hét cho x —y.

Divisibility: write F(x, y) = X cix'y/. Then G(x, y) = X cij(x'y) — ¥y'). Terms with i = j vanish. For
i #j put m = min(i, j), k= |i — j|: x'y/ = ¥y’ = sx™y"(xk — k), and x* — yF = (x — y)(FT + Xy +
... +V%71). So every term, hence G, is divisible by x —y. W

PHAN TiCH / ANALYSIS — Hai phuong trinh hoan d6i cho nhau khi d6i x va y. Trir vé
cho vé thi cac hang tir dbi xtng triét tiéu, con lai tich (x — y)(x + y + 3) theo Tinh chat 4.12.
Hai nhan tir cho hai nhanh: x =y dwa vé mét 4n, x +y = —3 cho phép thé y.

The two equations swap when x and y are exchanged. Subtracting them cancels the symmetric terms,
leaving the product (x — y)(x + y + 3) by Property 4.12. The two factors give two branches: x =y
reduces to one unknown, x +y = —3 lets us substitute for y.

VI DU 4.9 (H¢ d6i xirng loai IT) / EXAMPLE 4.9 (Symmetric system of type IT) — Giai
hé x> +x=2y+6vay>+y=2x+6.
Solve the system x> +x =2y + 6 and y* + y = 2x + 6.

Loi giai. / Solution.
Trir vé cho vé: x2 — y2 + x — y =2y — 2x, tlc (x — y)(x + y) + 3(x — y) = 0, hay (x — y)(x +
y + 3)=0.
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Subtracting: x> —y> +x —y =2y — 2x, thatis (x —y)(x +y) +3(x —y) =0, or (x —y)(x + y +
3)=0.

Truong hop x = y: x> + x = 2x + 6, titc x> — x — 6 = 0, nghiém x = 3 hodc x = 2. Puoc
(3;3) va(—2; 2).

Case x =y: x> + x =2x + 6, that is x> — x — 6 = 0, with x = 3 or x = —2. This gives (3, 3) and
(=2, =2).

Trudng hop y = —3 — x: thé vao phuong trinh dau, x> + x = 2(—3 — x) + 6 = —2x, tlrc x> +
3x =0, nghiém x = 0 (y = —3) hodc x =3 (y = 0). Puoc (0; —3) va (=3; 0).

Case y = —3 — x: substituting into the first equation, x> + x = 2(=3 — x) + 6 = —2x, that is x* +
3x =0, withx =0 =—3) orx =—3(y =0). This gives (0, —3) and (-3, 0).

Vi h¢ ban dau twong duong véi phuong trinh dau cing hiéu hai phuong trinh, mdi cip
tim dugc thda ca hai phuong trinh; chéng han (0; -3):0=-6+6va9-3=6=0+6.
Vay h¢ co bon nghiém (3; 3), (—2; —2), (0; =3), (-3; 0).

Since the original system is equivalent to the first equation together with the difference, each
pair found satisfies both equations; for instance (0, —=3): 0 = =6 + 6 and 9 — 3 =6 = 0 + 6.
Hence the system has four solutions (3, 3), (=2, =2), (0, =3), (=3, 0). &

Hé dzzmg cfip — Homogeneous systems

Néu mot phuong trinh ctia hé chi gdm céc hang tir cung bac (khong c6 hang tir tw do hay
béc thap hon) thi n6 phén tich dugc thanh nhan tir hoic cho ti s6 x : y. Khi ca hai phuong
trinh déu c6 vé phai khac 0, 1y do-(phuong trinh 1) — di-(phuong trinh 2) dé triét hang
s0, ra mot phuong trinh dang cap.

If one equation of the system consists only of terms of the same degree (no constant or lower-

degree term) it factors, or gives the ratio x : y. When both right-hand sides are non-zero, take
d>(equation 1) — d;-(equation 2) to cancel the constants and obtain a homogeneous equation.

PHAN TiCH / ANALYSIS — Phuong trinh dau khong c6 hang tir ty do va moi hang tir bac
hai, nén 13 tam thtrc bac hai theo x/y. Phan tich x2 — 5xy + 6y2 = (x — 2y)(x — 3y) cho hai ti sd.
Mai ti s6 thé vao phuong trinh thir hai cho mdt phuong trinh mot an.

The first equation has no constant term and all terms are of degree two, so it is a quadratic in x/y.
Factoring x* — 5xy + 6y° = (x — 2y)(x — 3y) gives two ratios. Each ratio substituted into the second
equation gives an equation in one unknown.

Vi DU 4.10 (Hé ding cip) / EXAMPLE 4.10 (Homogeneous system) — Giai hé x* — 5xy
+ 6y? =0 va x> +y? =20.
Solve the system x> — 5xy + 6y = 0 and x* + y* = 20.

Loi giai. / Solution.

Phuong trinh dau: (x — 2y)(x — 3y) = 0, nén x = 2y hoic x = 3y.
First equation: (x — 2y)(x — 3y) =0, sox = 2y or x = 3.

Néu x = 2y: 4y? +y2 =20, y> =4, y = +2. Duoc (4; 2) va (—4; -2).
Ifx =2y: 47 +y? =20, y° = 4, y = +2. This gives (4, 2) and (-4, —2).
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Néu x =3y: 9y* +y> =20, y* =2,y = V2. Duge (3V2: V2) va (-332; —\2).
Ifx = 3y: 92 +y? =20, y? = 2, y = +\2. This gives (3N2, N2) and (-372, —2).

Vay hé c6 bon nghiém (4; 2), (—4; ~2), (3\2; \2), (-3V2; —2).
Hence the system has four solutions (4, 2), (—4, =2), (3N2,N2), (=372, —N2). m

H¢ bac nhat ba an: phép khixt Gauss — Linear systems in three unknowns: Gaussian
elimination

TINH CHAT 4.13 (Phép khir Gauss) / PROPERTY 4.13 (Gaussian elimination) — Ba
phép bién ddi sau khong lam thay ddi tap nghiém ctia hé phwong trinh tuyén tinh: (1) d6i chd
hai phwong trinh; (2) nhan mét phuong trinh véi s khac 0; (3) cong vao mot phuong trinh
mot bdi cua phuong trinh khéc.

The following three operations do not change the solution set of a linear system: (1) swapping two
equations, (2) multiplying an equation by a non-zero number, (3) adding to one equation a multiple of
another.

Chirng minh. / Proof.

Mdi phép déu 1am cho nghiém cii van 1a nghiém cta hé méi: d6i chd khong doi tap
phuong trinh; nhan véi ¢ # 0 thi ca hai vé cung dugc nhan véi c¢; cong boi thi cong hai
dang thire diing cho ding thic dang. Mdi phép co phép nguoc cung loai (ddi chd 1an nita,
nhan véi 1/c, trir cung bdi), nén nghi¢m cuia hé mai cling la nghiém cua hé cii.

Each operation keeps every old solution a solution of the new system: swapping leaves the set of
equations unchanged; multiplying by ¢ # 0 multiplies both sides by c; adding a multiple adds
true equalities to true equalities. Each has an inverse operation of the same kind (swap again,
multiply by 1/c, subtract the same multiple), so every solution of the new system is also a solution
of the old one.

Vi DU 4.11 (Khir Gauss ba an) / EXAMPLE 4.11 (Gaussian elimination in three
unknowns) — Gidihé x + 2y +z=3,2x —y+z=8,3x+y—2z=—1.
Solve the systemx +2y +z=3,2x—y+z=8 3x+y—2z=—1

Loi giai. / Solution.

Ky hi¢u ba phuong trinh 1a (E1), (E2), (E3). Khu x: (E2) — 2(E1l) cho =5y —z=2; (E3) —
3(El) cho =5y = 5z=-10,tucy + z= 2.

Call the equations (El), (E2), (E3). Eliminate x: (E2) — 2(El) gives =5y —z = 2; (E3) — 3(El)
gives =5y — 5z = —10, thatisy +z = 2.

Cong -5y —z=2voiy+z=2duwoc —4y=4,nény=—1,10iz=2-y=3.

Adding =5y —z=2andy +z=2gives —4y =4,s0y =—1, and thenz =2 —y = 3.

T (E1): x =3 — 2y —z=3+2 — 3 =2. Theo Tinh chit 4.13 cac phép da dung bao toan
tap nghiém, nén nghiém duy nhat 13 (2; —1; 3). Thé lai: 2 —2+3=3,4+1+3=8,6—1
—6=—1.

From (El): x =3 — 2y —z =3+ 2— 3= 2. By Property 4.13 the operations used preserve the
solution set, so the unique solution is (2, —1, 3). Back-substitution: 2 —2 + 3 =3,4+ 1+ 3 =8,
6-1—-6=-1
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Vay (x;y; 2) = (2; —1; 3).
Hence (x,y,z) =(2,—1,3). &

NHAN XET / REMARK — Hé ba phuong trinh bac nhit ba an c6 thé vo nghiém hodc v6 sd
nghiém: khi khtr xong gip 0 = ¢ véi ¢ # 0 thi vo nghiém; gip 0 = 0 thi con mét 4n tu do. Khi
hé c6 tham sd, dimg chia cho biéu thirc chira tham s trudce khi xét trudng hop né bang 0.

A system of three linear equations in three unknowns may have no solution or infinitely many:
reaching 0 = ¢ with ¢ # 0 means no solution, reaching 0 = 0 leaves a free unknown. With a parameter,

do not divide by an expression containing it before treating the case where it equals (.

H¢ giai bang danh gia — Systems solved by estimation

Khi cac phuong trinh cho hai dai lugng lién hé chat, mot bat dang thic ép cac bién bang
nhau. Vi ba sd thue x, y, Z:

When the equations tie two quantities tightly, an inequality forces the variables to be equal. For
three real numbers x, y, z:

x—y)2+(y—2)?2+ (z—x)2=2(x%2+y% + z2) — 2(xy + yz + zX) 4.9)

Néuhé chox +y+z=6vaxy+yz+zx=12thi x>+ y> + 22 = 36 — 24 = 12 va vé phai
ctia (4.9) bang 24 — 24 = 0. Tng ba binh phuong bang 0 nén x =y =z, va 3x = 6 cho x =
y=z=2.

If a system gives x +y +z = 6 and xy + yz + zx = 12 then x> +y*> + 22 = 36 — 24 = 12 and the
right side of (4.9) equals 24 — 24 = 0. A sum of three squares equal to (0 forces x =y = z, and 3x
=6givesx=y=z=2.

LOI HAY GAP / COMMON MISTAKE — Giai hé déi xung loai I ma quén diéu kién S2 >
4P: cap (S; P) tim dugc co thé khong tng vai sé thuc ndo. Vidu S=1,P=1cho X2 — X + 1
=0 vO nghiém thyc.

Solving a type I symmetric system and forgetting the condition S° > 4P: a pair (S, P) found may
correspond to no real numbers. For instance S = 1, P = 1 gives X — X + 1 = 0, which has no real
root.

4.6. Ham don di€u va phwong trinh f(u) = f(v) — Monotone functions and the
equation f(u) = f(»v)

Loép 10 chua c6 dao ham, nén tinh don di€u luén dugc chiing minh truc tiép tor dinh
nghia. Vi nhitng ham quen thudc, phép ching minh chi 1a mot 1an phan tich hi¢u f(v) —
f(u) thanh nhan ttr.

Grade 10 has no derivative, so monotonicity is always proved directly from the definition. For
Sfamiliar functions the proof'is a single factorisation of the difference f(v) — f(u).

PINH NGHIA 4.14 (Ham don diéu) / DEFINITION 4.14 (Monotone function) — Ham
s6 f x4c dinh trén khoang (hodc doan, nira khoang) I goi la déng bién trén I néu véi moi u, v €
I ma u <v thi f(u) < f(v); goi la nghich bién trén I néu u < v kéo theo f(u) > f(v). Pdng bién
hodc nghich bién goi chung 1a don diéu.

A function f defined on an interval I is increasing on I if u < v in I implies f(u) < f(v), it is decreasing
on I ifu <vimplies f(u) > f(v). Increasing or decreasing is called monotone.
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PINH LY 4.15 (Ham don diéu 12 don 4nh) / THEOREM 4.15 (A monotone function is
injective) — Cho f dong bién trén I va u, v € L. Khi d6 f(u) = f(v) khi va chi khi u = v; f(u) <
f(v) khi va chi khi u < v; f(u) < f(v) khi va chi khi u <v. V&i f nghich bién, hai bat dang thirc
sau do6i chiéu.

Let f'be increasing on I and u, v € 1. Then f(u) = f(v) if and only if u = v; flu) < f(v) if and only if u <
v, f(u) <f(v) if and only if u <v. For f decreasing, the last two inequalities reverse.

Chirng minh. / Proof.

Gia st u # v, chang han u < v. Vi f dng bién, f(u) < f(v), nén f(u) # f(v). Vay f(u) = f(v)
chi xdy ra khi u =v; chiéu nguoc lai hién nhién.

Suppose u # v, say u < v. Since fis increasing, f(u) < f(v), so f(u) #f(v). Thus f(u) = f(v) happens
only when u = v, the converse is clear.

Véi bat dang thirc: u < v = f(u) < f(v) theo dinh nghia. Néu f(u) < f(v) ma u > v thi hoic
u = v, cho f(u) = f(v), hoic u > v, cho f(u) > f(v); ca hai déu méau thuin. Vay u < v.
Truong hop < ghép hai két qua trén.

For the inequalities: u < v = f(u) < f(v) by definition. If f(u) < f{(v) but u > v then either u = v,
giving f(u) = f(v), or u > v, giving f(u) > f(v); both are contradictions. So u < v. The case <
combines the two results. R

Pang thirc sau ding cho cac ham liy thira 1¢:
The following identity serves the odd powers:

vi—w=(WvV-u(vi+uv+u?), v2+uv+ui=(v+u/2)?+ 3u?/4 (4.10)

TINH CHAT 4.16 / PROPERTY 4.16 — (a) Tong hai ham ddng bién trén I 1a ham dong
bién trén 1. (b) Hop cua hai ham ddng bién 1a ham ddng bién. (c) Cac ham ¢ va £ + kt (k > 0)
ddng bién trén R, ham Vt ddng bién trén [0; +o0).

(a) The sum of two increasing functions on 1 is increasing on I. (b) The composite of two increasing
functions is increasing. (c) The functions ¢ and £ + kt (k > 0) are increasing on R, and the function \t
is increasing on [0, +x).

Chirng minh. / Proof.

(a), (b) suy ngay tir dinh nghia: néu u < v thi f(u) < f(v) va g(u) < g(v), cong lai; con
g(f(v)) < g(f(v)) vi f(u) < f(v) va g dong bién.

(a), (b) follow from the definition: if u < v then f(u) < f(v) and g(u) < g(v), add them; and g(f(u))
< g(f(v)) because f(u) < f(v) and g is increasing.

(c) Véiu <v, theo (4.10) v> — u® = (v — w)[(v + w/2)> + 3u¥4]. Thira s6 ddu duong; thira
sO sau khong am, va chi bang 0 khi u =0 va v =—u/2 = 0, miu thuan u < v. Vay v* > v’
Ham kt khong giam (k > 0), nén theo (a) tong > + kt dong bién.

(c) Foru <v, by (4.10) v’ — v’ = (v — w[(v + u/2)? + 3u’/4]. The first factor is positive; the
second is non-negative and vanishes only if u = 0 and v = —u/2 = 0, contradicting u < v. So v* >
u’. The function kt is non-decreasing (k > 0), so by (a) the sum £ + kt is increasing.

Véi0<u<v:\v—Vu=(v—u)(\v+u)> 0 theo (4.6).
For0<u<v:\v—~u=—-w/A v+N5u>0 by (4.6). m
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PHAN TiCH / ANALYSIS — V& trai 2x — 1> + (2x — 1) co dang £ + t voit=2x — 1. O vé
phai, (3x — 1)V(3x — 2): ddt v=V(3x — 2) thi 3x — 1 =v>+ 1, nén vé phai la (v> + 1)v =v3 +
v. Hai vé cung dang f(t) = £ + t, ma f dong bién theo Tinh chit 4.16, nén t=v.

The left side (2x — 1)° + (2x — 1) has the form £ + t with t = 2x — 1. On the right, (3x — INGx — 2):
putv =\(3x — 2); then 3x — 1 =V’ + 1, so the right side is (V + 1)v =V’ + v. Both sides have the
form f(t) = £ + t, and fis increasing by Property 4.16, so t = v.

Vi DU 4.12 (f(u) = f(v) voi f ('I("ing bién) / EXAMPLE 4.12 (f(u) = f(v) with f increasing)
— Giai phuong trinh 2x — 1)* + (2x — 1) = (3x — 1)V(3x — 2).
Solve the equation (2x — 1)°> + (2x — 1) = (3x — D\(3x — 2).

Loi giai. / Solution.

Diéu kién: 3x — 2 >0, tirc x > 2/3. Pat v=V(3x —2) > 0, khi d6 3x — 1 = v2 + 1 va vé
phai bang (v> + v =v> +v.

Domain: 3x — 2 >0, that is x > 2/3. Put v =(3x — 2) > 0; then 3x — 1 =V* + 1 and the right
side equals (Vv + 1)v =V +v.

Véi f(t) = t3 + t, phuong trinh 1a f(2x — 1) = f(v). Theo Tinh chit 4.16 f ddng bién trén R,
nén theo Pinh 1y 4.15, 2x — 1 = v ="(3x — 2).

With f(t) = ¢ + t the equation reads f(2x — 1) = f{v). By Property 4.16 f'is increasing on R, so by
Theorem 4.15, 2x — 1 =v = \/(3x - 2).

Theo B6 dé 4.7 (a) phuong trinh nay twong dwong 2x — 1 >0 va (2x — 1) = 3x — 2, tlc x
> 1/2 va 4x* — 7x + 3 = 0. Phuong trinh béc hai c6 nghiém x = 1 va x = 3/4 [vi (4x — 3)(x
—1)=4x*—-7x + 3].

By Lemma 4.7 (a) this equation is equivalent to 2x — 1 >0 and (2x — 1)* = 3x — 2, that is x > 1/2
and 4x*> — 7x + 3 = 0. The quadratic has roots x = 1 and x = 3/4 [because (4x — 3)(x — 1) = 4x°
—7x + 3].

Ca hai thoa x >2/3 (3/4>2/3) vax > 1/2. Kiém trax = 3/4: 2x — 1 = 1/2 vaV(3x — 2) =
N(1/4) = 1/2. Vay tap nghiém 1a {3/4; 1}.

Both satisfy x > 2/3 (since 3/4 > 2/3) and x > 1/2. Check x = 3/4: 2x — 1 = 1/2 and N(3x — 2) =
\/(1/4) = 1/2. Hence the solution set is {3/4, 1}. W

BO DK 4.17 (Hé vong quanh) / LEMMA 4.17 (Cyclic system) — Cho f dong bién trén I va
X,y,z € I thday = f(x), z= f(y), x = f(z). Khi 46 x = y = z, vd mdi gia tri chung 1a nghiém ctia
phuong trinh f(t) = t.

Let f'be increasing on [ and x, y, z €[ with y = f(x), z = f(y), x = f(z). Then x =y = z, and the common
value solves f(t) = t.

Chirng minh. / Proof.

Néu x <y thi theo Pinh 1y 4.15, f(x) < f(y), tiic y < z; tiép tuc f(y) < f(2), tirc z < x. Vay x
<y<z<x,suyrax=y=z.

If x <y then by Theorem 4.15 f(x) <f(v), that is y <z, then f(y) <f(z), thatisz <x. Sox <y <z <
X, which gives x =y = z.
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Néu x > y thi moi bat dang thtrc d6i chiéu va két luan nhu cii. Hai truong hop bao hét cac
kha nang. Khi x =y = z thi y = f(x) tr¢ thanh x = f(x).

If x > y every inequality reverses with the same conclusion. The two cases cover everything.
Whenx =y =z, y = f(x) becomes x = f(x). B

PHAN TICH / ANALYSIS — Ba phuong trinh cting dang va ludn phién: bién sau 1a f cia
bién trude, véi f(t) = (2 + t)/2. Pay chinh 14 ciu trac ciia B dé 4.17. Can kiém tra f ddng bién
(Tinh chét 4.16 vi k = 1, nhan thém 1/2 duong) va giai f(t) =t.

The three equations have the same form and rotate: each variable is f of the previous one, with f(t) =

(£ + 1)/2. This is exactly the structure of Lemma 4.17. We must check that f'is increasing (Property
4.16 with k = 1, multiplied by the positive number 1/2) and solve f(t) = t.

Vi DU 4.13 (Hé vong quanh va ham dong bién) / EXAMPLE 4.13 (Cyclic system with an
increasing function) — Giai hé x3 + x =2y, y> +y =2z, 2> + z=2x trén R.
Solve the system x® +x =2y, y’ +y =2z, 22 + z = 2x over R.

Loi giai. / Solution.

Pit f(t) = (82 + t)/2. Hé 1a y = f(x), z = f(y), x = f(z). Theo Tinh chit 4.16, £ + t déng bién
trén R, nhan véi 1/2 > 0 van déng bién, nén f déng bién trén R.

Put f{t) = (Ff + t)/2. The system reads y = f(x), z = f(y), x = f(z). By Property 4.16, £ + t is
increasing on R, and multiplying by 1/2 > 0 keeps it increasing, so fis increasing on R.

Theo B6 36 4.17, x=y=z=tvoi f(t)=t, thc t +t=2t, hay ? —t=t(t — 1)(t+ 1) =0.
By Lemma 4.17, x =y =z =t with f{t) =t, thatis ? +t=2t,or ¥ —t=t(t— 1)(t + 1) = 0.

Vay t € {—1; 0; 1}. Nguoc lai, mdi bo (t; t; t) v6it € {—1; 0; 1} thda hé vi t* +t = 2t. Hé
c6 ba nghi¢m (—1; —1; —1), (0; 0; 0), (1; 1; 1).

Sot €{—1,0, 1}. Conversely each triple (1, t, t) with t € {—1, 0, 1} satisfies the system because °
+ t = 2t. The system has three solutions (—1, —1, —1), (0, 0,0), (1, 1, 1). &

NHAN XET / REMARK — B0 d¢ 4.17 can f dong bién. Véi f(t) = —t (nghich bién), vong
hai phuong trinh y = —x, X = —y ¢6 moi cap (x; —x) la nghiém, nén khong budc x =y. Vong ba
phuong trinh y = —x, z=—y, x = —z budc x = 0, nhung do s6 1é phép d6i dau chir khéng do
don diéu.

Lemma 4.17 needs f'increasing. With f(t) = —t (decreasing), the two-equation cycley = —x, x = —y
has every pair (x, —x) as a solution, so x =y is not forced. The three-equation cycley = —x, z = =y, x
= —z forces x = 0, but because of the odd number of sign changes, not because of monotonicity.

LOI HAY GAP / COMMON MISTAKE — Tuyén bb ham don diéu ma khong néi trén
khoang nao. Ham 1/t gidm trén (0; +o0) va trén (—oo; 0) nhung khong don di¢u trén R\ {0}:
1/(-1) < 1/1 da —1 < 1. Dung f(u) = f(v) = u = v phai kiém tra u, v cing thuéc mot khoang
don diéu.

Declaring a function monotone without naming the interval. The function 1/t decreases on (0, +o)
and on (=, () but is not monotone on R \{0}: 1/(—1) < 1/1 although —1 < 1. Using f(u) = f(v) = u =
v requires u, v to lie in one interval of monotonicity.
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4.7. Bat phwong trinh vo ti — Irrational inequations

BO DK 4.18 (Bt phwong trinh vé ti co ban) / LEMMA 4.18 (Basic irrational
inequations) — Véi cac biéu thirc A, B: (a) VA < B khi va chi khi A >0, B >0 va A <B2,
(b) VA > B khi va chi khi [B <0 va A > 0] hodc [B >0 va A >B?]. (c) VA > B khi va chi khi
[B<0vaA=>0]hoic[B>0vaA>B?.

For expressions A, B: (a) NA < B if and only if A >0, B> 0 and A < B>. () NA > B if and only if [B <
0 and A>0] or [B>0and A>B]. (c) NA > B if and only if [B < 0 and A > 0] or [B >0 and A > B*].

Chirng minh. / Proof.

(a) VA xéc dinh khi A >0 va VA >0, nén VA < B budc B> 0. Véi A > 0 va B > 0, hai vé
khong am va phép binh phuong giit thir tu trén [0; +00) vi voi 0 <u<vtacd v —u? = (v
—u)(v +u) > 0, nén VA < B tuong dwong A < B,

(a) NA is defined when A > 0 and NA > 0, so NA < B forces B > 0. With A > 0 and B > 0 both

sides are non-negative and squaring preserves order on [0, +o) because for 0 <u < v we have
V== —u)v+u >0 soNA < B is equivalent to A < B>.

(b), (c) Néu B < 0 thi moi gia tri xac dinh ciia VA > 0 > B déu thoa, tirc diéu kién A > 0.
Néu B > 0 thi hai vé khong 4m, binh phuong tuong duong: VA >B & A >B2va VA > B
& A > B2 diéu kién A > 0 da nam trong A > B2> 0.

(b), (c) If B < 0 every value of NA, which is > 0 > B, satisfies it, so only A > 0 is required. If B >
0 both sides are non-negative and squaring is an equivalence: VA>B & A>Band VA > B &
A > B, the condition A > 0 is already contained in A>B>>0. &

PHAN TICH / ANALYSIS — Vé phai x — 1 d6i ddu, nén phai chia hai truong hop theo diu
clia n6 dung nhu B dé 4.18 (b). Khi x — 1 < 0 chi can diéu kién x4c dinh. Khi x — 1 > 0 binh
phuong hai vé duoc va x2 triét tiéu, con lai bit phuong trinh bac nhat.

The right side x — 1 changes sign, so we must split on its sign exactly as in Lemma 4.18 (b). When x —
1 < 0 only the domain condition is needed. When x — 1 > (0 we may square, the X’ terms cancel, and a
linear inequality remains.

Vi DU 4.14 (Xét ddu vé phai) / EXAMPLE 4.14 (Splitting on the sign of the right side)
— Giai bat phuong trinh V(x2 —x — 6) >x — 1.

Solve the inequation N(x*> — x — 6) >x — 1.

Loi giai. / Solution.

Ap dung B6 dé 4.18 (b) voi A =x2—x — 6, B=x — 1. Tam thitc A = (x — 3)(x + 2) ¢0 hai
nghiém —2 va 3, nén A > 0 khi x <—2 hoac x > 3.

Apply Lemma 4.18 (b) with A = x> — x — 6, B =x — 1. The trinomial A = (x — 3)(x + 2) has roots
—2and 3,50 A>0forx<—2orx=>3.

Truong hop 1: x —1<0,ttcx<1,va A>0. Giao véi x < -2 hodc x >3 lax < -2.
Casel:x—1<0,thatisx <1, and A > 0. The intersection withx <—2orx>3isx <—2.

Truong hop 2: x>1vax?—x—6>(x— 1) =x>—2x+ 1, thc x> 7. Giao voi x > 1 la x
>17.
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Case2:x>1andx’ —x— 6> (x — 1) =x? — 2x + 1, that is x > 7. The intersection with x > 1 is
x=7.

Vay tap nghiém la (—oo; —2] U [7; +o0). Kiém tra ddu mat: x = 7 cho V36 =6 =7 — 1,
dung voi du bang.

Hence the solution set is (—o, —2] U [7, +x). Endpoint check: x = 7 gives N36=6=7-1,
equality holds. &

NHAN XET / REMARK — V& hinh hoc: v6i x < -2 dudng thing y = x — 1 nam duéi truc
hoanh, con dudng cong y = V(x* — x — 6) khong 4m, nén dudng cong nam trén. Véi x > 7
dudng cong lai nam trén duong thing, hai dudng cit nhau dung tai x = 7. Trén [3; 7), noi
duong cong xac dinh, dudng thiang nam trén dudng cong.

Geometrically: for x <—2 the line y = x — 1 lies below the x-axis while the curve y = (x> — x — 6) is
non-negative, so the curve is above. For x > 7 the curve is again above the line, and they meet exactly
atx = 7. On the part of (=2, 7) where the curve is defined, namely [3, 7), the line is above the curve.

PHAI THUQC / MEMORISE — VA <B: cin A >0, B> 0, A < B2. YA > B: hai truong
hop theo diu B; B < 0 chi can A > 0.
A < B: need A >0, B> 0, A < B>. NA > B: two cases by the sign of B; for B < 0 only A > 0 is needed.

4.8. Bang chién lwgc — Strategy table

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

L : Nang liiy thira v6i didu kién B >
Vé phai ciia VA = B c6 thé dm ang Iy thira v6i dicu kién B = 0

. Bo dé 4. Vidu4.3
The right side of NA = B may be (B6 de4.7) . )

. Square under the condition B > () Example 4.3
negative

(Lemma 4.7)

Cung mot cum x° + 5x xuat hién
trong va ngoai can Dit t bang can, giir t > 0 Vidu4.4
The same group x° + 5x occurs Let t be the root, keep t > 0 Example 4.4

inside and outside the root

Doan dugc nghiém; hiéu hai biéu  Nhan lién hop, tach x — 1, danh gia

thirc trong cin chia hét chox — 1 thira s6 con lai Vidu4.5
A root can be guessed, the difference = Conjugate, extract x — 1, estimate the Example 4.5
of radicands is divisible by x — 1 remaining factor

Tdng hai cin c6 tong biéu thirc
trong can 1a hing sd; vé phai la
tam thirc

Two roots whose radicands add to a

Chin hai vé, diu bang dong thoi Vidu 4.6

Bound both sides, simultaneous equality = Example 4.6

constant; right side a quadratic
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Déu hiéu trong dé Cong cu nén thir Vidu

Sign in the problem Tool to try Example

N O SN Chia x?, djt t = x + 1/x, kiém tra [t >
H¢ so doi xtng tir hai dau : 1t

2 Vidu4.7
C jent. tri both .
e:;{ﬁae” s oymmetric jrom bo Divide by ¥, putt =x + 1/x, check that Example 4.7
lt| =2

He¢ khong d6i khi doi x véi y

System unchanged when x and y are

S=x+vy,P=xy,diéukién S>>4P  Vidu4s8

S =x +y, P =xy, condition S’ > 4P Example 4.8
swapped
Hai phuong trinh d6i chd cho
nhau khi d6i x va y Trir vé, nhan tirx —y Vidu 4.9
The two equations exchange when x  Subtract, factor x — y Example 4.9
and y are swapped
Mot phuong trinh thuan nhét bac
hai Phan tich nhan tu, dat x = ky Vidu4.10
One homogeneous quadratic Factor, put x = ky Example 4.10

equation

Hai vé cung dang f(u) va f(v) véi  u=v (Pinh Iy 4.15), rdi giai va thir

f ddng bién lai Vidu4.12
Both sides of the form f(u) and f(v) u =v (Theorem 4.15), then solve and Example 4.12
with fincreasing check

Hé vong quanh y = f(x), z = f(y),

x = f(z) X =y =z, giai f(t) =t (B d¢ 4.17) Vidu4.13
Cyclic systemy = f(x), z = f(y), x = x =y =z solvef(t) =t (Lemma 4.17) Example 4.13
1@

Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

ax’+bx+cvdiaz0

Tam thirc bac hai Quadratic trinomial @ + b + ¢ with a4 0
n o A =b? — 4ac, quyét dinh s6 nghiém
Biét thg D t ’ : ;
ict thue iseriminan A = b? — 4ac, decides the number of roots
Parabol Parabola Do thi cua tam thirc bgc hai
The graph of a quadratic
Binh Vertex biém cuec tri (.—b/(2a); —A/(4a))
The extreme point (—b/(2a), —4/(4a))
- . Puong thang x = —b/(2a)
T A f t
ruc doi xing xis of symmetry The line x = —b/(2a)
Nghiem kep Double root Nghiém cuia da thirc xuat hién hai lan

A root counted twice
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Tdng va tich nghiém theo hé s6

DPinh ly Viéte Viéte's theorem . . .
iy Sum and product of roots from the coefficients
A A g . .\ Tap x dé moi biéu thirc c6 nghia
biéu kién xac dinh Domain of definition 4P o & o .
The set of x where every expression is defined
- o Nghiém sinh ra khi bién d6i, khong thoa dé
Nghiém ngoati lai Extraneous root Shie . S
A root created by a step that fails the original
A : Moi nghiém cua dé déu 1a nghiém cia no
Phuong trinh h¢ qua Consequence equation AL ghie

Every root of the original is a root of it

Phuong trinh twong Cung tap nghiém vai dé

Equivalent equation

duong Same solution set as the original
. VA + B 1 lién hop cua VA — VB
Biéu thue lién h Conjugate expression i ,
P Jug P N4 + \B is the conjugate of NA — \B
P .- Bié 51 th ot iéu thu
An phu Auxiliary unknown en m(n. ay mo cym bicu e
A new variable replacing a group of terms
o , , Hé s6 déi ximg tir hai dau
Phuong trinh hoi quy Reciprocal equation C £ _
Coefficients symmetric from both ends
ke ) Symmetric system of Khong d6i khi hoan vi x va
H¢ doi xung loai 1 y Y g : y
type I Unchanged when x and y are swapped

Hai phuong trinh d6i chd khi hoan vi

Symmetric system of .
The two equations swap when x and y are

He¢ ddi ximg loai 1T

type II
ype swapped
C6 phuong trinh gdm cac hang tir ciing bac
H¢ dang cap Homogeneous system An equation whose terms all have the same
degree
Bién dbi so cap dé khir dan an
Phép khir Gauss Gaussian elimination Elementary operations that eliminate unknowns
step by step
N X . . u <v kéo theo f(u) < f(v
Ham dong bien Increasing function R (u) . )
u < vimplies f(u) < f(v)
. ik . . u <v kéo theo f(u) > f(v
Ham nghich bién Decreasing function o (u) , )
u <vimplies f(u) > f(v)
. : Mbi bién la ham ciia bién lién truée
H¢ vong quanh Cyclic system _ A . _
Each variable is a function of the previous one
Bét phuong trinh ¢6 an duéi diu can
Bat phuong trinh vo ti Irrational inequation An inequation with the unknown under a root

sign
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4.9. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi cfip tinh — Level 1 — Provincial olympiad

Bai 4.1 / Problem 4.1 — Cho phuong trinh x> — (m + 1)x + m — 2 = 0 v6i nghiém xi, x2. Tim
m dé x;2 +x2? = 10.
Consider x* — (m + 1)x + m — 2 = 0 with roots x, x2. Find m such that x;* + x> = 10.

Bai 4.2 / Problem 4.2 — Giai bt phuong trinh V(x + 7) — V(x — 1) < 2.
Solve the inequation \(x + 7) —N(x — 1) < 2.

Bai 4.3 / Problem 4.3 — Giai phuong trinh (x + 1)(x + 2)(x + 4)(x + 5) = 40.
Solve the equation (x + 1)(x + 2)(x + 4)(x + 5) = 40.

Bai 4.4 / Problem 4.4 — Giai phuong trinh (x —2)* +2(x —2) = (2x — 1)\/(2X —3).
Solve the equation (x — 2)* + 2(x — 2) = (2x — I)N(2x — 3).

Mikc 2 — Hoc sinh gi6i quéc gia — Level 2 — National olympiad

Bai 4.5 / Problem 4.5 — Tim tt ca gia tri m dé hé x + y + xy = 5, xy(x + y) = m c6 nghiém
thye (x; y).
Find all m for which the system x +y + xy = 5, xy(x + y) = m has a real solution (x, y).

Bai 4.6 / Problem 4.6 — Tim m dé phuong trinh x* + x> — mx? + x + 1 = 0 ¢6 nghiém thyc.
Find m such that x* + x> — mx* + x + 1 = 0 has a real root.

Bai 4.7 / Problem 4.7 — Giai hé x + y + z= 12, xy + yz + zx = 48 trén R.
Solve the system x +y +z =12, xy + yz + zx = 48 over R.

Bai 4.8 / Problem 4.8 — Bién luan theo m s nghiémciahé x+y+z=3,x+2y+4z=7,x
+3y+mz=9.
Discuss, according to m, the solutions of x +y +z=3,x+2y +4z=7x+ 3y + mz= 9.

Mikc 3 — Olympic quoc té — Level 3 — International olympiad

Bai 4.9 / Problem 4.9 — Giai phuong trinh V(x + 3 — 4V(x — 1)) + V(x + 8 — 6\(x — 1)) = 1.
Solve the equation \/(x +3 - 4\/(x -1))+ \/(X +8 - 6\/()5 -1)=1

Bai 4.10 / Problem 4.10 — Tim m dé hé x> + y> =2 + 2m, (x + y)? = 4 ¢ ding hai nghiém
thye (x; y).
Find m such that the system x* +y° = 2 + 2m, (x + y)? = 4 has exactly two real solutions (x, ).

Bai 4.11 / Problem 4.11 — Tim m dé x> — 2mx + m + 2 > 0 véi moi x € [1; 3].
Find m such that x> = 2mx + m + 2 >0 for all x €[1, 3].

Bai 4.12 / Problem 4.12 — Cho f(x) = x2 — m. Tim m dé phuong trinh f(f(x)) = x c6 dung
bbn nghiém thuc phan biét, va voi cac m d6 tinh tong binh phuong bon nghiém theo m.

Let f(x) = x> — m. Find m such that the equation f{f(x)) = x has exactly four distinct real roots, and for
those m compute the sum of the squares of the four roots in terms of m.
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4.10. Loi giai bai tu luyén — Solutions to practice problems

Bai 4.1 — Problem 4.1

Biétthtc A=(m+ 1> —4(m —2)=m? —2m + 9 = (m — 1)> + 8 > 0 vdi moi m, nén
phuong trinh ludn c6 hai nghiém phan biét.

The discriminant A = (m + 1> —4(m — 2) =m? = 2m + 9 = (m — 1)°> + 8 > 0 for every m, so
there are always two distinct roots.

Theo Viéte S=x;1 + xo=m+ 1 va P =x1x2 =m — 2. Theo (4.3):

By Viete S=x; +x2=m+ land P =x;x2=m — 2. By (4.3):

xi2+x2=S2—2P=(m+1)2—2(m—2)=m2+5

Diéu kién m? + 5 = 10 cho m? = 5. Vay m = V5 hodc m = —5.
The condition m> + 5 = 10 gives m*> = 5. Hencem =5 orm = —5.

Bai 4.2 — Problem 4.2

Piéu kién xac dinh: x > 1. Pat T =(x + 7) + V(x — 1) > 0. Theo (4.6), V(x + 7) — V(x —
1)=8/T.

Domain: x>1. Put T=~(x+7) +N(x — 1) > 0. By (4.6), N\(x + 7) = (x — 1) = 8/T.

Bét phuong trinh twong duwong 8/T <2, tirc T >4 (vi T > 0).
The inequation is equivalent to 8/T < 2, that is T > 4 (because T > 0)).

Ham g(x) = V(x + 7) + V(x — 1) dong bién trén [1; +o0) theo Tinh chit 4.16 (a), (b), (c). Vi
g(2) =3+ 1 =4, theo Dinh 1y 4.15 ta c6 g(x) > 4 khi va chi khi x > 2.

The function g(x) = Nx +7) + NG — 1) is increasing on [1, +x) by Property 4.16 (a), (b), (c).
Since g(2) = 3 + 1 =4, Theorem 4.15 gives g(x) > 4 if and only if x > 2.

Vay tap nghiém la (2; +o0). Kiém tra x = 3: V10 — V2 nhé hon 2, con tai x = 2 vé trai béng
2, khong thoa bat dang thuc chat.

Hence the solution set is (2, +»). Check x = 3: N10 — N2 is less than 2, while at x = 2 the left
side equals 2, which fails the strict inequality. W

Bai 4.3 — Problem 4.3

Ghép x + D(x +35)=x>+6x+5va(x+2)(x+4)=x>+6x+8. bity = x%+ 6x,
phuong trinh thanh (y + 5)(y + 8) = 40, tirc y> + 13y = 0, hay y(y + 13) = 0.

Pair (x + )(x +5) =x> + 6x + 5and (x + 2)(x + 4) =x*> + 6x + 8. Puty = x’ + 6x, the equation
becomes (v + 5)(v + 8) = 40, that is y> + 13y = 0, or y(y + 13) = 0.

Véiy=0:x2+6x=0,x=0hodcx=-6.VGiy=—13: x>+ 6x+ 13 =(x+3)>+4>0
nén vo nghiém thyc.

Fory=0:x>+6x=0,x=00rx=—6. Fory=—13:x>+6x+ 13 =(x + 3)° + 4> 0, so there
is no real solution.

Kiém tra: x = 0 cho 1-2:4-5 = 40; x = —6 cho (=5)(—4)(-2)(—1) = 40. Vay tap nghiém la
{0; —6}.
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Check: x = 0 gives 1-:2-4-5 = 40; x = —6 gives (—5)(—4)(—2)(—1) = 40. Hence the solution set is
{0, —6}. &

Bai 4.4 — Problem 4.4

Diéu kién: x > 3/2. Pt v = V(2x — 3) > 0, khi 6 2x — 1 = v? + 2 va vé phai bang (v> +
2)v =v>+2v.

Domain: x > 3/2. Put v =(2x — 3) > 0; then 2x — 1 =v* + 2 and the right side equals (v’ + 2)v
=+ 2.

Véi f(t) = 2 + 2t d6ng bién trén R (Tinh chét 4.16 (c), k = 2), phuong trinh 1a f(x — 2) =
f(v), nén x — 2 = v theo Dinh 1y 4.15.

With f(t) = £ + 2t increasing on R (Property 4.16 (c), k = 2), the equation is f(x — 2) = f{v), so x
— 2 =v by Theorem 4.15.

Theo B6 & 4.7 (a): x —2>0va (x —2)?=2x — 3, tc x > 2 va x> — 6x + 7 = 0, nghiém x
=342,

By Lemma 4.7 (a): x — 2> 0and (x — 2)° = 2x — 3, that is x > 2 and x* — 6x + 7 = 0, with roots
x=3+\2.

Nghiém 3 — V2 < 2 bi loai, nghiém 3 + V2 > 2 thoa. Kiém tra: x —2=1+12va2x - 3 =
3+ 22 = (1 + V2)2. Vay phuong trinh c6 nghiém duy nhét x = 3 + 2.

The root 3 — N2 < 2 is rejected, while 3 + N2 > 2 passes. Check: x — 2 =1+ N2 and 2x — 3 =3
+ 2\2 = (1 +N2)2. Hence the equation has the single root x =3 + 2. ™

Bai 4.5 — Problem 4.5

bat S=x +y, P =xy. Hé thanh S + P = 5 va SP = m. Theo Dinh 1y 4.11, h¢ c6 nghi¢m
thuc khi va chi khi ¢6 (S; P) thoa hai phuong trinh d6 cuing S? > 4P.

Put S =x +y, P=xy. The system becomes S + P =5 and SP = m. By Theorem 4.11 it has a real
solution if and only if some (S, P) satisfies both equations together with S° > 4P.

TeP=5-S:m=S(5—-S)=25/4—(S—5/2)? va diéu kién S? > 4(5 — S), tlrc S*> + 4S —
20 > 0. Tam thirc ndy c6 nghiém S = —2 + 26, nén diéu kién 12 S < -2 — 276 hodc S > so
v6i so = =2 + 2V6.

FromP=5—S-m=S8(5-58)=25/4— (S~ 5/2)°, and the condition S° > 4(5 — S) means S* +
4S — 20 > 0. This trinomial has roots S = —2 + 2\6, so the condition is S < —2 — 2\6 or S > sq,
where sg = —2 + 2\6.

Vi so > 5/2 (do 26 > 4,5), ham m(S) giam lién tuc trén [so; +oo) va khong bi chan dudi,
nén nhan moi gia tri trong (—oo; m(so)]. Tinh m(so) = 5s0 — s> = (10 + 10V6) — (28 —
8V6) = 18V6 — 38.

Since so > 5/2 (as 26 > 4.5), the function m(S) decreases continuously on [so, +x) and is
unbounded below, so it takes every value in (—o, m(sg)]. Compute m(sg) = 550 — s’ = (—10 +
10N6) — (28 — 8V6) = 186 — 38.

Nhéanh S < -2 — 26 cho m(S) < m(-2 — 2V6) = —38 — 18V6 < 0, di ndm trong khoang
trén. Vay hé c6 nghiém thuc khi va chi khi m < 18V6 — 38,
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The branch S < —2 — 2\6 gives m(S) < m(—2 — 2N6) = =38 — 186 < 0, already inside that
range. Hence the system has a real solution if and only if m < 186 — 38. m

Bai 4.6 — Problem 4.6

Caché sd 1, 1, —m, 1, 1 ddi xtg. Theo Pinh 1y 4.10 véia =1, b= 1, ¢ = —m, phuong
trinh c6 nghiém thuc khi va chi khi t? +t —m — 2 = 0 ¢6 nghiém t voi [t] > 2, tire m = g(t)
voig(t) =t2 +t—2.

The coefficients 1, 1, —m, 1, 1 are symmetric. By Theorem 4.10 with a = 1, b = 1, ¢ = —m, the
equation has a real root if and only if ¥ +t — m — 2 = 0 has a root t with |t| > 2, that is m = g(t)
withg(t) = +t— 2.

Véit>2: g(t) = (t + 1/2)* — 9/4 tang lién tuc, g(2) = 4, khong bi chin trén, nén nhan moi
gia tri trong [4; +o0).

Fort>2:g(t) = (t + 1/2)> — 9/4 increases continuously, g(2) = 4, and is unbounded above, so it
takes every value in [4, +x).

Voit<—2:t+ 1/2 <—-3/2 nén g(t) giam khi t tang, g(—2) = 0 va g(t) khong bi chdn trén
khi t gidm, nén nhan moi gia tri trong [0; +o0).

Fort<—=2:t+ 1/2 <-3/2, so g(t) decreases as t increases, g(—2) = 0 and g(t) is unbounded
above as t decreases, so it takes every value in [0, +x).

Hop hai tap 14 [0; +o0). VAy phuong trinh ¢6 nghiém thyc khi va chi khi m > 0. Kiém tra
m=0:x=—-1chol—-1+(-1)+1=0.

The union of the two sets is [0, +o). Hence the equation has a real root if and only if m > 0.
Checkm=0:x=—1gives] —1—1+1=0. &

Bai 4.7 — Problem 4.7

Binh phuong tong: x? + y? + 22 = 122 — 2-48 = 48.

Squaring the sum: x* +y? + 22 = [2? — 2-48 = 48.

Theo (4.9): (x — y)* + (y — z)* + (z — x)* = 2-48 — 2-48 = 0. Tong ba s6 khong am bang 0
nén ca ba bang 0, thic x =y = z.

By (4.9): (x—y)P + @ —z)P+ (z—x)? =248 — 2-48 = 0. A sum of three non-negative numbers
equal to 0 means all three vanish, that isx =y = z.
Tux+y+z=12suyra3x=12vix=y=z=4 Kiémtra:4+4+4=12va 16+ 16 +
16 = 48. Vay nghiém duy nhat 13 (4; 4; 4).
Fromx+y+z=12weget3x=12andx =y =z=4. Check: 4 +4+4=12and 16 + 16 + 16
= 48. Hence the unique solution is (4, 4, 4). &

Bai 4.8 — Problem 4.8

Ky hiéu ba phuong trinh 1a (E1), (E2), (E3). (E2) — (E1) cho y + 3z = 4. (E3) — (E1) cho
2y +(m—1)z=6.

Call the equations (El), (E2), (E3). (E2) — (El) gives y + 3z = 4. (E3) — (El) gives 2y + (m —
1)z =6.

Lay2y+(m-—1)z=6trrdihailiny +3z=4: (m— 1 — 6)z=6 — 8, trc (m — 7)z = —2.
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Subtracting twice y + 3z =4 from 2y + (m — 1)z =6: (m — 1 — 6)z = 6 — &8, thatis (m — 7)z =
—-2.
Néum =7 thi 0-z=-2, v6 1y: hé v6 nghiém.

If m = 7 then 0z = —2, absurd: the system has no solution.

Néum7é7thiz=2/(7—m);y=4—3z=(22—4m)/(7—m);x=3—y—z=(m—3)/(7—
m). Theo Tinh chét 4.13 cac phép khtr bao toan tip nghiém, nén ddy la nghiém duy nhét.
Ifm#7thenz=2/(7—-—m);y=4—-3z2=022—4m)/(7 —m); x =3 —y—z=(m—3)/(7— m).
By Property 4.13 the elimination steps preserve the solution set, so this is the unique solution.
Kiém tra véi m = 0: (x; y; z) = (—3/7; 22/7; 2/T) chox + y + z =3, x + 2y + 4z = (-3 + 44
+8)/7=17,x+ 3y = (-3 + 66)/7=9. Vay hé v nghiém khi m = 7 va c6 nghiém duy nhat
khim#7.

Check withm = 0: (x, y, z) = (=3/7, 22/7, 2/7) givesx + y +z =3, x + 2y + 4z = (=3 + 44 +
8)/7 =7, x+ 3y =(=3+ 66)/7 =9. Hence the system has no solution for m = 7 and a unique
solution form+7. A

Bai 4.9 — Problem 4.9

Diéu kién x > 1. Pat t = V(x — 1) > 0, khi d6 x = t> + 1. Biéu thtrc trong can thir nhit: x +
3 —4t=1>—4t+4 = (t — 2)% Trong can thir hai: x + 8 — 6t =t> — 6t + 9 = (t — 3)%.
Domainx > 1. Putt =\(x— 1) >0, sox = + 1. The first radicand: x + 3 — 4t = — 4t + 4 =
(t — 2)°. The second: x +8 — 6t =1 — 6t + 9 = (t — 3)°.

Vi V(u?) = |u], phuong trinh thanh |t — 2| + |t — 3| = 1.

Since N(u?) = |u|, the equation becomes |t — 2| + |t — 3| = 1.

Theo bat dang thirc tam gic, [t — 2| + |3 — t| > |(t — 2) + (3 — t)| = 1, d4u bang khi va chi
khi (t — 2) va (3 — t) cing dau hodc mot sb bang 0, tic (t — 2)(3 —t) >0, hay 2 <t < 3.

By the triangle inequality, [t — 2| + |3 — t| > |(t — 2) + (3 — t)| = 1, with equality if and only if't
— 2 and 3 — t have the same sign or one of them is 0, thatis (t —2)(3 —t) >0, or 2 <t < 3.
Vay 2 <Vx—-1)<3,ttc4<x—1<9, hay 5<x < 10. Kiém tra x = 7: t = \6; & day t
nam gita 2 va 3, vé trai 1a (t — 2) hodc (2 — t) tuy dau: N6 — 2| + [N6 — 3| = (N6 — 2) + (3 —
\6) = 1. Vay tap nghiém 1a [5; 10].

Hence 2 <~\N(x— 1) <3, thatis 4 <x — 1<9, or 5 <x < 10. Check x = 7: t = \6 lies between 2
and 3, and N6 — 2| + N6 — 3| = N6 — 2) + (3 — N6) = 1. Hence the solution set is [5, 10]. ®

Bai 4.10 — Problem 4.10

Phuong trinh thir hai cho S = x +y =2 hoac S = —2. bt P = xy; theo (4.3) phuong trinh
ther nhat 14 S2 — 2P =2 + 2m, tirc 4 — 2P =2 + 2m, vay P =1 —m voi cd hai gia tri cua S.
The second equation gives S =x +y =2 or S = —2. Put P = xy; by (4.3) the first equation reads
S§?—2P =2+ 2m, thatis 4 — 2P = 2 + 2m, so P = 1 — m for both values of'S.

Theo Dinh Iy 4.11, mdi S cho nghiém thyc khi va chi khi S? > 4P, trc 4 > 4(1 — m), hay
m > 0.

By Theorem 4.11 each S gives real solutions if and only if S* > 4P, that is 4 > 4(1 — m), or m > 0.
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Néu m < 0: hé vo nghiém. Néu m > 0: S2> 4P, v6i mdi S hai nghiém X khac nhau nén c6
hai cap (x; y), (y; x) khéac nhau; téng cong 4 nghiém. Néum=0:P=1,S2=4Pnénx = y
=S/2,ra(1; 1) va (—1; —1): dang 2 nghiém.

If m < 0: no solution. If m > 0: §* > 4P, for each S the two values X are distinct, giving two
different pairs (x, y), (v, x); four solutions in all. If m = 0: P =1, 8 = 4P, so x =y = 5/2, giving
(1, 1) and (—1, —1): exactly 2 solutions.

Vay h¢ c6 dung hai nghiém khi va chi khi m = 0.

Hence the system has exactly two solutions if and only if m = (0. R

Bai 4.11 — Problem 4.11

Bit ding thirc trong dwong m(2x — 1) <x2+ 2. V&i x € [1; 3], 2x — 1 > 1 > 0, nén nd
twong duong m < h(x), h(x) = (x> + 2)/(2x — 1).

The inequality is equivalent to m(2x — 1) <x’> + 2. For x € [1, 3], 2x — 1 > 1 > 0, so it is
equivalent to m < h(x), where h(x) = (x> + 2)/(2x — 1).

Ta c6 h(x) > 2 khi va chi khi x2 + 2 > 4x — 2, tirc (x — 2)>> 0, luén dung, ddu bang tai x =
2 €[1; 3]. Vay gia tri nhd nhét cta h trén [1;3]1a2.

We have h(x) > 2 if and only if x> + 2 > 4x — 2, that is (x — 2)° > 0, which always holds, with
equality at x = 2 € [1, 3]. So the minimum of h on [1, 3] is 2.

Bat dang thirc m < h(x) ding véi moi x € [1; 3] khi va chi khi m khong vuot qua gia tri
nho nhit d6: m<2. Kiémtram=2:x2—4x+4=(x—2)?>0. Vay m < 2.

The inequality m < h(x) holds for all x € [1, 3] if and only if m does not exceed that minimum. m
<2.Checkm=2:x>—4x+4=(x—2)°>0. Hencem<2. &

Bai 4.12 — Problem 4.12
Ta c6 f(f(x)) — x = (x? = m)?> — m — x. Nghiém cua f(x) = x, tirc x> — x — m = 0, duong
nhién 14 nghiém. Chia da thirc, ta kiém tra phan tich:

We have f(f(x)) — x = (x> — m)’ — m — x. Roots of f(x) = x, that is x> — x — m = 0, are certainly
roots. Dividing, we check the factorisation:

x2—m)2-m-x=x2-x—m)x%+x+1—m)

Khai trién vé phai: x* + x* + (1 —m)x> — x> = x* = (1 = m)x — mx? — mx — m(1 — m) = x*
— 2mx? — x + m? — m, trang vGi ve trai.
2

Expanding the right side: x* + x* + (1 — m)x* — x3 — x> — (I — m)x — mx’ — mx — m(l —m) = x*

— 2mx? — x + m? — m, which equals the left side.

Tamthic A=x>—x—mcOAxr=1+4m;tamthtc B=x>+x+1-mco Ag=1—-4(1 —
m) = 4m — 3. Theo DPinh ly 4.3, A c6 hai nghi€ém phan biét khi m > —1/4 va B c6 hai
nghiém phan biét khi m > 3/4.

The trinomial A = x> —x —mhas A4 =1+ 4m; B=x> +x+ 1 —mhas Ag =1 — 4(1 — m) = 4m
— 3. By Theorem 4.3, A has two distinct roots when m > —1/4 and B has two distinct roots when
m > 3/4.
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Nghiém chung cia A vaBthtaA-B=(x>-x-m)—-(x*+x+1-m)=-2x—-1=0,
nén x = —1/2; thé vao A: 1/4 + 1/2 — m = 0, thc m = 3/4. Vay véi m > 3/4 hai tam thtc
khong c6 nghiém chung va bon nghiém d6i mot khac nhau.

A common root satisfies A— B =(x’—x—m)— (x> +x+1-m)=-2x—1=0,s0x=—1/2;
substituting into A: 1/4 + 1/2 — m = 0, that is m = 3/4. So for m > 3/4 the two trinomials share
no root and the four roots are pairwise distinct.

Véim<3/4:néu—1/4<m<3/4thiAco?2 nghiém, B v6 nghiém, duogc 2 nghiém; néum
< —1/4 thi chi con nhiéu nhat 1 nghiém. V&i m = 3/4 cac nghiém 1a 3/2 va —1/2 (cta A)
cung —1/2 kép (cua B), tirc 2 nghi¢m phan bigét.

Form <3/4: if —1/4 < m < 3/4 then A has 2 roots and B none, giving 2 roots; if m < —1/4 at

most 1 root remains. For m = 3/4 the roots are 3/2 and —1/2 (from A) and —1/2 double (from B),
that is 2 distinct roots.

Vay phuong trinh c¢6 ding bén nghiém thuc phan biét khi va chi khi m > 3/4.

Hence the equation has exactly four distinct real roots if and only if m > 3/4.

Téng binh phuong: theo Viéte va (4.3), hai nghiém cia A c6 téng 1, tich —m nén tong
binh phuong 1 + 2m; hai nghiém ciia B ¢6 tong —1, tich 1 — m nén tong binh phuong 1 —
2(1 =m)=2m — 1. Cong lai: 4m.

Sum of squares: by Viete and (4.3), the roots of A have sum 1 and product —m, so sum of squares

1 + 2m; the roots of B have sum —1 and product 1 — m, so sum of squares 1 — 2(1 —m) = 2m —
1. Adding: 4m.

Kiémtram=1: A=x>—x—1vaB=x%+x, nghiém (1 + V5)/2, 0, —1; tong binh phwong
B+V5)2+(3-V5)2+0+1=4=4m.

Checkm =1: A =x>—x— 1 and B = x* + x, with roots (1 + \/5)/2, 0, —1; sum of squares (3 +
N5)2+(3-N52+0+1=4=4m. m
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Chuong 5. Phwong trinh ham, da thirc va diy s6 — Crhaprer 5.

Functional equations, polynomials and sequences

Muc tiéu chwong — Chapter objectives

« Giai phuong trinh ham bang phép thé, don anh — toan anh, diém bat dong va ham cong
tinh Cauchy, ludn kém budc thir lai.
Solve functional equations by substitution, injectivity and surjectivity, fixed points and
Cauchy's additive equation, always with a final check.

« Dung phép chia da thirc, dinh 1y Bézout, cong thic Viéte va ndi suy Lagrange dé xu 1y
nghiém va gia tri cua da thuc.
Use polynomial division, Bézout's theorem, Vieta's formulas and Lagrange interpolation to
handle roots and values of polynomials.

« Khai thac tinh chét (a — b) | P(a) — P(b) cua da thtrc hé s6 nguyén dé chtirng minh bai
sO hoc.
Use the property (a — b) | P(a) — P(b) of integer polynomials to prove number-theoretic
Statements.

« Tim s6 hang tong quat cta diy truy hdi tuyén tinh cip 1, cip 2 va nhén ra ddy tuan
hoan.

Find the general term of first- and second-order linear recurrences and recognise periodic
sequences.

« Tinh tong bang sai phan va chimg minh tinh nguyén cta day bang bat bién.
Evaluate sums by telescoping and prove integrality of sequences with invariants.

5.1. Phwong trinh ham va nguyén tic hai pha — Functional equations and the two-
phase principle

PINH NGHIA 5.1 (Phwong trinh ham) / DEFINITION 5.1 (Functional equation) —
Phuong trinh ham 13 hé thtrc chira ham chua biét f, trong d6 f xuat hién tai nhiing diém phu
thudc vao cac bién, va hé thic phai ding v&i moi gia tri cua bién trong mién cho trude. Giai
phuong trinh ham 13 tim moi ham f: R — R (hodc trén mién khac néu trong d&) thoa hé thuc;
moi ham nhu vay goi 1a mot nghiém ham.

A functional equation is a relation involving an unknown function f, evaluated at points that depend
on the variables, which must hold for all values of the variables in a given domain. To solve it is to
find every function f: R — R (or on another domain stated in the problem) satisfying the relation;
each such function is a solution.

TINH CHAT 5.2 / PROPERTY 5.2 — Nguyén tic hai pha. Pha thir nhat (diéu kién can):
gia sir f thoa dé, dung cac phép thé dé suy ra dang cua f. Pha thir hai (diéu kién du): thé dang
tim duogc vao dé va kiém tra hé thirc dung v6i moi gia tri bién. Thiéu pha thir hai thi 101 giai
chwra hoan chinh, vi cac phép thé chi khai thac mot phan cua hé thic.

Two-phase principle. Phase one (necessary condition): assume f satisfies the equation and use
substitutions to deduce its form. Phase two (sufficiency): substitute the form found into the equation
and check that it holds for all values of the variables. Without phase two the solution is incomplete,

because substitutions use only part of the relation.
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Céc phép thé thudng dung, theo thir ty nén thir:
Substitutions that are usually worth trying, in this order:

- Pat mot bién bang 0 hodc 1 dé tinh f(0), f(1) hodc dua hé thic vé mot bién.
Set a variable equal to 0 or 1 to find f(0), f(1) or to reduce the relation to one variable.

« Pat hai bién bang nhau (y = x) hoic ddi nhau (y = —x).
Set two variables equal (v = x) or opposite (v = —x).

« Hoan ddi vai tro hai bién; néu vé trai d6i ximg ma vé phai khong ddi xtng thi so sanh
hai dang ctia vé phai.
Swap the roles of two variables; if the left side is symmetric and the right is not, compare the
two forms of the right side.

« Thay bién bang mét biéu thtrc 1am ldp lai hé thirc (x thanh 1 — x, hay y thanh f(y)).
Replace a variable by an expression that makes the relation recur (x by 1 — x, ory by f(y)).
* V&i mién Z hodc Z+, datn=1 dé 1ap quan h¢ gitra f(m + 1) va f(m), 1oi quy nap.
On Z orZ°, set n = 1 to relate f(m + 1) to f(m), then use induction.

Vi DU 5.1 (Thé mét bién bang 0) / EXAMPLE 5.1 (Setting a variable to 0) — Tim moi
ham f: R — R théa f(x +y) = f(x) + y(2x + y + 3) v&i moi sb thyc x, y.
Find all functions f- R — R such that f(x +y) = f(x) + y(2x + y + 3) for all real x, y.

Loi giai. / Solution.
1. Bat x = 0: f(y) = f(0) + y(y + 3) v6i moi y. Goi ¢ = f(0), ta c6 f(y) = y*> + 3y +c.
Putx = 0: f{y) =f(0) + y(y + 3) for all y. Writing ¢ = f{0), we get f{y) =y* + 3y + c.
2. Thir lai voi fi(x) = x2 + 3x + ¢. Vé trai bang (x + y)2 + 3(x +y) + c =x2 + 2xy + y2 +
3x + 3y + ¢. Vé phai bang x2 + 3x + ¢ + 2xy + y? + 3y. Hai vé bang nhau véi moi x,
y.
Check f(x) = x* + 3x + c. The left side is (x +y)? + 3(x +y) +c=x7 +2xp + )7 + 3x + 3y +
c. The right side is x* + 3x + ¢ + 2xy +)? + 3y. The two sides agree for all x, y.
Vay cac nghiém 1a f(x) = x2 + 3x + ¢, v6i ¢ 12 hang s6 thuc tuy ¥.

Hence the solutions are f{x) = x° + 3x + ¢, where c is an arbitrary real constant. ®

PHAN TICH / ANALYSIS — Hé thirc ndi f(x) véi f(1 — x). Phép ddi x thanh 1 — x dua f(1
— x) vé f(x) va nguoc lai, nén néu viét hé thirc mot 1an nita sau phép ddi ta c6 hai phuong
trinh v6i dang hai an f(x) va f(1 — x). Bai toan trd thanh giai hé tuyén tinh.

The relation links f(x) with f(1 — x). Replacing x by 1 — x swaps the two terms, so writing the relation

again after the replacement gives two equations in exactly two unknowns, f(x) and f(1 — x). The
problem becomes a linear system.

Vi DU 5.2 (H¢ hai phwong trinh 4n ham) / EXAMPLE 5.2 (A system for two values of f)
— Tim moi ham f: R — R thoa 2f(x) + (1 — x) = x2 v6i moi sb thyc x.
Find all functions f: R — R such that 2f{x) + f{1 — x) = x’ for all real x.
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Loi giai. / Solution.

1. Thay x boi 1 — x: 2f(1 — x) + f(x) = (1 — x)%. Cung v&i hé thirc dé cho ta c6 hé hai
phuong trinh an f(x), f(1 — x).
Replace x by 1 — x: 2f(1 — x) + f{x) = (1 — x)°. Together with the given relation this is a
system in the unknowns f(x), f(1 — x).

2. Nhan phuong trinh dé cho véi 2 r6i trir phuong trinh vira thu duoc: 3f(x) = 2x2 — (1 —
x> =x*+2x - 1.
Multiply the given relation by 2 and subtract the new one: 3f{(x) = 2x* — (1 — x)* =x* + 2x —
1.

f(x)=(x?*+2x—-1)/3
3. Thur lai: (1 —x)? +2(1 —x) — 1 =x? —4x + 2, nén 2f(x) + f(1 —x) = 2x> +4x — 2 + x?
—4x +2)/3 =x°
Check: (1 —x)? +2(1 —x) — 1 =x>—4x+ 2,50 2f(x) + f{l —x) = (2x* +4x — 2 +x° — 4x
+2)/3 = x°.
Vay c¢6 dung mot nghiém f(x) = (x> + 2x — 1)/3.
Hence there is exactly one solution, f{x) = (x* +2x — 1)/3. &

Vi DU 5.3 (Quy nap hai chiéu trén Z) / EXAMPLE 5.3 (Two-sided induction on Z) —
Tim moi ham f: Z — Z théa f(m + n) = f(m) + f(n) + mn véi moi s6 nguyén m, n.
Find all functions f- 7 — 7 such that f{m + n) = f(m) + f(n) + mn for all integers m, n.

Loi giai. / Solution.
1. it m = n = 0: f(0) = 2f(0), nén f(0) = 0. Pit a = f(1), a 14 s6 nguyén.
Putm =n = 0: f(0) = 21(0), so f(0) = 0. Let a = f(1), an integer.

2.Patn=1: fim + 1) = fim) + a + m v&i moi s6 nguyén m (ké ca m am).
Putn = 1: fim + 1) = f(m) + a + m for every integer m, negative values included.

3. Ta chiing minh f(m) = am + m(m — 1)/2 v6i mgi m € Z. V&i m > 0, quy nap: ding tai
m = 0; néu dang tai m thi fim + 1) =am + m(m — 1)2+a+m=a(m+ 1) + m(m +
1)/2.

We show f(m) = am + m(m — 1)/2 for all m € Z. For m > 0 use induction: it holds at m = 0;
if it holds at m then fim + 1) =am +m(m — 1)/2 +a+m=a(m + 1) + m(m + 1)/2.

4. V&im <0, quy nap lui: néu dang taim + 1 thi fiim)=fim+ 1) —a-m=a(m+ 1) +
(m+ 1)m/2 —a—m=am+ m(m — 1)/2.

For m <0 use downward induction: if it holds at m + I then f(m) = f(m + 1) —a — m = a(m
+1)+m+Dm/2—a—m=am+mm— 1)/2.

5. Thir lai: f(m) + f(n) + mn = a(m +n) + (m?> —m +n? —n)/2 + mn = a(m + n) + (m +
n)(m + n — 1)/2 = f(m + n). Gia tri m(m — 1)/2 13 s6 nguyén nén f nhan gia tri nguyén.
Check: f(m) + f(n) + mn = a(m +n) + (m’> —m +n’> —n)/2 + mn=a(m+n) + (m+n)(m +
n— 1)/2 = f(m + n). Since m(m — 1)/2 is an integer, f takes integer values.

Vay f(n) = an + n(n — 1)/2, véi a 1a s6 nguyén tuy ¥.

Hence f(n) = an + n(n — 1)/2, where a is an arbitrary integer. B
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NHAN XET / REMARK — Trén Z, mot phuong trinh ham thuong quy vé hiéu f(m + 1) —
f(m). Phai xét ca chidu am, vi phép quy nap bat dau tir f(0) chi phi m > 0.

On Z a functional equation often reduces to the difference f(m + 1) — f(m). Both directions must be
treated, since induction started at f{0) covers only m > 0.

LOI HAY GAP / COMMON MISTAKE — Dirng ¢ budc suy ra dang cua f ma khong thir
lai. Dang thu duogc tir cac phép thé chi 1a diéu kién can va c6 thé khong thdéa dé.

Stopping once the form of f has been deduced, without checking. The form obtained from substitutions
is only a necessary condition and may fail the equation.

LOI HAY GAP / COMMON MISTAKE — Chia hai vé cho f(x) hodc cho mét biéu thirc
chtra x ma khong xét trudng hop bang 0. Phai tach riéng truong hop do.

Dividing both sides by f(x), or by an expression in x, without treating the case where it is 0. That case
must be handled separately.

5.2. Ham cong tinh va phwong trinh Cauchy — Additive functions and Cauchy's

equation

PINH NGHIA 5.3 (Ham cgng tinh) / DEFINITION 5.3 (Additive function) — Ham f goi
1a cong tinh néu f(x + y) = f(x) + f(y) véi moi x, y thudc mién xac dinh (Z, Q hodc R). Hé
thirc nay goi 1a phuong trinh Cauchy.

A function f'is additive if f(x + y) = f(x) + f(y) for all x, y in its domain (Z, Q or R). The relation is
called Cauchy's equation.

BO PE 5.4 / LEMMA 5.4 — Néu f cong tinh thi f(0) = 0, f(—x) = —f(x) va f(nx) = nf(x) v6i

moi s6 nguyén n.
If fis additive then f(0) = 0, f(—x) = —f{(x) and f(nx) = nf(x) for every integer n.

Chirng minh. / Proof.
bat x =y = 0: f(0) = 2£(0), suy ra f(0) = 0. bat y = —x: 0 = f(0) = f(x) + f(—x), suy ra f(—x)
=—f(x).

Putx =y = 0: f(0) = 2/(0), so f(0) = 0. Puty = —x: 0 = f(0) = f(x) + f(—x), so f(—x) = —f(x).

Véin >0, quy nap theo n: f{0-x) =0 va f((n + 1)x) = f(nx) + f(x) = (n + 1)f(x). Véin <0,
f(nx) = —f((-—n)x) = —(—n)f(x) = nf(x).

For n > 0 use induction on n: f(0-x) = 0 and f((n + 1)x) = f(nx) + f(x) = (n + Df(x). For n <0,
Jnx) = —f((—n)x) = =(—n)f(x) = nf(x). ®

PINH LY 5.5 (Pinh Iy Cauchy trén Q) / THEOREM 5.5 (Cauchy's theorem on Q) —
Néu f: Q — Q cong tinh thi f(x) = ax v6i moi x € Q, trong d6 a = f(1). Phép ching minh van
dang khi f nhan gia tri thuc.

Iff: Q — Q is additive then f(x) = ax for all x € Q, where a = f(1). The proof'is unchanged when f
takes real values.

Chirng minh. / Proof.
Lay x = m/n véi m € Z, n € Z*. Theo B6 d& 5.4, nf(m/n) = f(n'm/n) = f(m) = fim-1) =
mf(1).
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Take x = m/n withm €7, n € Z*. By Lemma 5.4, nf(m/n) = f(n-m/n) = f(m) = f(m-1) = mf(1).
f(m/n) = (m/n)-f(1) = ax (5.1

Nguoc lai, moi ham ax déu cdng tinh.

Conversely every function ax is additive. B

PINH LY 5.6 (Cauchy véi diéu kién don di¢u) / THEOREM 5.6 (Cauchy with
monotonicity) — Néu f: R — R cong tinh va don diéu ting (x <y = f(x) < f(y)) thi f(x) = ax
v6i moi x € R, trong d6 a = f(1) > 0. V&i ham don diéu giam, ap dung két qua cho —f.

Iff: R — R is additive and nondecreasing (x <y = f(x) <f(v)) then f(x) = ax for all x ER, where a =
f(1) = 0. For a nonincreasing function apply the result to —f.

Chirng minh. / Proof.

Theo ching minh cua Pinh ly 5.5, f(q) = aq véi moi q € Q, va a = f(1) > f(0) = 0 do tinh
don diéu.

By the proof of Theorem 5.5, f(q) = aq for every q € Q, and a = f(1) > f(0) = 0 by monotonicity.

Véi s6 thuc x va s6 nguyén duong n, dit p = |nx)/n va q = (|nx] + 1)/n. Khidd p<x<q
vaq—p = 1/n. Do f don diéu tang, ap = f(p) < f(x) < f(q) = aq.

For a real x and a positive integer n put p = [nx}/n and q = ([nx/+ 1)/n. Then p <x <q and q —
p = 1/n. Since fis nondecreasing, ap = f(p) <f(x) <f(q) = aq.

Vi a >0 nén ciing c6 ap < ax < aq. Hai sb f(x) va ax cing nam trong doan [ap, aq] c6 do
dai a/n, do do [f(x) —ax|<a/n v6imoin € Z".

Since a > 0 we also have ap < ax < aq. The numbers f(x) and ax lie in the interval [ap, aq] of
length a/n, so |f(x) — ax| < a/n for everyn € 7"

Cho n 16n tuy y ta dugc f(x) = ax.
Letting n grow without bound gives f(x) = ax. B

Hinh 5.1. Ham cong tinh don diéu bi kep giita ap va aq tai moi diém x nam giita hai sb hitu ti p
vaq
Figure 5.1. A monotone additive function is squeezed between ap and aq at every x lying between two
rationals p and q
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HE QUA 5.7/ COROLLARY 5.7 — Néu f: R — R cong tinh va f(x) > 0 véi moi x > 0 thi
f(x)=ax voia=1f(1)>0.
Iff: R — R is additive and f(x) > 0 for all x > 0 then f{x) = ax with a = f{(1) > 0.

Chirng minh. / Proof.
Néu x <y thi f(y) — f(x) = f(y — x) >0, nén f don diéu ting. Ap dung Dinh Iy 5.6.
If x <y then f(y) — f(x) =f(y — x) =0, so fis nondecreasing. Apply Theorem 5.6. R

NHAN XET / REMARK — Trén R, néu bo diéu kién don diéu (hodc bi chin trén mot doan,
hodc lién tuc) thi phuong trinh Cauchy con nhitng nghiém khong c6 dang ax. Nhiing nghiém
ay xay bang co s Hamel nén khong viét ra dugc tuong minh; vi vay dé thi luon kém diéu
kién phu hoac dat bai trén Q.

On R, without monotonicity (or boundedness on an interval, or continuity), Cauchy's equation has

solutions not of the form ax. They are built from a Hamel basis and cannot be written explicitly, which
is why problems add a side condition or work on Q.

Vi DU 5.4 (Cong tinh cing du ciia binh phwong) / EXAMPLE 5.4 (Additivity plus
nonnegativity of squares) — Tim moi ham f: R — R thda f(x +y) = f(x) + f(y) va f(x?) =
(f(x))? voi moi sb thuc x, y.

Find all functions f: R — R such that f(x + y) = f(x) + f{(y) and f(x’) = (f(x))’ for all real x, y.

Loi giai. / Solution.

1. Vé6i x >0, viét x = (Vx)2: f(x) = (f(Vx))? > 0. Theo Hé qua 5.7, f(x) = ax v6i a = f(1).
For x > 0 write x = (\x)2: f{(x) = (f(\x))? = 0. By Corollary 5.7, f(x) = ax with a = f(1).

2. Thé vao diéu kién thir hai: ax? = a2x2. Lay x = 1 duwoc a =a tica=0hodca= 1.
Substitute into the second condition: ax’ = a’x’. Taking x = 1 gives a = a’, that is a = 0 or a
=1

3. Thir lai: f(x) = 0 va f(x) = x déu cong tinh va thoa f(x?) = (f(x))%

Check: f(x) = 0 and f{x) = x are both additive and satisfy f(x°) = (f(x))*.
Vay f(x) = 0 véi moi x, hodc f(x) = x vdi moi x.
Hence f(x) = 0 for all x, or f(x) =x for allx. &

PHAN TiCH / ANALYSIS — Vé phai f(x) + y chi chtra y ¢ dang cong. Néu thay y bang
f(y) va biét f(f(y)) = y thi vé phai thanh f(x) + f(y), dung dang Cauchy. Do d6 can chirng minh
f(f(y)) =y, va cong cu dé lam viéc d6 1a tinh don anh.

On the right, y enters only additively. If y is replaced by f(v) and f(f(y)) =y is known, the right side
becomes f(x) + f(v), which is the Cauchy form. So the goal is f(f(y)) =y, and the tool for it is

injectivity.

Vi DU 5.5 (Pon anh roi quy vé Cauchy) / EXAMPLE 5.5 (Injectivity, then reduction to
Cauchy) — Tim moi ham f: Q — Q thoéa f(x + f(y)) = f(x) + y véi moi x, y € Q.
Find all functions f- Q — Q such that f(x + f(v)) = f(x) + y for all x, y € Q.
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Loi giai. / Solution.
1. Pit ¢ = f(0). Vi x = 0: f(f(y)) = ¢ + y. Néu f(u) = f(v) thi ¢ + u = f(f(u)) = f(f(v)) = ¢
+ v, nén u =v: f don anh.
Let ¢ = f(0). Withx = 0: f(f(y)) = c +y. If f(u) =f(v) then c + u = f{f(u)) = f(f(v)) =c + v, so
u = v: fis injective.
2.V6iy =0: f(x + ¢) = f(x). Do don anh, x + ¢ =x, tuc ¢ = 0. Vay f(f(y)) =vy.
Withy = 0: f(x + ¢) = f(x). By injectivity x + ¢ = x, that is ¢ = 0. Hence f(f(y)) = y.
3. Thay y boi f(y) trong hé thuc dé: f(x + f(f(y))) = f(x) + f(y), tic f(x + y) = f(x) + f(y).
Vay f cong tinh.
Replace y by f(y) in the given relation: f(x + f(f(y))) = f(x) + f(v), that is f(x + ) = f(x) + f(y).
So f'is additive.
4. Theo Pinh 1y 5.5, f(x) = ax voia = f(1) € Q. Khi d6 f(f(y)) =a’y =y,néna’=1,a=1
hoac a=—1.
By Theorem 5.5, f(x) = ax with a = f{1) € Q. Then f{f{y)) = a’y =y, soa’ = 1, thatis a = 1
ora=—1.
5. Thtr lai: v6i f(x) = x, hai vé cung bang x + y. Véi f(x) = —x, vé trai bang —(x — y) = —x
+y, vé phai bang —x + .
Check: for f(x) = x both sides equal x + y. For f(x) = —x the left side is —(x —y) = —x +y
and the right side is —x + y.
Vay f(x) = x hoac f(x) = —x.
Hence f(x) =xorf(x) =—x. &

LOI HAY GAP / COMMON MISTAKE — Két luan f(x) = ax cho ham cong tinh trén R
ma khong c6 diéu kién don diéu, bi chan hay lién tuc. Khang dinh nay sai néu thiéu diéu kién
phu; néu d& khong néu thi phai tu ching minh diéu kién ay tir hé thirc.

Concluding f(x) = ax for an additive function on R without monotonicity, boundedness or continuity.
This is false without such a condition, and if the problem does not state one it must be derived from
the relation.

PHAI THUQC / MEMORISE — f cong tinh trén Q = f(x) = f(1)-x. Trén R cin thém don
diéu: f(x) > 0 véi x > 0 1a du.
fadditive on Q = f(x) = f(1)x. On R add monotonicity: f(x) > 0 for x > 0 is enough.

5.3. Pon 4nh, toan anh va diém bat dong — Injectivity, surjectivity and fixed points

Ham f don anh néu f(u) = f(v) = u = v, toan anh néu moi gia trj trong tap dich déu 1a f(y)
v6i y nao dé, song anh néu vira don 4nh vira toan anh (Chwong 1). Hai tinh chat nay cho
phép bo f khoi hé thue (don anh) va thay mdt gia tri tuy y u boi f(y) (toan anh).

A function fis injective if f(u) = f(v) = u = v, surjective if every value in the target set equals f(y)
for some y, and bijective if both hold (Chapter 1). Injectivity lets us cancel f from a relation;
surjectivity lets us replace an arbitrary value u by f(y).

BO PE 5.8 / LEMMA 5.8 — Goi g(x) = f(f(x)). Néu g don anh thi f don 4nh. Néu g toan anh
thi f toan anh. Do d6 néu f(f(x)) 1a song anh thi f 1a song anh.
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Let g(x) = f(f(x)). If g is injective then f'is injective. If g is surjective then fis surjective. Hence if f(f(x))
is bijective then fis bijective.

Chirng minh. / Proof.

Gia st f(u) = f(v). Ap dung f hai vé: g(u) = g(v), nén u = v do g don anh. Vay f don anh.
Suppose f(u) = f(v). Applying f to both sides, g(u) = g(v), so u = v because g is injective. Thus f'is
injective.

Gia str g toan anh. Vi mdi gia tri w ton tai x sao cho w = g(x) = f(f(x)), tirc w 1a gid tri
cua f tai diém f(x). Vay f toan anh.

Suppose g is surjective. For each value w there is x with w = g(x) = f(f(x)), so w is the value of f
at the point f(x). Thus f'is surjective. W

BO DE 5.9/ LEMMA 5.9 — Néu f: R — R toan anh va f(f(x)) = f(x) véi moi x thi f(x) = x
vO1 moi X.
Iff: R — R is surjective and f(f(x)) = f(x) for all x then f(x) = x for all x.

Chirng minh. / Proof.
Lay s6 thuc tiy ¥ w. Do ftoan anh, w = f{(t) vdi t ndo d6. Khi d6 f(w) = f(f(t)) = f(t) = w.
Take any real w. Since f'is surjective, w = f(t) for some t. Then f(w) = f(f(t)) = f(t) =w. R

B6 dé trén dung diém bat dong, tirc gia tri w thoa f(w) = w. Khi hé thirc c6 dang f(f(x)) =
g(x), ham f giao hoan vé6i g, nén f chuyén diém bat dong ciia g thanh diém bat dong cua
g; quan sat ndy dugc dung ¢ bai ty luyén muc qudc té.

The lemma uses fixed points, that is values w with f(w) = w. When a relation has the form f{f(x))

= g(x), [ commutes with g and therefore maps fixed points of g to fixed points of g; the
international-level practice problems use that observation.

PHAN TiCH / ANALYSIS — V& phai chira y* dimg riéng, va y* nhan moi gia tri thuc. Vi
x =0 ta c6 f(f(y)) = f(0) + y*, mdt song anh, nén Bb dé 5.8 cho f song anh. Khi f toan anh,
moi s6 thuc u déu bang f(y) véi y nao do, va y* = f(f(y)) — f(0) viét lai duoc theo u. Hé thirc s&
bugc f cong tinh, trong khi f(f(y)) = y* khong cdng tinh, nén hudéng ding la chirng minh vo
nghiém.

The term y* stands alone and takes every real value. With x = 0 we get f(f(v)) = f(0) + >, a bijection,
so Lemma 5.8 makes f bijective. Once f'is surjective every real u equals f(y) for some y, and y* = f{f(y))
= f{(0) can be rewritten in terms of u. The relation will force f to be additive, while f(f(y)) = y? is not, so
the right direction is to prove that no solution exists.

Vi DU 5.6 (Pon anh, toan 4nh, mau thuin) / EXAMPLE 5.6 (Injective, surjective,
contradiction) — Ching minh khong ton tai ham f: R — R thoa f(x + f(y)) = f(x) + y? voi
moi s6 thuc x, y.

Prove that there is no function f- R — R such that f(x + f(y)) = f(x) + y? for all real x, y.

Loi giai. / Solution.
1. Gia st f t6n tai. Pat ¢ = f(0). V&i x = 0: f(f(y)) = ¢ + y*. Anh xa y thanh ¢ + y? 1a song
anh trén R, nén theo B6 dé 5.8, f song anh.
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Suppose f exists and let ¢ = f(0). With x = 0: f(f(y)) = ¢ +y°. The map sending y to ¢ + )’ is a
bijection of R, so by Lemma 5.8 f'is bijective.

2.Voéiy =0: f(x + ¢) =f(x). Do fdon anh, x + ¢ = x, suy ra ¢ = 0. Vay {(f(y)) = y* va f(x
+1(y)) = f(x) + f(f(y)).
Withy = 0: f(x + ¢) = f(x). Since fis injective, x + ¢ = x, so ¢ = 0. Hence f{(f(v)) = y* and f(x
1) =1 + )

3. Vi f toan anh, u = f(y) chay khip R, nén f(x + u) = f(x) + f(u) voi moi x, u: f cong
tinh. Theo B6 dé 5.4, f(nx) = nf(x).
Since f'is surjective, u = f(y) ranges over all of R, so f(x + u) = f(x) + f(u) for all x, u: fis
additive. By Lemma 5.4, f(nx) = nf(x).

4. Tinh {(f(2)) theo hai cach. Mot mat, f(f(2)) = 23 = 8. Mat khac, f(2) = 2f(1), nén f(f(2))
=1(21(1)) = 2f(f(1)) =2-1* = 2.
Compute f(f(2)) in two ways. On one hand f(f(2)) = 2° = 8. On the other, f(2) = 2f(1), so
J02) =12fD) = 2f(f(1)) = 2:1° = 2.
Mau thun 8 = 2. Vay khong t6n tai ham f nhu dé yéu cau.

The contradiction 8 = 2 rules out every such function f. B

NHAN XET / REMARK — Mot phuong trinh ham c6 thé vo nghiém; 10i giai khi d6 két
thiic bang mau thuin gitra hai s6 cu thé. Vi hé thuc f(x + f(y)) = f(x) + y? thi f(f(y)) = y?
khong am, trong khi f toan 4nh phai nhan cé gid tri Am, cling 12 mau thuin.

A functional equation may have no solution, and the solution then ends in a contradiction between two
concrete numbers. For f(x + f(y)) = f(x) + y?we get f(f(y)) = y?>> 0, while a surjective f must take
negative values too, again a contradiction.

PHAN TICH / ANALYSIS — Hg thirc f(f(n)) = n + 2 4p dung cho f(n) cho ra f(f(f(n))) =
f(n) + 2, va ap dung f vao hai vé ctia hé thirc gbc cho f(f(f(n))) = f(n + 2). Hai két qua cho f(n
+ 2) = f(n) + 2, nén f duoc xac dinh bdi hai gia tri f(1), f(2). Viéc con lai 1a mot bai xét chan
1¢, va phai nhé rang tap gia tri 1a Z* nén f(2) ¢6 thé nho hon 2.

Applying f(f(n)) = n + 2 at the point f(n) gives f(f(f(n))) = f(n) + 2, and applying f'to both sides of the
original gives f(f(f(n))) = f(n + 2). Together, f(n + 2) = f(n) + 2, so f'is determined by the two values
f(1), f(2). What remains is a parity analysis, note that the values lie in 7", so f(2) may be smaller than
2.

Vi DU 5.7 (Quan hé f(n + 2) = f(n) + 2 va chiin 1¢) / EXAMPLE 5.7 (The relation f(n + 2)
= f(n) + 2 and parity) — Tim moi ham f: Z* — Z* thoa f(f(n)) =n + 2 v6i moi n € Z*.
Find all functions - 7" — 7" such that f(f(n)) =n + 2 for alln € Z".

Loi giai. / Solution.
1. Ap dung hé thirc tai f(n): f(f(f(n))) = f(n) + 2. Ap dung f vao hai vé cua hé thirc gdc:
f(f(f(n))) = f(n + 2). Vay f(n + 2) = f(n) + 2.
Apply the relation at f(n): f(f(f(n))) = f(n) + 2. Apply f to both sides of the original relation:
J((f(n))) = f(n + 2). Hence f{n + 2) = f(n) + 2.
2.bata=1f(1)-1vab=1(2) —2;tacoa>0vab=>—1. Quy nap theo budc nhay 2 cho
f(n) =n + a khi n 1¢ va f(n) = n + b khi n chan.

Tai li€u nay dugc bién soan boi doi ngii cuia website: https://globalmarket.vin
Trang 153



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

Puta=f(l) — 1 and b =f(2) — 2, then a > 0 and b > — 1. Induction in steps of 2 gives f(n) =
n + a for odd n and f(n) = n + b for even n.
3.Layn=1:f(1+a)=3.Néuachinthi 1 +alénénf(l +a)=1+2a=3,a=1, mau
thuan tinh chan. Vay alé, 1 +achin, f(l1+a)=1+a+b=3,tdca+b=2.
Taken =1:f(1 +a) =3. Ifais eventhen I + ais odd, sof(l +a) =1+ 2a =3 givesa = 1,
contradicting parity. So a is odd, 1 + a is even, and f(1 +a) =1 +a+b =3, thatisa + b =
2.
4. Lay n=2: f(2 + b) = 4. Néu b chin thi 2 + b chdn nén 2 + 2b =4, b = 1, mau thuin
tinh chdn. Vayb1¢,2+b1¢,2+b+a=4,vanlaa+b=2.
Taken = 2: f(2 + b) = 4. If bis even then 2 + b is even, so 2 + 2b = 4 gives b = 1,
contradicting parity. So b is odd, 2 + b is odd, and 2 + b + a = 4, againa + b = 2.
5.Véia,blé,a+b=2,a>0,b>—1, chicon (a, b)=(1, 1) hoac (3, —1).
Witha, bodd,a+b=2,a>0,b>—1,only(a, b) = (1, 1) or (3, —1) remain.
6. Thu lai. Voi (1, 1): f(n)=n + 1, f(f(n)) =n+ 2. V&i (3, —1): f(n) =n + 3 khin &, f(n)
=n — 1 khi n chin. Néu n 1¢, f(n) = n + 3 chin, f(f(n)) =n + 2. Néu n chén, f(n) =n —
1 I¢ va duong, f(f(n))=n—-1+3=n+2.
Check. For (1, 1): f(n) =n + [ and f(f(n)) =n + 2. For (3, —1): f(n) = n + 3 for odd n and
f(n) =n — 1 foreven n. If nis odd, f(n) = n + 3 is even and f(f{(n)) = n + 2. If n is even, f(n)
=n — 1 is odd and positive, and f(f(n)) =n—1 +3 =n + 2.
Vay c6 dung hai nghiém: f(n) =n+ 1; va f(n) =n + 3 v6in 1&, f(n) =n — 1 v&i n chan.
Hence there are exactly two solutions: f(n) =n + 1; and f(n) = n + 3 for odd n, f(n) =n — 1 for
evenn. A

134 ® fm=n+tl
B f(n)=n+3(nlé/odd), n— 1 (nchin/even) n

m °
9 e . m
fm) 5 | 1 ° .-
[ | [} '
5 e . m
" o .

Hinh 5.2. 6 thi roi rac cua hai nghiém trong Vidu 5.7 véin tur 1 dén 10
Figure 5.2. Discrete graphs of the two solutions of Example 5.7 for n from I to 10

NHAN XET / REMARK — Nghiém thtr hai khién nhiéu 15 giai sai: nhin hé thtc thiy ngay
f(n) =n + 1 rdi ding. Chi phép xét chin 1¢ méi tach dwoc hai nghiém, va chi phép thir lai mai
xac nhan nghiém thi hai hop 1¢, ké ca gia tri f(2) = 1.

The second solution defeats many attempts: f(n) = n + 1 is spotted at once and the search stops. Only

the parity analysis separates the two, and only the check confirms that the second is valid, including
the value f(2) = 1.
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LOI HAY GAP / COMMON MISTAKE — Po4n nghiém f(n) = n + 1 rdi tuyén bb duy
nhét. Mudn két luan duy nhat phai suy ra moi gia tri f(n) tr hé thure; néu ra mot nghiém la
chua du.

Guessing f(n) = n + 1 and declaring it unique. Uniqueness requires deriving every value f(n) from the
relation, not just exhibiting one solution.

LOI HAY GAP / COMMON MISTAKE — Thay bién bang gi4 tri 1am biéu thic ra ngoai
mién, chang han dung f(0) hay f(—1) khi f chi xac dinh trén Z*.

Substituting a value that leaves the domain, for instance using f(0) or f(—1) when f'is defined only on
A

5.4. Da thire: phép chia, dinh ly Bézout va nghiém — Polynomials: division,

Bézout's theorem and roots

PINH NGHIA 5.10 (Pa thirc) / DEFINITION 5.10 (Polynomial) — Pa thirc mot bién 1a
biéu thirc P(x) = anX" + an 1X"' + ... + aix + ao. Néu an # 0 thi n 12 bac ctia P (viét deg P = n)
va a, 12 hé sb dau. SO a goi 13 nghiém cua P néu P(a) = 0. Ky hiéu R[x] 1a tip da thirc hé s6
thuc, Z[x] 1a tap da thic hé sé nguyén.

A polynomial in one variable is an expression P(x) = a,X" + ap-x""' + ... + aix + ap. If a, # 0 then n
is the degree of P (written deg P = n) and a, is the leading coefficient. A number o is a root of P if
P(a) = 0. The sets of polynomials with real and with integer coefficients are denoted R [x] and 7 [x].

PINH LY 5.11 (Phép chia c6 du) / THEOREM 5.11 (Division with remainder) — Cho A,
B € R[x] véi B khéc da thirc khong. Ton tai duy nhat cip da thic Q, R sao cho A =BQ + R,
trong d6 R bang 0 hoic deg R < deg B. Q goi la thuong, R goi 1a du.

Let A, B € R[x] with B not the zero polynomial. There is a unique pair of polynomials O, R with A =
BQO + R, where R = 0 or deg R < deg B. Q is the quotient and R the remainder.

Chirng minh. / Proof.

Duy nhat: néu BQ + R = BQ' + R' thi B(Q — Q") =R' — R. Néu Q # Q' thi vé tréi c6 bac
khong nho hon deg B, con vé phai c6 bac nho hon deg B (hoic bang 0), vo Iy. Vay Q =
Q'vaR=R"

Uniqueness: if BO + R = BQ'+ R' then B(Q — Q') = R'— R. If Q # Q' the left side has degree at
least deg B while the right has degree below deg B (or is zero), absurd. So Q = Q'and R = R".

Tén tai: quy nap theo deg A. Néu A = 0 hoic deg A < deg B, 1dy Q = 0, R = A. Néu deg
A =m>n=degB, véi a, b 1a hé s6 dau cua A, B thi A; = A — (a/b)x™ "B ¢6 bac nho hon
m (hodc bang 0). Theo gia thiét quy nap A; = BQ: + R, suy ra A = B((a/b)x™ ™ + Qi) + R.
Existence: induction on deg A. If A = 0 or deg A < deg B take Q =0, R=A. Ifdeg A =m >n =
deg B, with a, b the leading coefficients of A, B, then A; = A — (a/b)x™ "B has degree below m
(or is zero). By the induction hypothesis A; = BQ; + R, so A = B((a/b)x" ™" + Q1) + R. 1

PINH LY 5.12 (Pinh Iy Bézout) / THEOREM 5.12 (Bézout's theorem (remainder
theorem)) — Du ctia phép chia P(x) cho x — o bang P(at). Do d6 o 1a nghiém ciia P khi va chi
khi (x — &) chia hét P(x).

The remainder of P(x) on division by x — a equals P(a). Hence a is a root of P if and only if (x — @)
divides P(x).
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Chirng minh. / Proof.

Theo Pinh 1y 5.11, P(x) = (x — a)Q(x) + r v&i r 14 hing sb (du c6 bac nhé hon 1). Thay x
= a dugc r = P(a).

By Theorem 5.11, P(x) = (x — a)Q(x) + r with r a constant (the remainder has degree below ).
Putting x = o gives r = P(a).

Du bang 0 khi va chi khi P(a)) = 0.
The remainder is 0 if and only if P(a) = 0. W

HE QUA 5.13 / COROLLARY 5.13 — (i) Pa thirc khac khéng bac n c6 khong qua n
nghiém thyc phan biét. (ii) Hai da thic ¢ gia tri bang nhau tai hon max(deg A, deg B) diém
phan biét thi dong nhét bang nhau, tirc ¢ ciing moi hé sd. (iii) Pa thirc bac khong qua n nhan
cling mot gia tri tai n + 1 diém phan biét thi 1a hang s6.

(i) A nonzero polynomial of degree n has at most n distinct real roots. (ii) Two polynomials that agree
at more than max(deg A, deg B) distinct points are identical, that is, have the same coefficients. (iii) A
polynomial of degree at most n taking the same value at n + 1 distinct points is constant.

Chirng minh. / Proof.

(i) Quy nap theo n. V&i n = 0 da thuc 13 hang s6 khac khong, khong c6 nghiém. Véi n >
1, néu P khong c6 nghiém thi xong. Néu a 1a nghiém thi P = (x — «)Q (Pinh 1y 5.12) véi
deg Q =n — 1. Moi nghiém P # o cua P thoa (B — 0)Q(B) = 0 nén 1a nghiém cia Q, téi da
n — 1 nghiém. Tong cong khong qué n.

(i) Induction on n. For n = 0 the polynomial is a nonzero constant and has no roots. For n > 1, if

P has no root we are done. If o. is a root then P = (x — a)Q (Theorem 5.12) with deg Q = n — 1.

Every root B # a of P satisfies (f — a)Q(f) = 0, so is a root of Q. at most n — 1 of them. In all, at
most n.

(ii) A — B triét tiéu tai hon max(deg A, deg B) diém ma bac cia né khong vuot qué sé do,
nén theo (i) A — B 1a da thirc khéng. (iii) Ap dung (ii) cho P va hang s do.

(ii) A — B vanishes at more than max(deg A, deg B) points while its degree is at most that
number, so by (i) A — B is the zero polynomial. (iii) Apply (ii) to P and that constant. W

PINH LY 5.14 (Pinh Iy nghi¢m hiru ti)/ THEOREM 5.14 (Rational root theorem) —
Cho P(x) = anx" + ... + a1x + a9 € Z[x] v6i an # 0 va ap # 0. Néu p/q (t6i gian, q > 0) 1a
nghiém hiru ti cua P thip | ap va q | an.

Let P(x) = ax" + ... + aix + ap € Z[x] with a, # 0 and ayo # 0. If p/q (in lowest terms, g > 0) is a
rational root of P then p | ap and q | an.

Chirng minh. / Proof.
Nhén P(p/q) = 0 v&i q™ anp” + an-1p™ 'q + ... +aipq™' + aoq™ = 0.

n—1

Multiply P(p/q) = 0 by q": awp” + an-1p" 'q + ... + appq"™! + aoq" = 0.

Moi sé hang trir apq” déu chia hét cho p, nén p | aoq™. Vi UCLN(p, q) = 1 nén p | ao.
Tuong tu moi sd hang trir axp” chia hét cho q, nén q | anp™ va q | an.

Every term except aoq" is divisible by p, so p | aoq". Since gcd(p, q) = 1, p | ao. Similarly every
term except ayp" is divisible by q, so q | a,p” and q | a,. W
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PINH LY 5.15 (Pinh ly Viéte tdng quat) / THEOREM 5.15 (Vieta's formulas) — Gi4 sir
P(x) = anx™ + ... + a9 6 n nghiém x1, ..., xa ké ca bdi, nghia 1a P(x) = an(X — X1)...(X — Xn).
Goi ex 1a tong cac tich k nghiém 1dy tir n nghiém (e1 =x1 + ... + Xn, €2 = Z XiXj VOi i <], ..., €n
=Xj...Xn). Khi d6 ex = (—1)*an/an voik =1, ..., n.

Suppose P(x) = a,x" + ... + ap has n roots xy, ..., X, counted with multiplicity, meaning P(x) = an(x —
X1)...(x — xn). Let ex be the sum of all products of k roots chosen from the n (e; =x; + ... + xy, €2 =2
xixj over i <j, ..., ex = x1...x,). Then ex = (—1) an-1/an fork =1, ..., n.

Chirng minh. / Proof.

Khai trién tich (x — x1)...(X — Xa): mdi nhan tir cho x hodc —xi. Cac s6 hang chon —x; &
dung k nhan tir 6 dang (—1)*xi1...xik-x"%; cong lai, hé s6 ctia x" % 1a (—1)kex.

Expand (x — x1)...(x — x»): each factor contributes x or —x;. The terms taking —x; from exactly k

factors are (—1)xi;...xiex" % summing, the coefficient of X" * is (—1)*ex.

an-k = (=1)k-an-ex (5.2)

So sanh voi hé s cua P ta duoc két luan. Pinh 1y co ban cua dai sb bao dam da thurc bac
n ¢6 du n nghiém phirc ké ca boi; phat biéu trén chi dung diéu d6 1am gia thiét.

Comparing with the coefficients of P gives the claim. The fundamental theorem of algebra
guarantees n complex roots counted with multiplicity; the statement above uses this only as an

assumption. R

TINH CHAT 5.16 / PROPERTY 5.16 — Cho x* — px? + qx — r c6 banghiém a, b, c (p=a +
b+c,q=ab+bc+ca, r=abc). Khidoa>+b*>+c>=p?>—2q;a*>+b*+c*=p*—3pq+3r; l/a
+1/b+ 1/c=q/r; 1/a2 + 1/b? + 1/c? = (q7 — 2pr)/r2, v6i r # 0 & hai cong thirc cudi.

Let x* — px? + gx — r have three roots a, b, c (p =a + b + ¢, ¢ = ab + bc + ca, r = abc). Then a* + b?

+tcl=p?’—2q;a’+ b+ =p’—3pq+3r; 1/a+1/b+ 1/c=q/; 1/a’+ 1/b> + 1/c? = (q> — 2pr)/r?,

with r # 0 in the last two.

Chirng minh. / Proof.

T (a+ b+ c)> = a2 + b2 + ¢ + 2q suy ra cong thirc thir nhat. Mdi nghiém thoa t3 = pt2 —
qt + r; cong ba dang thirc: a® + b* + ¢ = p(a? + b> + ¢2) — qp + 3r = p(p> — 2q) — pq + 3r.
(a+ b+ c)=a’+ b>+ c?+ 2q gives the first formula. Each root satisfies t* = pt*? — qt + r;
adding the three: a®> + b*> + ¢* = p(a? + b> + ¢?) — qp + 3r = p(p? — 2q) — pq + 3r.

Tiép theo 1/a + 1/b + 1/c = (bc + ca + ab)/(abc) = g/r. Va 1/a® + 1/b + 1/c* = ((bc)? + (ca)?
+ (ab)?)/r* = (q*> — 2(ab-bc + bc-ca + ca-ab))/r> = (q*> — 2abc(a + b + ¢))/r? = (q* — 2pr)/12.
Next, 1/a + 1/b + 1/c = (bc + ca + ab)/(abc) = q/r. And 1/a’® + 1/b*> + 1/c? = ((bc)? + (ca)? +
(ab)?)/r?* = (q° — 2(ab-bc + bc-ca + ca-ab))/r? = (q° — 2abc(a + b + ¢))/r? = (¢ — 2pr)/r’. A

a®+b3>+c*=p*>—3pq+3r (5.3)

VI DU 5.8 (Gia tri tai nghi¢m ciia wéc) / EXAMPLE 5.8 (Values at the roots of the
divisor) — Tim céc s6 thuc a, b dé da thirc P(x) = x* + ax3 + bx — 12 chia hét cho x> + x — 2,
r0i tim thuong.

Find the real numbers a, b such that P(x) = x* + ax® + bx — 12 is divisible by x? + x — 2, and find the
quotient.
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Loi giai. / Solution.
1. Phén tich x2 + x — 2 = (x — 1)(x + 2). Néu P chia hét cho tich nay thi P(1) = 0 va P(-2)
=0 (Pinh 1y 5.12).
Factor x> + x — 2 = (x — 1)(x + 2). If P is divisible by this product then P(1) = 0 and P(—2)
=0 (Theorem 5.12).

2.P(1)=1+a+b—-12=0choa+b=11.P(-2)=16—-8a—-2b—12=0cho4a+b=
2. Tru hai phuong trinh: 3a=-9,a=-3,b = 14.
Pl)=1+a+b—12=0givesa+b=11.P(-2)=16—8a—2b— 12 =0 gives 4a + b =
2. Subtracting: 3a = —9, soa = —3, b = 14.

3.Ngugc laivéia=-3,b=14: P(x)=x*—-3x*+ 14x — 12 ¢c6 P(1) =0, nén P = (x —
1)Q; P(—2) = 0 cho —3Q(-2) = 0, nén Q(—2) = 0 va Q chia hét x + 2. Vay P chia hét
x—1(x+2).

Conversely fora = —3, b = 14: P(x) =x* — 3x’ + 14x — 12 has P(1) = 0, so P = (x — 1)Q;
P(=2) =0 gives —30(—2) = 0, so Q(—2) = 0 and x + 2 divides Q. Hence (x — 1)(x + 2)
divides P.

4. Chia da thte: x* — 3x> + 14x — 12 = (x> + x — 2)(x* — 4x + 6). Khai trién vé phai dé
kiém: x* — 4x3 + 6x2 + X3 — 4x2 + 6x — 2x2+ 8x — 12 =x* — 3x3 + 0x2 + 14x — 12.
Polynomial division gives x? — 3x3 + 14x — 12 = (x> + x — 2)(x? — 4x + 6). Expanding the
right side: x* — 4x* + 6x? + x? — 4x? + 6x — 2x* + 8x — 12 =x* — 3x* + Ox? + 14x — 12.

Vay a=-3,b =14 va thuong la x> — 4x + 6.
Hence a = —3, b = 14 and the quotient is x> — 4x + 6. W

NHAN XET / REMARK — Céch khéc 14 dong nhat hé sd. Viét P = (x2 + x — 2)(x® + ux + v)
=x*+u+ DX+ (V+u—2)x>+(v—2u)x —2v. Sovii x* +ax* + 0x> + bx — 12: v=6,v +u
—2=0chou=-4,réia=u+ 1=-3vab=v—2u= 14. Cach nay cho ludn thwong, nhung
can biét trudc bac cua thuong.

Another route is comparing coefficients. Write P = (x> +x = 2)(x> +ux +v) =x' + (u+ Dx’*+ (v + u
— 2)x?+ (v — 2u)x — 2v. Against x* + ax* + 0x> + bx — 12: v=6,and v +u— 2 = 0 gives u = —4,
thena=u+1=-3and b =v — 2u = 14. This also yields the quotient, but the degree of the quotient
must be known in advance.

LOI HAY GAP / COMMON MISTAKE — Nham d4u khi chia cho x + 2: du 1a P(—2),
khong phai P(2). Mudn dung Dinh 1y Bézout phai viét udc dudi dang x — a.

Sign slip when dividing by x + 2: the remainder is P(—2), not P(2). To use Bézout's theorem the
divisor must be written as x — a.

LOI HAY GAP / COMMON MISTAKE — Két luan chia hét cho tich (x—1)(x+2)chitu
P(1) = 0 ma quén P(—2) = 0, hodc nguoc lai chi doi hai diéu kién P(1) = P(=2) = 0 khi hai
nghiém tring nhau. Véi udc c6 nghiém kép, chang han (x — 1)?, diéu kién P(1) = 0 chua du va
phai chia hai lan.

Concluding divisibility by (x — 1)(x + 2) from P(1) = 0 alone and forgetting P(—2) = 0, or asking for
only P(1) = P(—=2) = 0 when the two roots coincide. For a divisor with a double root, such as (x — 1)?
the condition P(1) = 0 is not enough and the division must be done twice.
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VI DU 5.9 (Nghiém hiru ti va hé thirc Viéte) / EXAMPLE 5.9 (Rational roots and Vieta
relations) — Cho P(x) = x* — 5x? + 7x — 2. (a) Tim nghiém hiru ti cua P. (b) Goi a, b, c 1a ba
nghiém cua P; tinh a> + b*+ %, a®* +b*+c*val/a+ 1/b+ l/c.

Let P(x) = x* — 5x? + 7x — 2. (a) Find the rational roots of P. (b) Let a, b, ¢ be the three roots of P;
compute a* + b>+ c¢? a* + b*+ cand 1/a + 1/b + 1/c.

Loi giai. / Solution.

1. (a) Hé s6 dau 1, hé s ty do —2, nén nghiém hiru ti (néu co) 1a s6 nguyén thude {+1,
+2} (Pinh ly 5.14). Taco P(1) =1, P(—1)=-15,P(2) =0, P(—2) =—44. Vay 2 la
nghiém hiru ti.

(a) The leading coefficient is 1 and the constant term —2, so a rational root, if any, is an
integer in {£1, +2} (Theorem 5.14). We have P(1) = 1, P(—1) = =15, P(2) =0, P(=2) =
—44. So 2 is a rational root.

2. Chia cho x — 2: P(x) = (x — 2)(x*> — 3x + 1). Phuong trinh x> — 3x + 1 = 0 c6 biét thuc
5, hai nghiém (3 + V5)/2 v6 ti. Vay nghiém hiru ti duy nhat 1a 2.

Dividing by x — 2: P(x) = (x — 2)(x? — 3x + 1). The equation x? — 3x + 1 = 0 has
discriminant 5 and irrational roots (3 £ \5)/2. So 2 is the only rational root.

3.(b) Véip=5,q=7,1r=2 (Tinh chdt 5.16): a2+ b>+ c2=25— 14 =11,

(b) Withp =5, q =7, r =2 (Property 5.16): a*> + b+ c?=25— 14 =11.
4.2°+b*+c*=125-3-57+3-2=125-105+6=26val/a+ 1/b+ 1/c=q/r="7/2.
a+b3+c*P=125-357+32=125-105+6=26and l/a+ 1/b+ l/c=q/r=7/2.

5. Kiém tra truc tiép voi nghiém 2 va (3 £ V5)/2: tong binh phuong 4 + 7 = 11, téng lap
phuong 8 + 18 = 26.

Direct check with roots 2 and (3 £N5)/2: sum of squares 4 + 7 = 11, sum of cubes 8§ + 18 =
26.

Vaya?+b*>+c2=11,a2+b>+c>*=26,l/a+ 1/b+ 1/c=7/2.
Hencea?+b*>+c?=11,a°+b>+c*=26,1/a+1/b+1/c=7/2. R

NHAN XET / REMARK — Khi hé s6 dau khéc 1, cac nghiém hitu ti p/q ¢6 p thudc udc cia
ao va q thudc udc cua a,. Voi 6x> — 19x2 — 26x + 24, p € {£1, £2, £3, +4, +6, +8, £12, £24}
vaq€ {l1,2,3,6}. Thu lan lugt cho ba nghiém 4, 2/3 va —3/2. Véi x*> — 3x — | céc ting vién
+1 déu khong phai nghiém, nén da thirc khong c6 nghiém hitu ti.

When the leading coefficient is not 1, a rational root p/q has p dividing ap and q dividing a,. For 6x° —
19x% — 26x + 24, p € {x1, £2, £3, 4, £6, £8, £12, +24} and q € {1, 2, 3, 6}. Testing the candidates
gives the three roots 4, 2/3 and —3/2. For x° — 3x — 1 the candidates £1 are not roots, so the
polynomial has no rational root.

PHAI THUQC / MEMORISE — Bézout: P chia x — o du P(0). Viéte bdic ba: p=a+b +c,
q=ab+bc+ca, r=abc;a*>+b>+c?=p>—2q; a*+b’>+c*=p*—3pq+3r.

Bézout: P divided by x — o leaves P(a). Cubic Vieta:p =a + b +c¢, q =ab + bc + ca, r = abc, a® + b?
+c?=p’—2q;, a°+ b+ c?=p’—3pg + 3r.
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LOI HAY GAP / COMMON MISTAKE — Cho rang da thirc bac n c6 diing n nghiém
thuc. Pa thirc x*> + 1 ¢6 bac 2 ma khong c6 nghiém thuc; Dinh 1y Viete bac n chi dung duoc
khi da biét c6 du n nghiém (thyc hay phtrc).

Assuming a polynomial of degree n has exactly n real roots. The polynomial x*> + 1 has degree 2 and
no real root; Vieta's formulas of degree n apply only when n roots (real or complex) are known to
exist.

5.5. Pa thire hé ) nguyén va noi suy Lagrange — Integer polynomials and

Lagrange interpolation

PINH LY 5.17 (Tinh chit hi¢u ciia da thirc nguyén) / THEOREM 5.17 (Difference
property of integer polynomials) — Néu P € Z[x] va a, b 14 hai s6 nguyén khac nhau thi (a
—b) | P(a) — P(b).

If P €Z[x] and a, b are distinct integers then (a — b) | P(a) — P(b).

Chirng minh. / Proof.
Viét P(x) = T cix* voi ck € Z. Khi d6 P(a) — P(b) = T ci(ak — b¥).
Write P(x) = X cix* with cx € Z. Then P(a) — P(b) = X ci(a* — b").

M&i hiéu a* — b = (a — b)(a*"! + a¥2b + ... + b*™') chia hét cho a — b, nén tong ciing chia
hét.

Each difference a* — b* = (a — b)(a*' + a" b + ... + b¥!) is divisible by a — b, hence so is the
sum. A

HE QUA 5.18 / COROLLARY 5.18 — Néu P € Z[x], s la s6 nguyén duong va m = n (mod
s) thi P(m) = P(n) (mod s). Pac biét, gié tri P(n) theo modulo s chi phu thugc vao n mod s.
If P €7Z[x], s is a positive integer and m = n (mod s) then P(m) = P(n) (mod s). In particular P(n)
modulo s depends only on n mod. s.

Chirng minh. / Proof.
Néu m = n thi hién nhién. Néu m # n thi s | m — n | P(m) — P(n) theo Pinh 1y 5.17.
If m = n this is trivial. If m #n then s | m — n | P(m) — P(n) by Theorem 5.17. &

PINH LY 5.19 (Noi suy Lagrange) / THEOREM 5.19 (Lagrange interpolation) — Cho n
+15s6 thuc d61 mot khac nhau Xo, ..., Xn van + 1 s6 thuc Y0, +--» Yn. Ton tai duy nhét da thtc P
bac khong qué n thoa P(xi) = yi vo1i moi 1, va nd cho bdi cong thirc ndi suy Lagrange.

Given n + 1 distinct reals xo, ..., x,» and any n + 1 reals yy, ..., y», there is exactly one polynomial P of
degree at most n with P(x;) = yi for all i, and it is given by the Lagrange interpolation formula.

Chirng minh. / Proof.

Pit Li(x) = II (x — xj)/(xi — x;) lay theo moi j # i. Mdi Li c6 bac n, Li(x;) = 1 va Li(x)) = 0
voij #1. Do do

Put Li(x) = II (x — xj)/(xi — x;) over all j # i. Each L; has degree n, Li(x;) = I and Li(x;) = 0 for j #
i. Therefore

P(x) = yoLo(x) + y1L1(x) + ... + ynLn(X) (5.4)
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c¢6 bac khong qua n va P(xi) = yi. Duy nhét: hai da thirc nhu vay c6 hiéu bac khong qua n
va triét tidu tai n + 1 diém, nén bang khong theo Hé qua 5.13.

has degree at most n and P(x;) = yi. Uniqueness: two such polynomials have a difference of
degree at most n vanishing at n + 1 points, so it is zero by Corollary 5.13. W

HE QUA 5.20 / COROLLARY 5.20 — Cho P 1a da thirc va xo, ..., xn 361 mot khac nhau.
Du cua P khi chia cho (x — xo)...(x — xp) 1a da thitc ndi suy bac khong qua n qua céc dieém (x;,
P(xi)).

Let P be a polynomial and xy, ..., x, distinct. The remainder of P on division by (x — Xg)...(x — X,) is
the interpolating polynomial of degree at most n through the points (x;, P(x;)).

Chirng minh. / Proof.

Viét P =BQ + R v6i B = (x — Xo)...(X — Xa) va deg R < n. Tai mbi x;, B(xi) = 0 nén R(x;)
= P(x;). Theo tinh duy nhat cta Dinh 1y 5.19, R 1a da thiic ndi suy.

Write P = BQ + R with B = (x — xg)...(x — x») and deg R < n. At each x;, B(x;) = 0 so R(x;) =
P(x;). By the uniqueness in Theorem 5.19, R is the interpolating polynomial. W

PHAN TICH / ANALYSIS — Ba s a, b, ¢ khac nhau xoay vong qua P. Tinh chit hiéu cho
ba quan h¢ chia hét ndi cac hibua—b, b — ¢, ¢c — a theo vong tron; chia hét theo vong tron
budc ba hiu c6 cung gia tri tuyét ddi. Sau d6 chi con mot xung dot vé téng.

The distinct numbers a, b, ¢ cycle through P. The difference property gives three divisibility relations
linking a — b, b — ¢, ¢ — a in a circle; divisibility around a circle forces the three differences to have
the same absolute value. After that, only a conflict about their sum remains.

Vi DU 5.10 (Tinh chit hiéu va chia hét vong tron) / EXAMPLE 5.10 (Difference
property and circular divisibility) — C6 ton tai hay khéng da thirc P € Z[x] va ba sb
nguyén doi mot khac nhau a, b, ¢ sao cho P(a) =b, P(b) =c, P(c) =a?

Do there exist a polynomial P € Z[x] and three pairwise distinct integers a, b, ¢ with P(a) = b, P(b) =
¢, P(c) =a?

Loi giai. / Solution.

1. Gid st c6. Theo Pinh 1y 5.17: (a—Db) | P(a) = P(b)=b—c,(b—c) | P(b) —P(c)=c —
a,(c—a)|P(c)—P(a)=a—b.Bahiéua—Db,b—c, c—adéukhac 0.

Suppose they exist. By Theorem 5.17: (a — b) | P(a) — P(b) =b — ¢, (b —¢) | P(b) — P(c) =c
—a, (c—a)| P(c) — P(a) = a — b. The three differences a — b, b — ¢, ¢ — a are all nonzero.

2. Chia hét giira cac s6 khac O choja—b|<|[b—c|<|c—a|<|a—Db
dbi bang nhau, goi chung 14 t > 0.

Divisibility between nonzero integers gives |a — b| < |b — ¢| <|c — a| <|a — b|. So the three
absolute values are equal, say to t > 0.

3. Mbi hiéu bang t hoic —t. Gia st ¢6 k hiéu bang t; tong ba hiéu 1a (a—b) + (b —¢) + (¢
—a)=0=(k-C-k)t=2k—-3)t. Vi2k—3 1a s6 1¢, n6 khac 0, nén (2k — 3)t #0.
Mau thun.

Each difference equals t or —t. If k of them equal t, the sum (a — b) + (b —c) + (c —a) =0
equals (k — (3 — k))t = (2k — 3)t. Since 2k — 3 is odd it is nonzero, so (2k — 3)t # 0.

Contradiction.

. Vay ba gia tri tuy¢t
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Vay khong tdn tai P va a, b, ¢ nhu vay.

Hence no such P, a, b, ¢ exist. ®

NHAN XET / REMARK — Két qua van dting cho chu trinh d6 dai 1é bat ky. Vi chu trinh
do dai 2 (P(a) =b, P(b) = a) thi 1ap luan khong dung dugc va co6 vi du: P(x) =—x + (a + b)
hoén doi a va b.

The result extends to cycles of any odd length. For a cycle of length 2 (P(a) = b, P(b) = a) the
argument fails and examples exist: P(x) = —x + (a + b) swaps a and b.

Vi DU 5.11 (Dw qua ndi suy) / EXAMPLE 5.11 (Remainders by interpolation) — Pa
thire P chia cho x — 1 du 4, chia cho x + 2 du 1, chia cho x — 3 du —5. Tim du cua P khi chia
cho (x — I)(x + 2)(x — 3).

A polynomial P leaves remainder 4 on division by x — 1, remainder 1 on division by x + 2 and
remainder —5 on division by x — 3. Find the remainder of P on division by (x — 1)(x + 2)(x — 3).

Loi giai. / Solution.
1. Theo Pinh 1y 5.12: P(1) = 4, P(-2) = 1, P(3) = —5. Du R cén tim ¢6 bac khong qua 2
vaR(1) =4, R(—2) =1, R(3) =—5 (H¢ qua 5.20).
By Theorem 5.12: P(1) =4, P(—=2) = 1, P(3) = —5. The required remainder R has degree at
most 2 and R(1) =4, R(—2) = 1, R(3) = —5 (Corollary 5.20).
2. Cac mau s cua Li: tai x = 1: (1+2)(1-3)=-6;taix=-2:(-2-1)(-2—3)=15; tai
x=3:3-1)3+2)=10.
The denominators of the Li: atx = 1: (1 + 2)(1 —3) = —6; atx =—2: (-2 —1)(-2—3) =
15;atx=3:(3—-1)(3+2)=10.
Rx)=4-x+2)x—3)/(—6)+1-x—1)(x—3)/15+ (-5)-x— 1D (x+2)/10
3. Quy déng mau 30: R(x) = [20(x2 —x — 6) + 2(x2 — 4x + 3) — 15(x2 + x — 2)]/30 =
(—33x*—3x + 156)/30.
Over the common denominator 30: R(x) = [-20(x> —x — 6) + 2(x* —4x + 3) — 15(x* + x —
2)]/30 = (—33x? — 3x + 156)/30.
R(x) = (—11X2 —x+52)/10
4. Kiém tra: R(1)=(-11—-1+52)/10=4; R(-2)=(-44+2+52)/10=1; R(3)=(-99 —
3+52)/10 =-5.
Check: R(1) = (=11 — 1+ 52)/10=4; R(—2) = (—44 + 2+ 52)/10=1; R(3) = (—99 — 3 +
52)/10 = 5.
Vay du la R(x) = (—11x2 — x + 52)/10.
Hence the remainder is R(x) = (—11x* —x + 52)/10. &
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10 1

- ~

/
;‘— R(x), degR<2
== RE) (1U5)(x = D +2)(x - 3)

-3 -2 -1 0 1

Hinh 5.3. Pa thirc bac khong qua 2 qua ba diém cho trude (dudng lién) va mot da thirc bac 3 qua
cung ba diém (duong durt)
Figure 5.3. The polynomial of degree at most 2 through three given points (solid) and a cubic through the
same points (dashed)

LOI HAY GAP / COMMON MISTAKE — Cho ring du khi chia cho tich ba nhj thic 1a
hang sé hodc bac nhat. Du c¢6 bac khong qua 2; sé diéu kién can bang s nghiém cua udc.
Assuming the remainder on division by a product of three linear factors is constant or linear. The
remainder has degree at most 2; the number of conditions needed equals the number of roots of the

divisor.

5.6. Day so truy hoi tuyén tinh — Linear recurrence sequences

PINH NGHIA 5.21 (Diy truy hdi tuyén tinh) / DEFINITION 5.21 (Linear recurrence)
— Diy (an) goi 12 truy hoi tuyén tinh cp 1 néu an+1 = pan + q v6i cac hang sb p, q, va cip 2
néu ani2 = pan+1 + qan. VGi cép 2, phuong trinh r2 = pr + q goi 1a phwong trinh dic trung.

A sequence (ay) is a first-order linear recurrence if a,+;1 = pa, + q for constants p, q, and a second-

order one if an+2 = pan+1 + qan. For the second order, the equation r? = pr + q is the characteristic

equation.

PINH LY 5.22 (Truy hoi cip 1) / THEOREM 5.22 (First-order recurrence) — Cho an+1
=pan+qVvéip# 1. Diatc=q/(1 —p). Khi d6 an — c =p" (a1 —c) v6i moin > 1. Néu p = 1 thi
an=a; + (n— l)q

Let ay; = pa, + g withp # 1 and put ¢ = q/(1 — p). Then a, —c =p"'(a; —c) foralln>1.Ifp = 1
then a, = a; + (n — 1)q.

Chirng minh. / Proof.

Vic=pc+qnénam —¢=pan+q—pc—q=p(a — c). Vay (an — ¢) 1a cip sd nhan cong
boi p.

Since ¢ = pc + q, we get an+; — ¢ = pan + q — pc — q = p(an — ¢). So (an — c) is a geometric
progression with ratio p.

an=c+p»1(a1—c) (5.5)

Véip =1, an+1 — an = q khong doi: cap so cong.

Forp =1, ay+1 — an = q is constant: an arithmetic progression. B
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TINH CHAT 5.23 / PROPERTY 5.23 — Vi an+1 = pan + c's” va s # p, ddy As" vi A = c/(s
— p) 1a mot nghiém riéng, va a, — As™ thoa truy hdi thuan nhit bar = pbn.

For ap+; = pa, + cs" with s # p, the sequence 1s" with A = c¢/(s — p) is a particular solution, and a, —
As" satisfies the homogeneous recurrence by+; = pby.

Chirng minh. / Proof.

Thay As" vao: As"™! = pAs® + cs" khi va chi khi A(s — p) = ¢. Hiéu cua hai nghiém cung
truy hoi thi thoa phan thuan nhat.

Substituting Js": As"*! = pAs" + cs" if and only if J(s — p) = c. The difference of two solutions of
the same recurrence satisfies the homogeneous part. R

PINH LY 5.24 (Truy hdi cip 2) / THEOREM 5.24 (Second-order recurrence) — Cho
ani2 = pan+1 + qan (n > 0) voi phuong trinh dic trung 12 = pr + q. (i) Néu c6 hai nghiém thyc
phan bi¢t 11, r2 thi a, = Ari" + Bro", trong d6 A = (a1 — r2a0)/(r1 — 1r2) va B = (r1a0 — a1)/(r1 — 12).
(ii) Néu c6 nghiém kép r # 0 thi a, = (A + Bn)r", véi A = ag va B = (a1 — rag)/r.

Let an+2 = pan+1 + qan (n > 0) with characteristic equation r? = pr + q. (i) If there are two distinct real
roots ry, v then a, = Ar;" + Bry", where A = (a; — r:ap)/(r1 — r2) and B = (riao — a))/(v1 — r2). (i) If
there is a double root v # 0 then a, = (A + Bn)r", with A = ap and B = (a; — ray)/r.

Chirng minh. / Proof.

(i) Day r" thoa truy hoi vi 12 = pr**! + qr" khi 12 = pr + q. Do truy hdi tuyén tinh, Ar;" +
Br," cling théa. Voi A, B nhu trén, tain=0taco A+ B=apvatain=1cd Ar; + Br, =
a1. Hai ddy cung truy hdi va cung hai s6 hang dau thi bang nhau (quy nap), nén d6 13 ax.
(i) The sequence r" satisfies the recurrence because r"*? = pr"**! + qr* when r> = pr + q. By
linearity Ar/" + Bry" satisfies it too. With A, B as above, A + B = ap at n = 0 and Ar; + Br: = a;

at n = 1. Two sequences with the same recurrence and the same first two terms coincide
(induction), so this is an.

(i) Nghiém kép nghia 1a p = 2r, q = —12. V&i n'r™ p(n + Dr**! + qnr® = 2(n + 1)r"*2 — nr**2
= (n + 2)r"*2. Vay nr" thoa truy hdi. Chon A, B dé khép ao = A va a; = (A + B)r, roi két
luan nhu trén.

(ii) A double root means p = 2r, g = —r% For n'r": p(n + Dr'*! + qni’’ = 2(n + Dr"*? — p"*? =
(n + 2)r"*2. So nr" satisfies the recurrence. Choose A, B to match ap = A and a; = (A + B)r, and
conclude as before. ®

VI DU 5.12 (Nghiém riéng va phwong trinh dic trung) / EXAMPLE 5.12 (Particular
solution and characteristic equation) — (a) Cho a; = 1 va ap+1 = 3a, + 2™ Tim a,. (b) Cho
bo =2, b1 =3 va bp+2 = 6bn+1 — 9by. Tim by,

(a) Let a; = 1 and an+1 = 3a, + 2". Find a,. (b) Let bp = 2, by = 3 and b,+> = 6by+1 — 9b,. Find b,.

Loi giai. / Solution.
1. (a) Theo Tinh chat 5.23 véi p=3,s=2,c=1:A=1/(2-3)=—1.batu, = a, +2".
Khi d6 un+1 = 3an + 27 + 27! = 3a, + 3-2" = 3u,.
(a) By Property 5.23 withp =3, s =2, c=1:A=1/(2—3) = —1. Put u, = a, + 2". Then
Un+1 = 3an + 2" + 2" = 3q, + 3-2" = 3u,.
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2.ui=1+2=3,nénu,=3"vaa,=3"-2" Kiémtra: a,=31+2=5=9—4; a3=3-5
+4=19=27-8.
uy=1+2=3sou,=3"and a, =3"— 2" Check: ax=31+2=5=9—-4;,a3;=35+4=
19=27-8.
3. (b) Phuong trinh dac trung r> — 6r + 9 = 0 ¢6 nghiém kép r = 3. Theo Dinh ly 5.24(ii),
bn = (A + Bn)3" v6i A =bo = 2.
(b) The characteristic equation r’ — 6r + 9 = 0 has the double root r = 3. By Theorem
5.24(ii), by = (A + Bn)3" with A = by = 2.
4.b1=(2+B)3=3choB=-1.Vayb,=(2 —n)3". Kiém tra: by=6-3-9-2=0= 2-
2)9;b3=60—9-3=-27=(2-3)-27.
by =2+ B)3=3givesB=—1.5S0b,=(2—n)3" Check: b>=63—-92=0=(2-2)9;
b;=60—93=-27=(2-3)27.
Vay a,=3"—2"vab,=(2 —n)3".
Hencea, =3"—2"and b, = (2 —n)3". A

an=A-r1"+ B-r" (5.6)
an=(A+ B-n)-rm (5.7)

NHAN XET / REMARK — Dy Fibonacci Fo =0, F1 = 1, Fyr2 = Fot1 + Faco 2 =1+ 1, hai
nghiém ¢ = (1 +V5)/2 va y = (1 — V5)/2. Theo Dinh Iy 5.24(i), A = 15, B=—1/N5, nén F, =
(o™ — y")/N5. Cong thirc chira s v6 ti nhung cho gi4 tri nguyén véi moi n.

The Fibonacci sequence Fy =0, F; = 1, Fyiy = Fyu + Fy has r> = r + 1 with roots ¢ = (1 + \N5)/2 and
w = (1 —5)/2. By Theorem 5.24(i), A = IN5, B = =IN35, so F, = (¢" — w")N5. The formula contains
irrational numbers yet gives an integer for every n.

Fo= ("= y")/V5 @=1+V5)/2, y=1-V5)/2 (5.8)

LOI HAY GAP / COMMON MISTAKE — Vi nghiém kép viét an = Ar" + Br" = (A+
B)r™ chi con mét hing sé tu do nén khong khdp duoc hai sb hang dau. Dang ding 1a (A +
Bn)r".

For a double root writing a, = Ar" + Br"" = (A + B)r": only one free constant remains, so two initial
terms cannot be matched. The correct form is (A + Bn)r".

PHAI THUQC / MEMORISE — Cip 2: nghiém phan biét r1, 1> cho a, = Ari™ + Br,;
nghiém kép r cho a, = (A + Bn)r"; A, B tim tur ao, ai.

Second order: distinct roots ry, > give a, = Ar/" + Bry"; a double root r gives a, = (A + Bn)r"; A, B
come from ay, a;.

5.7. Day tuan hoan, tong sai phin va diy nguyén — Periodic sequences,
telescoping sums and integer sequences

PINH NGHIA 5.25 (Diy tuin hoan) / DEFINITION 5.25 (Periodic sequence) — D3y (an)
goi 12 tuan hoan véi chu ky T > 1 (tir vi tri 1) néu anst = 2, v6i moi n >1i. Khii= 1 ddy goi la
tuan hoan thudn tay.
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A sequence (ay) is periodic with period T > 1 (from position i) if an+r = an for all n >i. When i = 1 it is
purely periodic.

BO DE 5.26 / LEMMA 5.26 — Gia sit moi s6 hang cia day thuéc mét tap hiru han X, va
mdi sb hang tir a3 tré di dugce xac dinh duy nhét boi hai sd hang lién truge. Khi do day tudn
hoan tir mot vi tri nao do.

Suppose every term of a sequence lies in a finite set X and each term from az on is determined
uniquely by the two terms before it. Then the sequence is periodic from some position on.

Chirng minh. / Proof.

C6 khong qua |X[? cdp (an, ant1) khac nhau. Xét [XP? + 1 cip dau tién: theo nguyén ly
Dirichlet c6 1 <j vd&i (ai, ai+1) = (aj, aj+1).

There are at most |X|? distinct pairs (an, an+1). Among the first |X|? + I pairs the pigeonhole
principle gives i <j with (ai, ai+1) = (aj, aj+1).

Vi mdi s6 hang duogc xac dinh bdi hai sb hang lién trude, quy nap cho ai+ = aj+k voi moi
k> 0. Vay day tuan hoan tir vi tri i v&i chu ky j —i.

Since each term is determined by the two before it, induction gives ai+x = aj+ for all k > 0. So the
sequence is periodic from position i with period j —i. W

NHAN XET / REMARK — Ap dung cho diy Fibonacci lay theo modulo m: céc cip (Fa
mod m, Fnr1 mod m) chi ¢6 m? kha ning, nén diy du tuan hoan. V&i m = 10 chu ky 13 60, vi
thé chir s6 tan cung ctia Fy 13p lai sau mdi 60 sb hang.

Applied to the Fibonacci sequence modulo m: the pairs (F, mod m, F,+;1 mod m) have only m?
possibilities, so the residue sequence is periodic. For m = 10 the period is 60, so the last digit of F,
repeats every 60 terms.

PINH LY 5.27 (Tong sai phan (tong thu gon)) / THEOREM 5.27 (Telescoping sum) —
Véi day bat ky (ck), Zk=1™ (Cki1 — k) = Cut1 — C1.

For any sequence (c), Zi=1" (Ck+1 — C) = Cnr1 — C1.

Chirng minh. / Proof.
Quy nap theo n. V&i n = 1 hai vé cing bang c2 — ¢i. Néu ding véi n thi Zi=™! = (co+1 —
c1) + (Cnt2 — Cnt+1) = Cn+2 — C1.

Induction on n. For n = I both sides equal c> — c;. If true for n then Zi=;""!

= (Cn+1 — C1) + (Cn+2
- Cn+1) =cp2—ci. N

HE QUA 5.28/ COROLLARY 5.28 — Véimoin€ Z*: 1 +2+ ... +n= n(n+1)/2val*+
22+ ... +n’=n(n+ 1)2n+ 1)/6.
Foreveryn €2 1+2+ ... +n=nm+1)2and I°+2°+ ... +n’=nmn + 1)2n + 1)/6.

Chirng minh. / Proof.

Ap dung Pinh 1y 5.27 chock =k= L 2k + 1) =(n+ 12— 1, thc 2(1 + ... +n)+n=n*+
2n, suy ra tong dau bang n(n + 1)/2.

Apply Theorem 5.27 with cx = k*: X 2k + 1) =(n + 1)?— I, thatis 2(1 + ... + n) + n =n’? + 2n,
which gives the first sum n(n + 1)/2.
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Véick=k* T 3k +3k+ 1)=(n+ 1)*— 1. Goi S 1a tong binh phuong, ta c6 3S = (n +
1»—-1-3nn+1)2—-—n=n+1)[n+1?*—1-3n2]=m+1)(n*+n2)=n(n+1)2n+
1)/2.

With ck = k3: X (3k?> + 3k + 1) = (n + 1)° — 1. Writing S for the sum of squares, 3S = (n + 1)° — 1
—3nm+1D)2—-n=m+D[m+1)>—1-3n2]=m+Dm*>+n/2) =nn+1)2n+1)/2.

Chia cho 3 duoc cong thirc thir hai.
Dividing by 3 gives the second formula. &

1°+2°+ ..+n*=n(n+1)(2n+1)/6 (5.9)

Vi DU 5.13 (Chu ky va tong thu gon) / EXAMPLE 5.13 (Period and telescoping) — (a)
Dy (an) ¢6 a1 =X, a2 =y VA an+2 = an+1 — an. Tinh téng ctia 2026 sé hang dau theo x, y. (b) Rat
gon T, = Zi=1" 1/(k(k + 1)(k + 2)).

(a) A sequence (an) has a; = x, a> =y and ap+> = an+1 — ay. Find the sum of'its first 2026 terms in

terms of x, y. (b) Simplify T, = 2p=1" 1/(k(k + 1)(k + 2)).

Loi giai. / Solution.
1. (a) Tinh cac sb hang dau: x, Y,y =X, X, "y, X—Y,X,V, ... [Ura;=aj va ag = az, theo
truy hoi ddy tudn hoan thuan tiy chu ky 6.
(a) The first terms are x, y, y — X, =X, =V, X — Y, X, J, ... Since a7 = a; and as = a>, the
recurrence makes the sequence purely periodic with period 6.
2. Tong sau sb hang lién tiép: x + y + (y — X) + (—x) + (—y) + (x — y) = 0. Vi 2026 =
6-337 + 4, tong can tim bang tong bdn s6 hang dau: x +y + (y — x) — x =2y — x.
The sum of six consecutive terms isx +y + (y —x) + (—x) + (—y) + (x — y) = 0. Since 2026
= 6:337 + 4, the required sum equals the sum of the first four terms: x +y + (y —x) —x =
2y —x.
3.(b) Tacod 1/(k(k+ 1)) — 1/(k+ 1)k +2)=(k+2)—k)/(k(k+ 1)k +2))=2/(k(k +
)(k +2)). Do do 1/(k(k + 1)(k + 2)) = (1/2)(ck — ck+1) voi ck = 1/(k(k + 1)).
(b) We have 1/(k(k + 1)) — 1/((k + Dk + 2)) = ((k+ 2) — kK)/(k(k + )(k + 2)) = 2/(k(k +
1)(k + 2)). Hence 1/(k(k + 1)(k + 2)) = (1/2)(ck — ck+1) with ck = 1/(k(k + 1)).
4. Theo Pinh 1y 5.27, Ta = (1/2)(c1 — ca+1) = (1/2)(172 = 1/((n + 1)(n + 2))) = 1/4 — 1/(2(n
+1)(n+2)).Véin=1:1/4-1/12=1/6 =1/(1-2-3).
By Theorem 5.27, T, = (1/2)(c1 — ca+1) = (1/2)(1/2 — 1/(n + )(n + 2))) = 1/4 — 1/2(n +
Dm+2). Forn=1:1/4—-1/12=1/6=1/(1-2-3).
Viy (a) tong bang 2y — x; (b) Ta = 1/4 — 1/2(n + 1)(n + 2)).
Hence (a) the sumis 2y —x; (b)) T, =1/4— 1/2(n+ N(n+2)). A
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1 2 3 4 5 6 7 8 9 10 11 12 13

Hinh 5.4. Day ay+2 = an+1 — an vOi a1 = 1, a> = 2 1dp lai sau moi sau so hang
Figure 5.4. The sequence an+> = an+1 — a, with a; = 1, a; = 2 repeats every six terms

PHAN TiCH / ANALYSIS — Hg¢ thirc an+1an-1 = aq* + 2 chira tich nén khong tuyén tinh, va
chia cho a,-1 chua cho tinh nguyén. Hay thir vai ) hang: 1, 1,3, 11, 41, 153. Mi ) béng 4
1an s6 trude trir s6 trude nita (11 =4-3 — 1,41 = 4-11 — 3), goi ¥ mot truy hdi tuyén tinh. Ta
dung day tuyén tinh d6, chirng minh né thda h¢ thac béng mot dai lugng bét bién, rdi suy ra
hai day trung nhau.

The relation an+1a,-1 = a,® + 2 contains a product, so it is not linear, and dividing by a,-1 does not yet
give integrality. Try a few terms: 1, 1, 3, 11, 41, 153. Each equals 4 times the previous term minus the
one before (11 =4-3 — 1, 41 = 4-11 — 3), which suggests a linear recurrence. We build that linear

sequence, prove it satisfies the relation using an invariant, and conclude that the two sequences
coincide.

Vi DU 5.14 (Dung diy tuyén tinh va bt bién) / EXAMPLE 5.14 (Building a linear
sequence and an invariant) — D3y (a;) c6 ap=a;1 =1 vad ag+1an-1 = a> + 2 véimoi n > 1.
Chung minh moi a, 13 s6 nguyén dwong va ant1 = 4a, — an-1.

A sequence (a,) has ap = a; = 1 and an+1a,-1 = a® + 2 for all n > 1. Prove that every a, is a positive
integer and an+1 = 4an — an-1.

Loi giai. / Solution.

1. Dinh nghia day (bn) bdi bo = b1 =1 va but1 = 4by — bu-1. Ta c6 b2 =3 > b1 > 0. Quy
nap: néu ba:1 > by > 0 thi bz — but1 = 3bas1 — by > 0, nén moi by 1a s6 nguyén duong
va day tang ngat ttun = 1.

Define (b,) by bo = b; = I and by+1 = 4by — by—1. Then b2 = 3 > b; > 0. By induction, if by+i
> by > 0 then by+2 — bu+1 = 3bn+1 — by > 0, so every b, is a positive integer and the sequence
increases strictly fromn = 1.

2. Dat I = ba? — 4bnbn-1 + ba-12. Khi d06 In+1 — In = (ba+1? — ba-1?) — 4ba(bn+1 — ba-1) = (bu+1
—bn-1)(bnt1 + b1 —4bn)=0. VayLLi=i=1-4+1=-2véimoin>1.

Put I, = b,?> — 4bubp—1 + bu-12. Then Li+1 — Iy = (bn+1? — bn-12) — 4bn(bn+1 — bn—1) = (bn+1 —
bun-1)(bp+1 + bp-1 —4by) =0.Sol, =11 =1—4+1=-2foralln>1.

3. Mat khéc In+1 = bo+1(ba+1 — 4bn) + bn? = —bn+1bn-1 + ba?. T Inr1 = —2 suy ra ba+1bn-1 =
bn2+2véimoin>1.

On the other hand L+1 = bu+1(bn+1 — 4by) + by? = —bp+1bp—1 + by>. From L+ = —2 we get
bu+1bn-1 = b2 + 2 foralln > 1.
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4. Dy (bs) c6 cung hai s6 hang dau va cung hé thirc v6i (an); hé thire xac dinh an+1 = (a2
+ 2)/an-1 duy nhét khi a,1 # 0. Quy nap cho a, = b, v&i moi n.
The sequence (b,) has the same first two terms and satisfies the same relation as (a,); the
relation determines an+1 = (an” + 2)/an-1 uniquely when an—; # 0. Induction gives a, = b, for
all n.

Vay moi a, 1a s6 nguyén duong va an+1 = 4an — an-1.

Hence every a, is a positive integer and an+1 = 4an — an-1. M

NHAN XET / REMARK — Céch tim ra hang s6 4: trir hai hé thitc an+1an-1 = an2 + 2 va
anan—2 = an-1> + 2 dugc an-1(an+1 + an-1) = an(an + an-2), tUc (an+1 + an-1)/an = (an + an—2)/an-1. Ti
s6 nay khong dbi va bang (az + ag)/a1 = 4. Phép chia chi hop 18 khi cac s6 hang khac 0, nén 15i
giai chat phai ching minh tinh duong trudce.

To discover the constant 4, subtract a,+i1an,-1 = a,’> + 2 and anan-> = an-1> + 2 to get an-1(an+1 + an-1) =
An(@n + An-2), that is (an+1 + an-1)/an = (an + an-2)/an-1. This ratio is constant and equals (a> + ag)/a; =
4. The division is valid only for nonzero terms, so a rigorous solution proves positivity first.

LOI HAY GAP / COMMON MISTAKE — Két luan diy nguyén tir vai s6 hang dau (1, 1,
3, 11, 41). Vai s6 hang nguyén khong chirmg minh gi; phai co quy nap hoic bat bién cho moi
n.

Concluding that a sequence is integral from its first few terms (1, 1, 3, 11, 41). A few integer terms
prove nothing; induction or an invariant for every n is required.

LOI HAY GAP / COMMON MISTAKE — Quy nap thiéu budc co sé hodc chi kiém mot
s6 hang khi truy hdi can hai s6 hang dau. Truy hdi cap 2 can kiém ca hai gia tri khoi dau.
Induction with a missing base case, or only one starting term checked when the recurrence needs two.
A second-order recurrence needs both starting values verified.

5.8. Bang chién lwgc va thuat nglv — Strategy table and glossary

Diu hi¢u trong dé Cong cu nén thir Vi du

Sign in the problem Tool to try Example

& thirc o f(x + 3¢ hai s
H¢ thure ¢6 f(x + y) hodc hai Pat mot bién bing 0, 1; y = x; y =

bién ty do Vidu5.1
: —X
Relation with f(x + y) or two ) Example 5.1
: . Set a variableto QO or 1; y =x; y = —x

free variables
He thirc chira f(x) va f(1 —x) D6i x thanh 1 — x, giai hé hai an ,

. . . Vidu5.2
Relation involving f(x) and f(1 ~ Replace x by 1 — x, solve the 2-

Example 5.2
—Xx) unknown system
Quy nap tur f(n + 1) — f(n), xét ca

Mién Z hodc Z* chiéu am Vidu5.3
Domain Z or Z* Induction from f(n + 1) — f(n), both Example 5.3

directions
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Diu hi¢u trong dé

Cong cu nén thir Vi du

Sign in the problem

f(x +y) =f(x) + f(y) kém
don diéu hodc diu

Sx +y) =fx) + f() with

monotonicity or Sign
Bién dung riéng ¢ ve phai;

f(f(x))

A variable alone on the right;

J1x)

Chia hét, du, tim hé sd, tong

lily thira cac nghiém
Divisibility, remainders,
coefficients, power sums of
roots

Pa thirc hé s6 nguyén, P(a)
P(b)
Integer polynomial, values

P(a), P(b)

Biét gia tri cua da thuce tai
vai diém

Values of a polynomial at a few

points

Day truy héi, sd hang téng

Tool to try Example

Dinh ly Cauchy, d6i ham dé vé cong

tinh Vidu54,5.5
Cauchy's theorem, shift to an additive Examples 5.4, 5.5
function

Ching minh don anh, toan anh; thay

y boi f(y) Vidu5.6,5.7
Prove injectivity, surjectivity; replacey = Examples 5.6, 5.7
by 1)

Bézout, d@)ng nhét hé sb, Viéte véi

p,q, T Vidu5.8,5.9
Bézout, comparing coefficients, Vieta Examples 5.8, 5.9
with p, q, v

’ (a—Db)|P(a) — P(b), ddng du theo

Vidus54
modulo

Example 5.4
(a — b) | P(a) — P(b), congruences
Noi suy Lagrange, du cta phép chia Vidu5.11

szg.rfmge interpolation, remainder of a Example 5.11
division

Phuong trinh dac trung, nghi¢m

Ut riéng Vidu5.12
1 Characteristic equation, particular Example 5.12
Recurrence, general term )
solution
Day lap lai, téng nhiéu s6
hang, tinh nguyén Chu ky, tong sai phan, bat bien Vidu5.13, 5.14
Repeating sequence, long sums, Period, telescoping, invariant Examples 5.13, 5.14

integrality

Thuéat ngir

Term (Vietnamese)

Tiéng Anh Giai thich ngin
English Short definition

Phuong trinh ham

Nghiém ham

Phép thé

Heé thirc chira ham chua biét

Functional equation . . ,
A relation containing an unknown function

Ham thoa hé thirc trén ca mién
Solution function A function satisfying the relation on the whole
domain

Gan biéu thirc cho bién

Substitution . . .
Assigning an expression to a variable
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Thuéat ngir Tiéng Anh Giai thich ngin

Term (Vietnamese) English Short definition

Kiém ham tim duoc thoa dé

Thur lai Verification Checking that the function found satisfies the
equation
Pon anh Injective flu)=f(v)=u=v
L Moi gié tri dich déu dugc nha
Toan anh Surjective oF R U CHER G GO0 S

Every target value is attained

Vira don anh vira toan anh

Song anh Bijective Both injective and surjective

R 1K, an . . Gid tri w voi f(w) =w
Diém bat dong Fixed point A value wwith fiw) = w
Ham cong tinh Additive function fix +y)=1(x) + f(y)

Tén cua hé thirc cong tinh

Phuong trinh Cauchy Cauchy's equation The name of the additive relation

Lu6n tdng hoac luén gidam

Ham don diéu Monotone function _ , ,
Always nondecreasing or always nonincreasing
, : Téng céc don thirc mot bién
Da thtc Polynomial B o8 R .
A sum of monomials in one variable
A S6 mii 16n nhit cua bién
Bac Degree . .
The largest exponent of the variable
A X 2 . . Heé s6 cua s6 hang bac cao nhit
Hg so dau Leading coefficient i N g )
The coefficient of the highest-degree term
: o . : A=BQ+RvdidegR <degB
Phép chia c¢6 D n with remainder
¢ép chia co du ivision w A = BO + Rwith deg R < deg B
. . Du khi chia cho x — o 1a P(a)
Pinh 1y Bézout Remainder theorem
Lty The remainder on division by x — o, is P(a)
Nghiém ldp lai trong phan tich thanh nhan
Nghiém boi Multiple root tr
A root repeated in the factorisation
S : Lién h¢ nghiém va h¢ sb
Dinh ly Viete Vieta's formulas (& NSk i -
Relations between roots and coefficients
Da thirc bac thdp nhét qua cac diém cho
. . . trudc
Noi suy Lagrange Lagrange interpolation
o1 Suy Lagrang Erang P The least-degree polynomial through given
points
A Zo1a X . . Hai da thirc bang nhau thi hé s bang nhau
Dong nhat hé so Comparing coefficients £ i 8

Equal polynomials have equal coefficients
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

SO hang cho bdi cac so hang trude

Day truy hoi Recurrence sequence _ .
Terms given by earlier terms

r> = pr + q cua truy hdi cap 2

Phuong trinh déc trun Characteristic equation
& ) & q r? = pr + q for a second-order recurrence

Mot nghiém cu thé cua truy hoi khong
thuan nhat

Nghiém riéng Particular solution ] ) o
One specific solution of an inhomogeneous
recurrence
x oA \ . Diy l3p lai sau T s han
Day tuan hoan Periodic sequence y1ap & ) ang
A sequence repeating after T terms
2 . A . Tong ma céac so hang triét tiéu nhau
Tong sai phan Telescoping sum S
A sum whose terms cancel in pairs
1 . Dai luvong khong ddi qua mdi bude
Bat bicn Invariant G gcolq

A quantity unchanged at every step

5.9. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 5.1 / Problem 5.1 — Tim moi ham f: R — R thoa f(x +y) = f(x) + y(3x*> + 3xy + y* + 2)
véi moi s thuc x, y.
Find all functions f- R — R such that f(x + y) = f(x) + y(3x? + 3xy + y? + 2) for all real x, y.

Bai 5.2 / Problem 5.2 — Tim moi ham f: R — R thoa x-f(x) + f(1 — x) = x* + 2 v&1 moi 5O
thuc x.
Find all functions f: R — R such that x-f(x) + f(1 — x) =x? + 2 for all real x.

Bai 5.3 / Problem 5.3 — Cho a, b, ¢ 1a ba nghiém cua x* — 7x* + 5x — 1 = 0. Tinh a> + b*> + ¢?,
a*+b*+c3val/a+1/b>+ 1/c2

Let a, b, ¢ be the three roots of x> — 7x? + 5x — 1 = 0. Compute a® + b*> + ¢? a* + b*> + ¢*and 1/a’ +
1/b% + 1/c2.

Bai 5.4 / Problem 5.4 — Day (an) c6 a1 = 1 va an+1 = 2a, + n. Tim cong thirc cta a, va tinh
ajo.
A sequence (ay) has a; = 1 and a,+; = 2a, + n. Find a formula for a, and compute a .

Mikc 2 — Hoc sinh giéi quoc gia — Level 2— National olympiad

Bai 5.5/ Problem 5.5 — Tim moi ham f: R — R don di€u ting (x <y = {(x) < f(y)) thoa f(x
+y)=1(x) +f(y) + 2 voimoi x, y va f(1) = 5.

Find all nondecreasing functions f: R — R (x <y = f(x) <f(y)) such that f(x + y) = f{x) + f{y) + 2 for
all x, y and f(1) = 5.
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Bai 5.6 / Problem 5.6 — Tim moi ham f: R — R thoa f(x)-f(y) = f(x + y) + xy véi moi s6
thuc x, y.
Find all functions f- R — R such that f(x)-f(y) =f(x +y) + xy for all real x, y.

Bai 5.7 / Problem 5.7 — Cho P € Z[x] v6i P(0) =7, P(1) = 10, P(2) = 13. Chiing minh P
khong c6 nghiém nguyén.

Let P € Z[x] with P(0) = 7, P(1) = 10, P(2) = 13. Prove that P has no integer root.

Bai 5.8 / Problem 5.8 — Tim moi da thirc P hé s6 thuc thoa P(x + 1) + P(x — 1) — 2P(x) =2

v&i moi sd thue x.
Find all polynomials P with real coefficients such that P(x + 1) + P(x — 1) — 2P(x) = 2 for all real x.

Mirc 3 — Olympic quf')c té — Level 3— International olympiad

Bai 5.9 / Problem 5.9 — Ching minh khong ton tai ham f: R — R thoa f(f(x)) = x2 — 3 véi
moi s thuc x.
Prove that there is no function f- R — R such that f{f{(x)) = x*> — 3 for all real x.

Bai 5.10 / Problem 5.10 — Cho P € Z[x] sao cho phwong trinh P(x) = 7 ¢6 it nhit bon
nghiém nguyén phan biét. (a) Ching minh phuong trinh P(x) = 10 khong c6 nghiém nguyén.
(b) Chi ra mét da thirc P nhu vay va mot sé nguyén m dé P(m) = 11.

Let P € Z[x] be such that the equation P(x) = 7 has at least four distinct integer roots. (a) Prove that

the equation P(x) = 10 has no integer root. (b) Give such a polynomial P and an integer m with P(m)
=11

Bai 5.11 / Problem 5.11 — Day (a,) c6 ap =1, a1 =2 va ap+1an-1 = ap> + 3 voimoi n > 1.
Chirg minh ring (a) moi a, 13 s6 nguyén duong va as = 4an — an—1; (b) an = (2 + V3" + (2 —
V3))/2; (¢) azn = 2a,2 — 1.

A sequence (ay) has ap =1, a; = 2 and an+1a,-1 = ay® + 3 for all n > 1. Prove that (a) every a, is a
positive integer and ay+1 = 4ay — an-1; (b) an = (2 +N3)" + (2 = N3)")/2; (¢) azm = 2a.* — 1.

Bai 5.12 / Problem 5.12 — Tim moi ham f: Z — Z théa f(f(n)) =n v6i moin € Z va (m — n) |
f(m) — f(n) v6i moi sé nguyén m # n.
Find all functions f: 7. — 7 such that f{f(n)) = n for all n € Z and (m — n) | f(m) — f(n) for all integers

m#n.

5.10. Loi giai bai tu luyén — Solutions to practice problems

Bai 5.1 — Problem 5.1
1. bat x = 0: f(y) = f(0) + y(y*> + 2) = y* + 2y + ¢ vdi ¢ = f(0).
Putx = 0: f(y) =f(0) +y(y*>+ 2) =y° + 2y + ¢ with ¢ = f{0).
2. Thir lai véi f(x) = x> + 2x + ¢. V& tréi trir f(x) 14 (x + y)* — x3 + 2y = 3x2%y + 3xy? + y3
+ 2y = y(3x2 + 3xy + y? + 2), dung bang phan cong thém & vé phai.
Check f(x) = x’ + 2x + c. The left side minus f(x) is (x +y)° — x° + 2y = 3x% + 3xy? + y* +
2y = y(3x? + 3xy + y? + 2), exactly the extra term on the right.
Vay f(x) = x* + 2x + ¢, voi ¢ 13 hing s6 thuc tuy ¥.

Hence f(x) = x* + 2x + ¢, where c is an arbitrary real constant. B

Tai li€u nay dugc bién soan boi doi ngii cia website: https://globalmarket.vin
Trang 173



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

Bai 5.2 — Problem 5.2
1. Thay x bdi 1 —x: (1 —=x)f(1 —x) + f(x) =(1 —x)*+2=x*>—2x + 3.
Replace x by I — x: (1 —x)f(1 —x) +f(x) = (] —x)?+2=x>—2x+ 3.

2. Tur hé thuce &, f(1 — x) = x>+ 2 — x-f(x). Thé vao phuong trinh méi: f(x) + (1 — x)(x2
+2 —xf(x)) =x*—2x + 3.

From the given relation, f(1 — x) = x? + 2 — x-f(x). Substituting in the new equation: f(x) + (I
- x)(x?+ 2 —xf(x)) =x?—2x + 3.

3. Gom f(x): f{(x)(1 —x+x?)=x*—-2x+3 - (1 —x)(x*+2)=x*+ 1=+ )(xX*—x +
1).
Collect f(x): f(x)(I —x +x?) =x?—2x+3— (1 —x)(x*+2)=x*+ 1 =(x+ )(x*—x + I).

4.Vix*—x+1=(x—1/2)*>+3/4> 0 v6i moi x nén chia dugc: f(x) =x + 1.
Sincex? —x + 1= (x— 1/2)? + 3/4 > 0 for every x, we may divide: f(x) =x + I.

5. Thu lai: x(x+ 1)+ (2 —x)=x>+x+2 —x=x*+2. Dlng.
Check: x(x + 1) + (2 —x) =x?+x+ 2 —x=x?+ 2. Correct.

Vay c6 ding mot nghiém f(x) =x + 1.

Hence there is exactly one solution, f(x) =x + 1. &

Bai 5.3 — Problem 5.3

1. Theo dinh Iy Viete: p=a+b+c=7,q=ab+bc+ca=5,r=abc=1.
By Vieta's formulas: p=a+b+c=7,qg=ab+bc+ca=35,r=abc=1

2.a2+b*+c2=p*—2q=49 - 10 = 39.
a’?+b’+c?=p?—2q=49—-10=39.

3.a*+b*+c*=p*—3pq+ 3r=343 — 105 + 3 =241.
a+b’+cP=p*—3pq+3r=343 — 105 + 3 =241

4.1/a2+ 1/0? + 1/c* = (2 — 2pr)/r2 = (25 — 14)/1 = 11. Mau r = 1 khac 0 nén cong thic
dung duoc.

1/a? + 1/b? + 1/c? = (q° — 2pr)/r? = (25 — 14)/1 = 11. The denominator r = 1 is nonzero, so
the formula applies.

Vay ba gia trj 1an luot 13 39, 241 va 11.
Hence the three values are 39, 241 and 11. R

Bai 5.4 — Problem 5.4

1. Tim nghiém riéng dang n—1: 2(—n—1)+n=—n—-2=—(n+1)— 1. Datba=as +n
+ 1.
A particular solution of the form —n — 1: 2(—n— 1) +n=-n—-2=—(m+1)— 1. Putbh, =
an+n+ 1.

2.Khidobpsi =ans1 +n+2=2a,+2n+2=2by,vabi=1+1+1=3. Vay b,=3-2""1,
Then by+1 = ans1 +n+2=2ay,+2n+2=2by, andb;=1+1+1=3.Sob,=32".

3.Suyraa,=32"'-n—1.Kiémtra:ay=2+1=3=6-3;a3=6+2=8=12—4.
Hencea, =32"1—n—1 Check:a=2+1=3=6-3,a3=6+2=8=12—4.
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4.a10=32°-11=1536—11 =1525.

ap=32°—11=1536—11=1525.

Vay an=3-2"!—n—1vaaj=1525.
Hencea, =32"1—n—1and ajp=1525. m

Bai 5.5 — Problem 5.5
1. bat g(x) = f(x) + 2. Khido g(x +y) = f(x +y) + 2 ={(x) +f(y) + 4 =g(x) + g(y): g

2.

3.

cong tinh. Hon ntra g don di¢u tdng vi f don di€u tang.

Putg(x) =flx) + 2. Theng(x +y) =fix +y) + 2 =f{x) + f(y) + 4 =g(x) + g(v): g is
additive. Moreover g is nondecreasing because f is.

Theo dinh 1y Cauchy véi diéu kién don diéu, g(x) =ax véia=g(l)=f(1)+2="7.
Viay f(x) = 7x — 2.

By Cauchy's theorem with monotonicity, g(x) = ax with a = g(1) = f(1) + 2 = 7. Hence f{x) =
7x — 2.

Thu lai: fx+y)=Tx+ 7y =2, f{x) + f(y) +2=7x—2+T7y—2+2=Tx+ Ty — 2.
Ham 7x — 2 don di€u tang va f(1) = 5.

Check: f(x+y)=7x+7y =2, f(x) +f(y) +2=7x—2+7y—2+2=7x+7y— 2. The
function 7x — 2 is nondecreasing and f(1) = 5.

Vay f(x) =7x — 2.
Hencef(x) =7x—2. 1

Bai 5.6 — Problem 5.6

1.

baty = 0: f(x)-f(0) = f(x), tic {(x)(f(0) — 1) = 0 v6i moi x. Néu f(0) # 1 thi fdéng
nhat bang 0, nhung khi d6 x =y =1cho 0=0+ 1, vd ly. Vay f(0) = 1.

Puty = 0: f(x)£(0) = f(x), that is f(x)(f(0) — 1) = 0 for all x. If f(0) # I then f'is identically 0,
but then x =y = 1 gives 0 = 0 + 1, absurd. So f(0) = 1.

.bata=1f(1). Véiy=1l:af(x)=f(x+ 1)+ x,nén f(x + 1) =a-f(x) - x. Véi x =1 suy

raf(2)=a>—1.
Puta=f(l). Withy = 1: af(x) =f(x +1) +x, sof(x+ 1) =afx)— x. Withx = 1 this gives
f2) =a’— 1

L Véiy = 2: f(x)-f(2) = f(x + 2) + 2x, nén f(x + 2) = (> — )f(x) — 2x.

Withy = 2: f(x)f(2) =f(x + 2) + 2x, so f(x + 2) = (a® — 1)f(x) — 2x.

. Ap dung cong thire f(x + 1) hai lan: f(x + 2) =a-f(x + 1) — (x + 1) = a(a-f(x) — x) — x

—l=a4(x)—(a+1)x— 1.
Applying the formula for f(x + 1) twice: f(x + 2) =af(x + 1) — (x + 1) = a(af(x) — x) —x —
1 =a*(x) —(a+ Dx— I

. So hai biéu thtre ciia f(x + 2): (a2 — Df(x) — 2x = a2f(x) — (a + 1)x — 1, suy ra f(x) = (a

+1)x+1-2x=(@—1)x+1.
Comparing the two expressions for f(x + 2): (a’ — 1)f(x) — 2x = a’*f(x) — (a + 1)x — 1, which
givesf(x) =(a+ Dx+1—2x=(a— Dx + 1

.Thé vao dé: (a— Dx+ 1)((a— 1)y + 1)=(a— 1)>xy + (a— 1)(x + y) + 1 phai bang (a

—I(x+y)+1+xy.Vay(a—1)>=1, tacc a=0 hoac a=2.
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Substitute in the equation: ((a — Dx + D((a— Dy +1) =(a— D>y +(a— D(x +y) + 1
must equal (a — )(x +y) + 1 +xy. So (a—1)?=1, thatisa =0ora = 2.
7.Voia=2:fx)=x+1;a=0:f(x)=1 —x. Tho lai: (x + 1)(y+ 1) =xy+x+y+1=

fx+y)+xy; (1 - x)(1—-y)=1—-x—-y+xy=1f(x+y)+xy.
Fora=2:f(x)=x+1;,fora=0:f{x) =1—x. Check: (x + )(y + 1) =xy +x+y+1=fx
ty) rxy (=) —y) =1 —x—y+xy=fix+y) +xy.

Vay f(x) =x + 1 hoac f(x) =1 — x.

Hencef(x) =x+1lorf(x)=1—x 1

Bai 5.7 — Problem 5.7

1. Moi s nguyén n déng du theo modulo 3 véi mét trong 0, 1, 2. Theo tinh chat dong
du ctia da thic nguyén, P(n) = P(r) (mod 3) néu n = r (mod 3).
Every integer n is congruent modulo 3 to one of 0, 1, 2. By the congruence property of
integer polynomials, P(n) = P(r) (mod 3) when n = r (mod 3).
2. Matkhac P(0)=7=1,P(1)=10=1,P(2)=13 =1 (mod 3). Vay P(n) = 1 (mod 3)
v6i moi s6 nguyén n.
Meanwhile P(0) =7 =1, P(1) =10=1, P(2) = 13 = 1 (mod 3). So P(n) = 1 (mod 3) for
every integer n.
Néu P(n) = 0 thi 0 = 1 (mod 3), vo ly. Vay P khong c6 nghiém nguyén.
If P(n) = 0 then 0 = I (mod 3), absurd. Hence P has no integer root. B
Bai 5.8 — Problem 5.8
LVix+1)P+x—-12-2x>=2,dat Qx)=P(x) —x>thiQ(x+ 1) + Q(x — 1) — 2Q(x)
=0.
Since (x + 1)? + (x — 1)? — 2x? = 2, putting Q(x) = P(x) —x*gives OQ(x + 1) + O(x — 1) —
20(x) = 0.
2.hatDx)=Q(x+ 1) —Q(x). Khidd D(x) —Dx—1)=Q(x+ 1) —2Qx) + Q(x— 1) =
0, tirc D(x) = D(x — 1) voi moi x. Quy nap: D(n) = D(0) véi moi s6 nguyén n > 0.
Put D(x) =Q(x + 1) — Q(x). Then D(x) — D(x — 1) = Q(x + 1) — 2Q(x) + Q(x — 1) = 0, that
is D(x) = D(x — 1) for all x. Induction: D(n) = D(0) for every integer n > 0.
3. Pa thirc D(x) — D(0) ¢6 vo s6 nghiém 0, 1, 2, ... nén 1a da thirc khong (da thirc khac
khong ¢6 hiru han nghiém). Vay D(x) = b 1a hang sd.
The polynomial D(x) — D(0) has infinitely many roots 0, 1, 2, ..., so it is the zero polynomial
(a nonzero polynomial has finitely many roots). Hence D(x) = b is constant.
4.Khi d6o Q(n+ 1) =Q(n) + b, nén Q(n) =Q(0) +bn véin=0, 1, 2, ... Pa thuc Q(x) —
bx — Q(0) ¢6 vo sb nghiém, nén Q(x) = bx + ¢ véi ¢ = Q(0).
Then Q(n + 1) = Q(n) + b, so Qn) = Q(0) + bn forn =20, 1, 2, ... The polynomial Q(x) — bx
— Q(0) has infinitely many roots, so Q(x) = bx + ¢ with ¢ = Q(0).
5.Vay P(x)=x*+bx+c. Thirlai: (x + 1)*+ (x— 1) —2x>+b(2x —2x) + c(1 + 1 —2) =
2. bung v&i moi b, c.

So P(x) =x?+ bx +c. Check: (x + 1)?+ (x —1)?—2x>+b(2x —2x) +c(l +1—2) = 2.
True for all b, c.
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Vay P(x) = x2+ bx + ¢, vi b, ¢ 1a hing s6 thyc tiy y.

Hence P(x) = x? + bx + ¢, where b, c are arbitrary real constants. ®

Bai 5.9 — Problem 5.9

1. Gia str f ton tai va dit g(x) = x? — 3. Tinh f(f(f(x))) theo hai cach: f(g(x)) = f(f(f(x)))
va g(f(x)) = f(f(f(x))). Vay f(g(x)) = g(f(x)): f giao hoan véi g, va do do giao hoan vai
geg.

Suppose f exists and put g(x) = x> — 3. Compute f(f(f(x))) in two ways: f(g(x)) = f(f((x))) and
g(f(x) =ff(f(x)). So f(g(x)) = g(f(x)): f commutes with g, and hence with gog.

2. Nghiém cua g(g(x)) = x: (x> — 3)> — 3 = x tuong duong x* — 6x> —x + 6 =0, tuc (x> —
x = 3)(x + 2)(x — 1) = 0. Piém bat dong cta g (g(x) = x) 14 hai nghiém p, q ctia x> — x
—3=0(p, q=(1+v13)/2). Ngoai ra g(1) =2 va g(-2) = 1.

The solutions of g(g(x)) = x: (x> — 3)? — 3 = x is equivalent to x* — 6x? — x + 6 = 0, that is
(x?—x—3)(x + 2)(x — 1) = 0. The fixed points of g (g(x) = x) are the two roots p, q of x> — x
—3=0(p q=(1%V13)2). Also g(1) =2 and g(-2) = 1.

3. Xét f(1). Vi g(g(1)) =1 va f giao hoan vdi geg nén g(g(f(1))) = f(g(g(1))) = f(1). Vay
f(1) 1a nghiém cua g(g(x)) = x, tuc f(1) € {p, q, 1, —2}. Ngoai ra f(f(1)) = g(1) = 2.
Consider f(1). Since g(g(1)) = 1 and f commutes with gog, g(g(f(1))) = f(g(g(1))) = f(1). So

f(1) is a solution of g(g(x)) = x, that is f(1) €{p, q, 1, —2}. Also f(f(1)) = g(1) = —2.

4. Truong hop f(1) = 1: f(f(1)) = 1 # =2, vo ly. Truong hop (1) = —2: f(—2) = f(f(1)) =
=2, nén f(f(-2)) = —2, nhung g(-2) =1 # -2, vo ly.

Case f(1) = 1: f(f(1)) = 1 # =2, absurd. Case f(1) = =2: f(—=2) = f(f(1)) = =2, so f(f(—2)) =
=2, but g(—2) = 1 # —2, absurd.

5. Truong hop f(1) = p: f(p) = f(f(1)) = —2. Nhung p 1a diém bat dong cua g nén g(f(p)) =
f(g(p)) = f(p), tirc f(p) cling 1a diém bat dong cua g, thude {p, q}, khong bang —2. Vo
ly. Truong hop (1) = q xu 1y giéng hét.

Case f(1) = p: flp) = f(f(1)) = —2. But p is a fixed point of g, so g(f(p)) = f(g(p) = f(p).
meaning f(p) is also a fixed point of g, lying in {p, q}, not equal to —2. Absurd. Case f(1) = q
is identical.

Moi trudng hop déu méu thudn. Vay khong ton tai ham f nhu dé yéu cau.

Every case is contradictory. Hence no such function f exists. B

Bai 5.10 — Problem 5.10

1. (a) Goi a1, a2, a3, a4 12 bdn nghiém nguyén phéan biét ctia P(x) — 7. Chia lién tiép cho
cac nhi thitc monic x — a; (hé s6 nguyén): P(x) — 7 = (x — a1)(x — a2)(x — a3)(x —
a1)Q(x) v6i Q € Z[x]. Mbi lan chia, nghiém aj khac a; van 1a nghiém cta thuong vi (a
—aj) #0.

(a) Let a1, az, as, aq be four distinct integer roots of P(x) — 7. Dividing successively by the
monic binomials x — a; (integer coefficients): P(x) — 7 = (x — ay)(x — az)(x — a3)(x — a4)Q(x)
with Q € Z[x]. At each division a root a; # a; remains a root of the quotient because a; — a; #

0.

2. Giad st P(m) = 10 v&i m nguyén. Khi do (m — a1)(m — a2)(m — a3)(m — a4)Q(m) = 3.
Bén s6 m — a; 1a cac s6 nguyén d6i mot khac nhau va déu 13 udc cua 3, tirc thude {1,
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-1, 3, -3}.

Suppose P(m) = 10 for an integer m. Then (m — a;)(m — az)(m — a3)(m — ay)Q(m) = 3. The
four numbers m — a; are pairwise distinct integers and all divide 3, so they lie in {1, —1, 3,
-3}

3. B6n s6 khac nhau trong tap bén phan tir nén ching ding 1a 1, -1, 3, =3, véi tich 9.
Khi d6 9-Q(m) =3, nghia la 9 | 3, vo ly. Vay P(x) = 10 khong c6 nghiém nguyén.
Four distinct numbers from a four-element set are exactly 1, —1, 3, —3, with product 9. Then
9-:Q(m) = 3, so 9| 3, absurd. Hence P(x) = 10 has no integer root.

4. (b) Lay P(x) = 7 + (x2 — 1)(x2 — 4) = x* — 5x2 + 11. Phuong trinh P(x) = 7 ¢4 bén
nghiém nguyén =1, 2, va P(0) = 11. Vay m = 0.
(b) Take P(x) =7 + (x? — 1)(x* — 4) = x* — 5x? + 11. The equation P(x) = 7 has the four
integer roots =1, £2, and P(0) = 11. So m = 0.
Vay (a) P(x) = 10 v6 nghiém nguyén; (b) P(x) =x*—5x*>+ 11 véim = 0.
Hence (a) P(x) = 10 has no integer root; (b) P(x) =x*—5x>+ 11 withm =0. &

Bai 5.11 — Problem 5.11

1. (a) Pinh nghia bo = 1, by = 2, bys1 = 4by — by1. Ta c6 bo = 7> by > 0. Néu by > by >
0 thi bys2 — bus1 = 3bne1 — ba > 0, nén moi by, 14 s6 nguyén duong.
(a) Define by = 1, by = 2, by+1 = 4by, — by—1. Then by =7 > b; > 0. If by+1 > by > 0 then by
— bn+1 = 3bn+1 — by > 0, so every by is a positive integer.

2. bat I, = by?> — 4bnbn-1 + ba-12 Vi Int1 — In = (bat1 — bo-1)(bn+1 + ba-1 —4by) =0 nén I, =
[ =4-8+1=-3.

Put I, = by’ — 4bybn-1 + bu-12. Since Ly+1 — In = (bn+1 — bu-1)(bn+1 + bp—1 — 4by) = 0, I, = 1;
=4-8+1=-3.

3. Mt khéc In+1 = bp+1(ba+1 — 4bn) + bn? = —bp+1bn-1 + bp?. Do In+1 = =3 nén by+1ba-1 = by?
+ 3. Diy (bs) thoa ciing hé thirc va ciing hai s6 hang dau voi (an), ma hé thic xac dinh
an+1 duy nhét vi a1 # 0. Vay a, = by véi moi n, va (a) diing.

Also In+1 = bu+1(bu+1 — 4by) + by? = —bp+1bu-1 + by, Since In+1 = =3, bu+1bp—1 = bs? + 3. The
sequence (by) satisfies the same relation and has the same first two terms as (a,), and the
relation determines a,+; uniquely since a,-; # 0. So a, = by, for all n, and (a) holds.

4. (b) Phuong trinh dic trung 1> — 4r + 1 = 0 ¢6 nghiém u =2 + V3 va v =2 — V3, phan
biét. Theo dinh Iy truy hdi cip 2: an = Au"+ Bv", A+ B=1va Au+Bv=2.Taco
2(A+B)+V3(A-B)=2,nénV3(A—B) =0, A=B=1/2. Vay a, = (u" + v")/2.

(b) The characteristic equation r? — 4r + 1 = 0 has the distinct roots u = 2 + N3andv =2 -
V3. By the second-order recurrence theorem a, = Au" + Bv", with A + B = I and Au + By =
2.Now2(A+B) +V3(4 —B) =2, s0N3(4— B) =0and A = B = 1/2. Hence a, = (u" +
v')/2.

5.(c) Viuv= (2 +V3)2 —V3) =1, (u* + v?)2 = u2 + v2" + 2. Do d6 az, = (u2 + v2)/2 =
(Qan —2)2=2a.2— 1. Kiémtra: ax =7 =24 — 1.

(c) Since uv = (2 +N3)2 —3) = 1, " + v')? = u? + v + 2. Hence az = (u® + v*")/2 =
((2an)? — 2)/2 = 2a,> — 1. Check: az =7 =24 — 1.

Viy ca ba khang dinh (a), (b), (c) déu ding.

Hence all three statements (a), (b), (c) hold. &
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Bai 5.12 — Problem 5.12

1. Tu f(f(n)) = n, f'1a song anh; dac biét f(m) # f(n) khi m # n.
From f(f(n)) = n, fis a bijection; in particular f(m) # f(n) when m # n.

2. Ap dung diéu kién chia hét cho hai s6 khac nhau f(m), f(n): (f(m) — f(n)) | f(f(m)) —
f(f(n)) = m — n. Pong thoi (m — n) | f(m) — f(n). Hai s6 nguyén khac 0 chia hét cho
nhau thi ¢6 gia trj tuyét d6i bang nhau: |fim) — f(n)| = |m — n|.

Apply the divisibility condition to the distinct numbers f(m), f(n): (f(m) — f(n)) | f(f(m)) —
f(f(n)) = m — n. Also (m — n) | f(m) — f(n). Two nonzero integers dividing each other have
equal absolute values: |f(m) — f(n)| = |m — n|.

3.Véim=n+1:e =f(n+1)— f(n) bang 1 hodc —1. Néu &, va &,+1 trai ddu thi f(n + 2)
= f(n), mau thudn tinh don anh. Vay moi &, bang mot dau chung €, va f(n) =en + ¢
véi ¢ = 1(0).

Withm =n + 1: e, =f(n + 1) — f(n) equals I or —1. If €, and e,+1 have opposite signs then

f(n + 2) = f(n), contradicting injectivity. So all €, share one sign ¢, and f(n) = en + ¢ with ¢ =

J0).
4.Néue=1:f(fn))=n+2c=nsuyrac=0, f(n)=n Néue=—1: f(f(n)) =—(c —n) +c
=n v&1 moi c.

Ife=1:f(f(n)) =n+ 2c =ngives c = 0, so f(n) =n. If e = —1: f(f(n)) = —(c —n) +c =n for

every c.
5. Thtr lai: v6i f(n) = n hodc f(n) = ¢ — n, hiéu f(m) — f(n) bang m — n hoic —(m — n),
chia hét cho m — n.
Check: for f(n) = n or f(n) = ¢ — n, the difference f(m) — f(n) equals m — n or —(m — n),
divisible by m — n.
Vay f(n) = n, hodc f(n) = ¢ — n véi ¢ 1a s6 nguyén tuy ¥.
Hence f(n) = n, or f(n) = ¢ — n with c an arbitrary integer. B
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Chuong 6. Chia hét, wéc chung 16n nhat va sé nguyén t6 —
Chapter 6. Divisibility, gcd and primes

Muc tiéu chwong — Chapter objectives

« Chay thuat toan Euclid, viét UCLN dudi dang ax + by va giai phuong trinh nghiém
nguyén ax + by =c.
Run the Euclidean algorithm, write the gcd in the form ax + by and solve the integer
equation ax + by = c.

* Dung dinh 1y co ban cua s6 hoc va sb mii p-adic vp dé tinh UCLN, BCNN, sb udc,
tong udc va vp(n!).
Use the fundamental theorem of arithmetic and the p-adic valuation v, to compute the gcd,
lem, number of divisors, sum of divisors and vy(n!).

« Loai s chinh phuong bang du ctia phép chia cho 3, 4, 8 va bang phép xudng thang vo
han.
Rule out perfect squares by remainders modulo 3, 4 and 8 and by infinite descent.

« Phan tich a" — b", a" + b" va a* + 4b* dé chiing minh chia hét hoic chi ra hop s6.
Factorise a" — b", a" + b" and a’ + 4b? to prove divisibility or exhibit composite numbers.

6.1. Chia hét va phép chia c6 dw — Divisibility and division with remainder

PINH NGHIA 6.1 (Chia hét) / DEFINITION 6.1 (Divisibility) — Choa,b € Z,a# 0. Ta
n6i a chia hét b, viét a | b, néu ton tai k € Z sao cho b = ak. Khi d6 a 12 udc ctia b va b 1a boi
clia a. Viét a + b khi a khong chia hét b.

Let a, b € Z with a # 0. We say that a divides b, written a | b, if there is k € Z with b = ak. Then a is a
divisor of b and b is a multiple of a. We write a b when a does not divide b.

TINH CHAT 6.2 (Tinh chit co ban ciia chia hét) / PROPERTY 6.2 (Basic properties of
divisibility) — Véia#0vab,c,x,y€Z:(i)a|bvab|c=>a|c;(i))a|bvaalc=>a|(bx+
cy); (iii)b#0vaa|b=|a]<|b|;(iv)a|bvab|a=|a=|b|

Fora#0andb, c,x,y €Z: (i)a|bandb|c =a|c; (iij)a|banda|c =a| (bx + cy), (iii) b # 0
anda | b =|a| <|b|; (iv)a|bandb|a = |a| = |b|.

Chirng minh. / Proof.

(i) Viét b = ak va ¢ = bl. Khi d6 ¢ = a(kl).

(i) Write b = ak and ¢ = bl. Then ¢ = a(kl).

(i) Viét b = ak va ¢ = al. Khi d6 bx + cy = a(kx + ly).

(ii) Write b = ak and ¢ = al. Then bx + cy = a(kx + ly).

(iii) Viét b=ak. Vib# 0 nén k # 0, do d6 |k| > 1 va |b| = [a|- k| > |al.

(iii) Write b = ak. Since b # 0 we have k # 0, so |k| > 1 and |b| = |a|-|k| > |a|.

(iv) Ca hai s6 khac 0. Ap dung (iii) hai lan: |a| < [b| va |b| <|a].

(iv) Both numbers are non-zero. Applying (iii) twice gives |a| < |b| and |b| <|a|. W
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PINH LY 6.3 (Phép chia cé dw) / THEOREM 6.3 (Division with remainder) — Cho a €
7 vab € Z*. Ton tai duy nhét cip (q, ) € Z x Zsao choa=bq+rva 0 <r<b. Ta goi q 1a
thuwong, r 1a s6 du ctia a khi chia cho b.

Leta €Z and b € Z". There is exactly one pair (q, v) €EZ X Z witha = bq +rand 0 <r <b. We call q
the quotient and r the remainder of a on division by b.

a=bqgq+r, 0<r<b (6.1)
Chirng minh. / Proof.
Ton tai. Tap S = {a — bk : k € Z, a — bk > 0} khéc rdng, vi véi k =—|a| ta co a + bla| > a +
la| > 0. Theo nguyén 1y sap thi tu tot, S c6 phan tir nho nhdtr=a —bq. Néur>bthir—b
=a—Db(q+ 1) thudc S va nhé hon r, mau thudn. Vay 0 <r <b.
Existence. The set S = {a — bk : k €7, a — bk > 0} is non-empty, because k = —|a| gives a + b|a|

>a + |a| = 0. By the well-ordering principle S has a least element r = a — bq. If r >b thenr — b
=a — b(q + 1) lies in S and is smaller than r, a contradiction. Hence 0 <r < b.

Duy nhit. Giasta=bq+r=bq +1' véi 0<r,r'<b.Khidob(q—q) =1 —rva|' —1 <
b. SO r' — r 12 boi cta b ¢6 gia tri tuyét d6i nho hon b nén bang 0 (Tinh chat 6.2(iii)). Suy
rar=r'vaq=("

Uniqueness. Suppose a = bq +r =bq' + r'with 0 <r, r'<b. Then b(q — q') =r"— rand |r' — 7|
< b. So r'" — r is a multiple of b of absolute value less than b, hence 0 (Property 6.2(iii)).
Thereforer =r'andq =q'. 1

PHAI THUQC / MEMORISE — Moi bai chia hét bat ddu tra=bq +rvéi 0 <r<b.Dur
chi c6 b kha nang: d6 1a Iy do xét du theo ting trudong hop ludn hiru han.

Every divisibility argument starts from a = bq + r with 0 <r < b. There are only b possible
remainders, which is why a case check by remainders is always finite.

Vi DU 6.1 (Ha bac bing phép chia da thirc) / EXAMPLE 6.1 (Reducing the degree by
polynomial division) — Tim tit ca s6 nguyén dwong n sao cho n + 5 1a u6c ctia n? + 7.
Find all positive integers n such that n + 5 divides n° + 7.

Loi giai. / Solution.
1.Tacon®+7=(m+5)n—-5)+32.Néu(n+5)| (n2+7)thi(n+5)| (n®+7)— (n+
5)(n — 5) = 32 theo Tinh chét 6.2(ii). Nguoc lai, néu (n + 5) | 32 thi (n + 5) | (n2 + 7)
cling theo (ii). Vay diéu kién tuong duong véi (n + 5) | 32.
Wehaven’ + 7=+ 5)n—35)+32.If(n+5)|(n>+7)then(n+35)|(n*+7)— (n+5)(n
— 5) = 32 by Property 6.2(ii). Conversely, if (n + 5) | 32 then (n + 5) | (n’ + 7), again by (ii).
So the condition is equivalent to (n + 5) | 32.
2.U6c duongcua321al1,2,4,8,16,32. Vin>1nénn+5>6,conlain+5 € {8, 16,
32}, thcn € {3, 11, 27}.
The positive divisors of 32 are 1, 2, 4, 8, 16, 32. Since n > I we have n + 5 > 6, which leaves
n+5€{8 16,32}, thatisn €{3, 11, 27}.
3.Kiémtra: 32+ 7=16=2-8; 112+ 7=128 =8-16; 27> + 7 =736 = 23-32.
Check: 3> +7=16=2:8; 11° +7 =128 =816, 27° + 7 =736 = 23-32.
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Vayn € {3, 11, 27}.
Hencen €{3,11,27}!. &

NHAN XET / REMARK — Cach 1am cua Vi du 6.1 ding cho moi bai dang (an + b) | P(n)
v6i P 1a da thie hé s6 nguyén: nhan P véi liy thira thich hop cua a dé chia duoc cho an + b,
phan du 14 hang sd, roi liét ké wéc cua hang s d6. Nhan thém lity thira ctia a c6 thé thém
nghiém ngoai lai, nén phai kiém lai timg nghiém hoic ding bb dé Euclid (Muc 6.3).

The method of Example 6.1 works for every problem of the form (an + b) | P(n) with P an integer
polynomial: multiply P by a suitable power of a so that division by an + b is possible, the remainder is
a constant, and list the divisors of that constant. The extra factor of a can introduce spurious
solutions, so check each candidate or use Euclid's lemma (Section 6.3).

LOI HAY GAP / COMMON MISTAKE — Két ludn a | bc = a | b hoic a| ¢ v6i a bat ky.
Phén vi du: 6 | 34 nhung 6 + 3 va 6 + 4. Ménh dé chi dung khi a nguyén t6 (Hé qua 6.14) hoic
khi ged(a, b) =1 (B6 dé 6.9).

Concluding a | bc = a | b or a | ¢ for an arbitrary a. Counterexample. 6 | 3-4 but 6 +3 and 6 +4. The
statement holds only when a is prime (Corollary 6.14) or when gcd(a, b) = I (Lemma 6.9).

6.2. U6c chung 16n nhat, bdi chung nhé nhat va thuit toan Euclid — Greatest

common divisor, least common multiple and the Euclidean algorithm

PINH NGHIA 6.4 (Uéc chung I6m nhit, bdi chung nhé nhit) / DEFINITION 6.4
(Greatest common divisor, least common multiple) — Cho a, b € Z khong dong thoi bang
0. Udc chung 16n nht ged(a, b) 13 s6 nguyén duong 16n nhét chia hét ca a lan b. Véia, b #0,
boi chung nhé nhat lem(a, b) 13 s6 nguyén dwong nho nhat ma ca a va b ciing chia hét. Hai s6
a, b goi 12 nguyén t6 cung nhau néu ged(a, b) = 1. Quy udc ged(a, 0) = [a.

Let a, b €7, not both zero. The greatest common divisor gcd(a, b) is the largest positive integer
dividing both a and b. For a, b # 0 the least common multiple lcm(a, b) is the smallest positive integer
divisible by both a and b. The integers a, b are coprime if gcd(a, b) = 1. By convention gcd(a, 0) = |al|.

BO PE 6.5/ LEMMA 6.5 — Cho a, b, q € Z v6i a, b khong ddng thoi bang 0. Hai cip (a, b)
va (b, a — bq) c6 cung tap udc chung, do do ged(a, b) = ged(b, a — bq).

Let a, b, g € Z with a, b not both zero. The pairs (a, b) and (b, a — bq) have the same set of common
divisors, hence gcd(a, b) = gcd(b, a — bq).

Chirng minh. / Proof.

Néud|avad|bthid]|a— bqtheo Tinh chat 6.2(ii). Nguoc lai néu d | b va d | a — bq thi
d | (a — bq) + bq = a. Hai tdp udc chung tring nhau nén phan tir 16n nhat ciia chiing bang
nhau.

Ifd|aandd|bthend|a— bqg by Property 6.2(ii). Conversely, if d | b and d | a — bq then d | (a
— bq) + bq = a. The two sets of common divisors coincide, so their greatest elements are equal.
|

PINH LY 6.6 (Thuit toan Euclid)/ THEOREM 6.6 (Euclidean algorithm) — Cho a, b €
Z*.Patro=a, r1 =bvavoi k> 1 chia ri—1 cho ri 1e-1 = reqx + 111, 0 < 111 < 1. Qué trinh
dimg sau hitu han budc tai du o1 = 0 va 1, dur khac 0 cudi ciing, bang ged(a, b).
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Leta, b €7 Putryg=a, r; = b and for k> 1 divide ri—1 by rv.: ri—1 = riqk + ris1, 0 <rivr < rr. The
process stops after finitely many steps at ry+; = 0, and r,, the last non-zero remainder, equals gcd(a,

b).

gcd(a,b) =gcd(b,r), a=bqg+r (6.2)
Chirng minh. / Proof.
Cac dur > 12> ... 1 ddy s6 nguyén khéng am giam ngit nén sau hitu han bude xuét hién
n+1 = 0.
The remainders r; > r2 > ... form a strictly decreasing sequence of non-negative integers, S0 rn+|
= 0 occurs after finitely many steps.
Theo B6 dé 6.5 véi q = qx ta ¢6 ged(ri1, 1) = ged(ri, 1ir1) & mdi bude. Nbi cac dang
thirc: ged(a, b) = ged(rn, r+1) = ged(rn, 0) = 1.
By Lemma 6.5 with q = qx we get gcd(ri-1, ri) = gcd(ry, ri+1) at every step. Chaining these:
ged(a, b) = gcd(rn, ra+1) = ged(ry, 0) =1, R

21

15 15 x 15

Hinh 6.1. Thuat toan Euclid cho 21 va 15: cit hinh chir nhat 21 x 15 bang hinh vuéng 16n nhat
con lai, canh 15, 1di 6, r0i 3. Canh nho nhét, 3, 1a ged(21, 15).

Figure 6.1. The Euclidean algorithm for 21 and 15: cut the 21 x 15 rectangle by the largest remaining
square, of side 15, then 6, then 3. The smallest side, 3, is gcd(21, 15).

NHAN XET / REMARK — Tir 1y tré di, sau hai budc lién tiép s6 du giam qua mot nira: rio
<mn/2 véi k > 1. That vay, néu 11 < 1/2 thi e < e < Iv/2; néu ri1 > 11/2 thi gk+1 = 1 va rieo
= 1x — Ikl < 1x/2. Vi vay s6 phép chia chi ¢& 2logz b, va thuat toan Euclid chay nhanh ngay ca
v6i s6 hang tram chit sd.

From r; on, after two consecutive steps the remainder falls by more than half: rii> < ri/2 for k> 1.
Indeed, if riv1 <1ri/2 then rivz < riv1 S1i/2; if viv1 > 1i/2 then qisr = 1 and ris2 = 1y — risg < /2. So the
number of divisions is only about 2log: b, and the Euclidean algorithm runs fast even for numbers
with hundreds of digits.

PHAN TICH / ANALYSIS — Muén tim biéu dién 91 = 1547x + 1001y, chay thuat toan
Euclid xudi dé tim UCLN, rdi thay nguoc timg du bang hai sé ding trude né. Moi du ludn 1a
t6 hop nguyén cua hai s trude, nén cudi ciing ra td hop nguyén cua 1547 va 1001.
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To find a representation 91 = 1547x + 1001y, run the Euclidean algorithm forwards to find the gcd,
then substitute backwards, replacing each remainder by the two numbers before it. Each remainder is
an integer combination of the two previous ones, so in the end it is an integer combination of 1547
and 1001.

VI DU 6.2 (Euclid xudi, thay ngwgc) / EXAMPLE 6.2 (Euclid forwards, back-
substitution) — Tinh ged(1547, 1001) va tim cac s6 nguyén x, y sao cho 1547x + 1001y =
ged(1547, 1001).

Compute gcd(1547, 1001) and find integers x, y with 1547x + 1001y = ged(1547, 1001).

Loi giai. / Solution.
Chay thuat toan Euclid:
Run the Euclidean algorithm:

1547 = 1-1001 + 546
1001 = 1-546 + 455
546 = 1-455 + 91
455=591+0

Du khéc 0 cudi cing 13 91, nén ged(1547, 1001) = 91. Thay nguoc tir dong ba:
The last non-zero remainder is 91, so gcd(1547, 1001) = 91. Substituting backwards from the
third line:

91 =546 — 455 =546 — (1001 — 546) = 2-546 — 1001
91=2(1547 —1001) — 1001 = 2-1547 — 3-1001

Kiém tra: 2-1547 — 3-1001 = 3094 — 3003 = 91. Vay ged(1547, 1001) =91 va (x,y) = (2,
—3) 1a mot nghiém.
Check: 2-1547 — 3-1001 = 3094 — 3003 = 91. Hence gcd(1547, 1001) = 91 and (x, y) = (2, —3)
is a solution. W

PHAN TICH / ANALYSIS — Thuit toan Euclid trén cap (m, n) trur dan n khoi m. Hoi khi
trir n khoi m thi ged(2™ — 1, 2" — 1) c6 doi khong? Viét 2m — 1 = 20(2m0 — [) + (2" — 1): day
1a dang a = bq + r ctia B6 d& 6.5, chi khac 12 nhan thém 2", ma 2" nguyén t6 cing nhau véi
moi udc 1é.

The Euclidean algorithm on the pair (m, n) repeatedly subtracts n from m. Does ged(2" — 1, 2" — 1)
change when n is subtracted from m? Write 2" — 1 = 2"(2"™" — 1) + (2" — 1): this is the shape a = bq
+ r of Lemma 6.5, with the extra factor 2", which is coprime to every odd divisor.

VI DU 6.3 (Euclid trén sé mii) / EXAMPLE 6.3 (Euclid on the exponents) — Chimg minh
rang voi moi m, n € Z* ta ¢6 ged(2™ — 1, 2" — 1) = 2eedm.n) — 1
Prove that for all m, n € Z" we have ged(2™ — 1, 2" — 1) = 28mm — |,

Loi giai. / Solution.
1. bat g(m, n) = ged2™—1,2"—1). Voim>nc6 2™ —1=2"2™"" - 1)+ (2" - 1).
Put g(m, n) = gcd(2" — 1, 2" — 1). For m > nwe have 2" — 1 =2"2"" —]) + (2" — ).
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2. Goi e 1a udc chung cia 2™ — 1 va 2" — 1. Khi d6 e 1¢, nén gcd(e, 2") = 1. Tur e | 2"2™™"
—1)suyrae|2™"— 1 theo bd dé Euclid. Nguoc lai, moi uwéc chung ciia 2™™ — 1 va
2" — 1 chia hét 2™ — 1 theo dang thtc trén. Hai cdip c6 cung ude chung: g(m, n) = g(m

—n, n).
Let e be a common divisor of 2" — I and 2" — 1. Then e is odd, so gcd(e, 2") = 1. From e |
2n2m 7 — 1) we get e | 2" — 1 by Euclid's lemma. Conversely, every common divisor of

2m 7 — [ and 2" — 1 divides 2™ — 1 by the identity above. The two pairs have the same
common divisors: g(m, n) = g(m — n, n).

3. Quy nap theo m + n. Néu m = n thi g(n, n) = 2" — 1 =24®m — | Néu m > n thi g(m,
n) = g(m — n, n) = 2&d W) — | theo gia thiét quy nap, va ged(m — n, n) = gcd(m, n)
theo B6 dé 6.5. Truong hop m < n ddi xtng.

Induct on m + n. If m = n then g(n, n) = 2" — 1 = 2¢dv" — [ Ifm > n then g(m, n) = g(m —
n, n) = 28<dm=n.n) — | by the induction hypothesis, and gcd(m — n, n) = gcd(m, n) by Lemma
6.5. The case m < n is symmetric.

Vay ged(2™ — 1,2 — 1) =28 — | Chang han ged(2%° — 1, 2% — 1) =2'2 — 1 = 4095.
Hence ged(2™ — 1, 2" — 1) = 28<dmn) — | For instance ged(2° — 1, 25 — 1) = 212 — | = 4095.
|

NHAN XET / REMARK — Két qua cua Vi dy 6.3 mo rong cho a™ — 1 v4i moi co s6a>2:
ged(a™ — 1, a" — 1) = agedm ) — | Chang minh y hét, thay 2 bang a; chi can dé ¥ wéc chung e
clia a® — 1 nguyén té ciing nhau véi a. Bai 6.11 xir 1y hiéu a® — b" véi hai co sb nguyén t6
cung nhau.

The result of Example 6.3 extends to a™ — 1 for every base a > 2: ged(a™ — 1, a" — 1) = a®“™" — |.
The proof'is identical with 2 replaced by a, one only notes that a common divisor e of a" — 1 is
coprime to a. Problem 6.11 treats the difference a" — b" for two coprime bases.

6.3. Dinh ly Bézout va bo dé Euclid — Bézout's theorem and Euclid's lemma

DINH LY 6.7 (Pinh ly Bézout) / THEOREM 6.7 (Bézout's theorem) — Cho a,b € Z
khong ddng thoi bang 0 va g = ged(a, b). Khi d6 ton tai x, y € Z sao cho ax + by = g. Hon
nira, tap cac sd c6 dang ax + by (x, y € Z) chinh 1a tip cac boi cua g.

Let a, b €7 be not both zero and g = gcd(a, b). Then there are x, y € Z with ax + by = g. Moreover,
the set of numbers of the form ax + by (x, y €Z) is exactly the set of multiples of g.

ax + by = gcd(a, b) (6.3)
Chirng minh. / Proof.
Goi S 1a tap cac sd nguyén duong c6 dang ax + by. S khac réng vi a-a + b-b > 0. Goi d 1a
phan tir nhé nhat cta S, d = axo + byo.
Let S be the set of positive integers of the form ax + by. It is non-empty because a-a + b-b > 0.
Let d be its least element, d = axo + byo.
Chiaachod:a=dq+r, 0 <r<d. Khi dr=a— q(axo + byo) = a(l — gxo) + b(—qyo)
cling c6 dang ax + by. Vir<d va d 1a nho nhit trong Snénr & S, thc r = 0. Vay d | a; Iy
luan tuong tu cho d | b. Do d6 d 1a wéc chung, d < g.
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Divide abyd: a=dq +r, 0<r <d Thenr=a— q(axo + byy) = a(l — gxg) + b(—qyo) also has
the form ax + by. Since r < d and d is least in S, r € S, sor = 0. Thus d | a, and the same
argument gives d | b. So d is a common divisor and d < g.

Mitkhacg|avag|bnéng|axo+byo=d,suyrag<d. Vayd=g.
On the other hand g | a and g | b give g | axo + byo = d, so g <d. Hence d = g.

Véi boi kg bat ky: kg = a(kxo) + b(kyo). Ngugc lai moi s6 ax + by déu chia hét cho g theo
Tinh chat 6.2(ii).

For any multiple kg: kg = a(kxo) + b(kyg). Conversely every number ax + by is divisible by g by
Property 6.2(ii). m

HE QUA 6.8 / COROLLARY 6.8 — gcd(a, b) = 1 khi va chi khi tdn tai x, y € Z sao cho ax
+by=1.
gcd(a, b) = 1 if and only if there are x, y € Z with ax + by = 1.

Chirng minh. / Proof.

Chiéu thuan 1a Pinh 1y Bézout véi g = 1. Chiéu ddo: néu ax + by = 1 thi moi u6c chung
ctia a va b chia hét 1, nén ged(a, b) = 1.

The forward direction is Bézout's theorem with g = 1. Conversely, if ax + by = I then every
common divisor of a and b divides 1, so gcd(a, b) = 1. &

BO DE 6.9 (B6 dé Euclid) / LEMMA 6.9 (Euclid's lemma) — Néu a | bc va ged(a, b) = 1
thia|c.
Ifa | bc and ged(a, b) = 1 then a | c.

Chirng minh. / Proof.

Theo Hé qua 6.8 cd x, y v6i ax + by = 1. Nhan véi c: ¢ = acx + bey. Ca hai s6 hang chia
hét cho a, nén a | c.

By Corollary 6.8 there are x, y with ax + by = 1. Multiplying by c: ¢ = acx + bcy. Both terms are
divisible by a, soa | c. W

TINH CHAT 6.10 (Tinh chit ciia nguyén té cing nhau) / PROPERTY 6.10 (Properties
of coprime integers) — (i) Néu ged(a, b) = ged(a, ¢) = 1 thi ged(a, be) = 1. (ii) Néua|c,b | ¢
va gcd(a, b) =1 thiab | c. (iii)) Vi k € Z*: ged(ka, kb) = k-ged(a, b).

(i) If gcd(a, b) = gcd(a, ¢) = 1 then ged(a, be) = 1. (i) If a | ¢, b | ¢ and gcd(a, b) = 1 then ab | c. (iii)
Fork €7': gcd(ka, kb) = k-gcd(a, b).

Chirng minh. / Proof.
(i) C6 ax + by = 1 va au + cv = 1. Nhén hai dang thuc:
(i) We have ax + by = I and au + cv = 1. Multiplying the two identities:
1 = (ax + by)(au + cv) = a(axu + xcv + byu) + bc-yv

Theo HE qua 6.8, gcd(a, be) = 1.
By Corollary 6.8, gcd(a, bc) = 1.
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(i) Viét ¢ = ak. Vib | ak va ged(b, a) = 1 nén b | k theo B6 dé 6.9, tirc k = bl va ¢ = abl.
(ii) Write ¢ = ak. Since b | ak and gcd(b, a) = 1, Lemma 6.9 gives b | k, so k = bl and c = abl.

(ii1) Goi g = ged(a, b) va ax + by = g. Khi d6 (ka)x + (kb)y = kg, nén moi udc chung cia
ka va kb chia hét kg. Mt khac kg 1a mot ude chung cta ka va kb. Vay ged(ka, kb) = kg.
(iii) Let g = gcd(a, b) and ax + by = g. Then (ka)x + (kb)y = kg, so every common divisor of ka
and kb divides kg. On the other hand kg is a common divisor of ka and kb. Hence gcd(ka, kb) =
kg. &

DINH LY 6.11 (Tich UCLN va BCNN) / THEOREM 6.11 (Product of gcd and lem) —
Véia, b € Z*: ged(a, b)-lem(a, b) = ab.
Fora, b €7 ged(a, b)-lem(a, b) = ab.

gcd(a, b)-lem(a, b) =ab (6.4)
Chirng minh. / Proof.
Pit g = ged(a, b), a = ga', b = gb'. Theo Tinh chat 6.10(iii), g = ged(ga', gb') = g-ged(a',
b"), nén gcd(a', b') = 1. bat m = ga'b'. Pay la bdi chung cua a va b.
Put g = gcd(a, b), a = ga', b = gb". By Property 6.10(iii), g = gcd(ga', gb') = g-gcd(a’, b'), so
ged(a', b') = 1. Put m = ga'b". This is a common multiple of a and b.
Gia sir ¢ 1a boi chung dwong bat ky, ¢ = ak = ga'k. Tu b | ¢ ¢6 gb' | ga'k, tirc b' | a'’k. Vi
ged(a', b) = 1 nén b' | k theo B6 dé 6.9; viét k = b'l thi ¢ = ga'b'l = ml. Vay moi boi chung
13 bdi cia m, nén m 1 boi chung nhoé nhat: lem(a, b) = ga'b'.
Let ¢ be any positive common multiple, c = ak = ga'k. From b | c we get gb' | ga'k, that is b' | a'k.
Since gcd(a', b') = 1, Lemma 6.9 gives b' | k; writing k = b'l we get ¢ = ga'b'l = ml. So every
common multiple is a multiple of m, hence m is the least one: lcm(a, b) = ga'b’.

Do d6 ged(a, b)-lem(a, b) = g-ga'b' = (ga')(gb") = ab.
Therefore gcd(a, b)-lem(a, b) = g-ga'b’ = (ga')(gb') = ab. W

PINH LY 6.12 (Phwong trinh nghi¢m nguyén béc nhit hai 4n) / THEOREM 6.12
(Linear Diophantine equation in two unknowns) — Choa,b,c € Z,a#0,b # 0, g = gcd(a,
b). Phuong trinh ax + by = ¢ ¢6 nghiém nguyén khi va chi khi g | c. Khi d6, néu (xo, yo) 1a mot
nghiém, moi nghi€ém nguyén c6 dang x = xo + (b/g)t, y = yo — (a/g)t voi t € Z.

Leta, b,c €7, a+0, b+0, g=gcd(a, b). The equation ax + by = ¢ has an integer solution if and
only if g | c. In that case, if (xo, yo) is one solution, every integer solution has the form x = xo + (b/g)t,
v =y~ (a/g)t witht €.

x=x0+ (b/g)t, y=yo—(a/g)t, teZ (6.5)
Chirng minh. / Proof.
Piéu kién can: g |ava g |bnén g | ax + by = c. Piéu kién du: néuc =gk vaax; + by =g
(Bézout) thi (kxi, ky1) la nghiém.

Necessity: g | aand g | b give g | ax + by = c. Sufficiency: if c = gk and ax; + by; = g (Bézout)
then (kxi, kyi) is a solution.
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Cho (x, y) 1a nghiém bat ky. Trir ax + by = ¢ cho axo + by = ¢ duoc a(x — xo) = —b(y —
yo); chia cho g:

Let (x, y) be any solution. Subtracting axo + byo = c from ax + by = c gives a(x — xg) = —b(y —
Vo), dividing by g:

(a/g)(x —x0) = —(b/g)(y — yo)
Vi ged(a/g, b/g) = 1 (Tinh chat 6.10(iii)) nén (b/g) | (x — xo) theo B6 dé 6.9, tirc x — xo =
(b/g)t. Thé vao duoc y — yo = —(a/g)t. Nguoc lai moi cip nhu vay déu 1a nghiém.
Since gcd(a/g, b/g) = 1 (Property 6.10(iii)), Lemma 6.9 gives (b/g) | (x — xo), that is x — xo =
(b/g)t. Substituting gives y — yo = —(a/g)t. Conversely every such pair is a solution. R

Vi DU 6.4 (Nghiém tong quat va dém theo tham s6 t) / EXAMPLE 6.4 (General solution

and counting by the parameter t) — Co bao nhiéu cip s nguyén duwong (x, y) théa 7x +
11y =400?

How many pairs of positive integers (x, y) satisfy 7x + 11y = 400?

Loi giai. / Solution.
1. ged(7, 11) = 1 chia hét 400 nén phuong trinh c6 nghiém nguyén. Thry =1, 2, ... :
400 — 11-2 =378 = 7-54, nén (Xo, Yo) = (54, 2) 1a mot nghiém.
ged(7, 11) = 1 divides 400, so integer solutions exist. Tryingy =1, 2, ...: 400 — 11-2 = 378
= 7-54, so (xo, yo) = (54, 2) is a solution.
2. Theo (6.5), nghiém tong quéat 1a x =54 — 11t, y =2+ 7t, t € Z.
By (6.5) the general solutionisx =54 — 11t,y =2+ 71, t €.
3.x>0t<4 (voit=4duocx=10,véit=5duocx=-1).y>0t>0(voit=—1
duoc y =-5).
x>0 et<4(t=4givesx =10, t=5givesx=—1).y>0 <t=>0(t=—1givesy = —5).
4.Vayte€ {0, 1, 2, 3, 4}, ung vdi cac nghiém (54, 2), (43, 9), (32, 16), (21, 23), (10, 30).
Sot €{0, 1, 2, 3, 4}, giving the solutions (54, 2), (43, 9), (32, 16), (21, 23), (10, 30).
Vay co 5 cép.

Hence there are 5 pairs. R
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Hinh 6.2. Cac nghiém nguyén duong cta 7x + 11y = 400 13 cac diém nguyén trén doan thing
nam trong goc phan tu thir nhat; hai diém ké nhau cach nhau 11 theo x va 7 theo y.
Figure 6.2. The positive integer solutions of 7x + 11y = 400 are the lattice points on the segment in the
first quadrant; neighbouring points differ by 11 in x and 7 in y.

NHAN XET / REMARK — Dém nghiém khong 4m hodc duong cua ax + by = ¢ ludn di
theo ba budc ctia Vi du 6.4: mot nghiém riéng, nghiém téng quat theo t, roi d6i hai bat dang
thirc x > 0, y > 0 thanh mot khoang cua t. S6 nghiém 1a s6 sb nguyén trong khoang d6; do dai
khoang bang c/(ab) khi ged(a, b) = 1.

Counting non-negative or positive solutions of ax + by = ¢ always follows the three steps of Example
6.4: one particular solution, the general solution in t, then turning the two inequalities x > 0, y > (
into an interval for t. The number of solutions is the number of integers in that interval; its length is

c/(ab) when gcd(a, b) = 1.

VI DU 6.5 (Chia hét tirng thira sé nguyén t6) / EXAMPLE 6.5 (Divisibility prime by
prime) — Chimg minh rang n® — n chia hét cho 30 véi moi s6 nguyén n.
Prove that ’ — n is divisible by 30 for every integer n.

Loi giai. / Solution.
1. Phan tichn® —n=n(n*—-1)=n(n— 1)(n+ 1)(n?+ 1).
Factorisew’ —n=nm?— 1) =nmn—1)(n+ 1)(n* + 1).

2. Trong ba s6 nguyén lién tiép n — 1, n, n + 1 c6 mot sd chia hét cho 3 va co it nhat mot
sd chan. Vay 2 va 3 déu chia hét tich.
Among the three consecutive integers n — 1, n, n + I one is divisible by 3 and at least one is
even. So both 2 and 3 divide the product.

3. Xét du ctia n khi chia cho 5. Du 0, 1, 4: mot trong cac sé n, n — 1, n+ 1 chia hét cho
5.Du2:n=5k+2van?+1=25k?+ 20k + 5 chia hét cho 5. Du 3: n = 5k + 3 va n?
+ 1 =25k + 30k + 10 chia hét cho 5.
Consider the remainder of n on division by 5. Remainders 0, 1, 4: oneofn,n — I, n + 1 is
divisible by 5. Remainder 2: n = 5k + 2 and n’ + 1 = 25k’ + 20k + 5 is divisible by 5.
Remainder 3: n = 5k + 3 and n’ + 1 = 25k’ + 30k + 10 is divisible by 5.

4. Cac 6 2, 3, 5 d6i mot nguyén td ciing nhau. Ap dung Tinh chét 6.10(ii) hai lan: 2-3 =
6 chia hét tich, roi ged(6, 5) = 1 nén 6-5 = 30 chia hét tich.
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The numbers 2, 3, 5 are pairwise coprime. Applying Property 6.10(ii) twice: 2-3 = 6 divides
the product, and since gcd(6, 5) = 1, so does 6-5 = 30.

Vay 30 | n° —n véi moin € Z.
Hence 30 | n’ — n foreveryn €7. |

PHAN TICH / ANALYSIS — Tdng a2 + b? khong chia hét tryc tiép cho a + b, nhung a* + b2
= (a + b)? — 2ab. Moi u6c chung cta a + b va a* + b2 phai chia hét 2ab, nén bai toan quy vé
viéc a + b co nguyén t6 cing nhau v6i ab hay khong. Két qua UCLN chi c6 thé 1a 1 hoic 2.
The sum a? + b? is not directly divisible by a + b, but a*> + b®> = (a + b)? — 2ab. Every common divisor
of a + b and a? + b?> must divide 2ab, so the problem reduces to whether a + b is coprime to ab. The
gcd can only be 1 or 2.

VI DU 6.6 (Quy vé nguyén té ciing nhau) / EXAMPLE 6.6 (Reducing to coprimality) —
Cho a, b € Z* nguyén tb cing nhau. Chimg minh ged(a + b, a2 + b?) € {1, 2} va ca hai gi4 tri
déu xay ra.

Let a, b € 7" be coprime. Prove that gcd(a + b, a®> + b?) € {1, 2} and that both values occur.

Loi giai. / Solution.

1. Theo B dé 6.5, ged(a + b, a) = ged(a, b) = 1 va ged(a + b, b) = ged(b, a) = 1. Theo
Tinh chit 6.10(i), ged(a + b, ab) = 1.
By Lemma 6.5, gcd(a + b, a) = gcd(a, b) = 1 and gcd(a + b, b) = gcd(b, a) = 1. By Property
6.10(i), gcd(a + b, ab) = 1.

2.bate=gcd(a+b,a?+b?). Vie|a+bnéne|(a+b)vae|(at+b)—(a%+b?) =2ab.
Put e = gcd(a + b, a’ + b?). Since e | a + b we have e | (a + b)? hence e | (a + b)? — (a® + b?)
= 2ab.

3. e la udc cua a + b nén ged(e, ab) chia hét ged(a + b, ab) = 1. Do d6 ged(e, ab) =1 va
tir e | 2ab suy ra e | 2 theo B6 d¢ 6.9. Vay e € {1, 2}.
Since e divides a + b, gcd(e, ab) divides gcd(a + b, ab) = 1. So gcd(e, ab) = 1 and e | 2ab
gives e | 2 by Lemma 6.9. Hence e € {1, 2}.

4. Hai gia tri déu xay ra: (a, b) = (1, 2) cho ged(3, 5) = 1; (a, b) = (1, 3) cho gcd(4, 10) =
2.
Both values occur: (a, b) = (1, 2) gives gcd(3, 5) = 1, (a, b) = (1, 3) gives gcd(4, 10) = 2.

Vay ged(a+b, a2+ b?) € {1, 2}, vaca 1 13n 2 déu dat duoc.
Hence gcd(a + b, a? + b?) €{1, 2}, and both I and 2 are attained. &

LOI HAY GAP / COMMON MISTAKE — Giai ax + by = ¢ khi chwa kiém gcd(a, b) | c,
hodc dimg ¢ mot nghiém riéng trong khi dé hoi moi nghiém hay s6 nghiém dwong. Vi du 6x +
9y = 100 v6 nghiém nguyén vi gcd(6, 9) =3 4 100.

Solving ax + by = ¢ without first checking gcd(a, b) | ¢, or stopping at one particular solution when
the problem asks for all solutions or the number of positive ones. For example 6x + 9y = 100 has no
integer solution because gcd(6, 9) = 3 #100.

LOI HAY GAP / COMMON MISTAKE — Dimng thuit toan Euclid & du dau tién thay vi
du khac 0 cudi cung, hodc quén nhan du khi thay ngugc. Ludn kiém lai bang cach tinh ax +
by.
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Stopping the Euclidean algorithm at the first remainder instead of the last non-zero one, or losing a
sign during back-substitution. Always verify by computing ax + by.

PHAI THUQC / MEMORISE — gcd(a, b) = ged(b, a — bq); ax + by = ged(a, b); ged(a,
b)-lem(a, b) = ab; ax + by = ¢ ¢6 nghi¢m nguyén < ged(a, b) | c.

gcd(a, b) = ged(b, a — bq); ax + by = gcd(a, b); gcd(a, b)-lcm(a, b) = ab; ax + by = ¢ has an
integer solution < ged(a, b) | c.

6.4. SO nguyén to va dinh ly co ban cua ) hoc — Primes and the fundamental

theorem of arithmetic

PINH NGHIA 6.13 (S6 nguyén t6) / DEFINITION 6.13 (Prime number) — S6 nguyén p
> 1 1 s6 nguyén t6 néu wéc dwong duy nhat ciia né 1a 1 va p. S5 nguyén n > 1 khong nguyén
t6 goi 1a hop sb.

An integer p > 1 is prime if its only positive divisors are 1 and p. An integer n > 1 that is not prime is
composite.

HE QUA 6.14 (B6 dé Euclid cho s6 nguyén t6) / COROLLARY 6.14 (Euclid's lemma for
primes) — Néu p nguyén t6 va p | ab thi p | a hodc p | b. Tong quat, néu p | aaz...ax thi p | a;
v&i mot chi s6 i nao do.

If p is prime and p | ab then p | a or p | b. More generally, if p | a;a:...ax then p | a; for some index i.

Chirng minh. / Proof.

Gia st p + a. Ubc duong cua p chi 1a 1 va p, va p khong chia hét a, nén ged(p, a) = 1.
Theo B6 d& 6.9, p | b. Trudng hop k thira s suy ra bang quy nap theo k: p | (ai...ak-1)-ak
thi p | ax hodc p | ai...ak-1.

Suppose p ta. The positive divisors of p are only I and p, and p does not divide a, so gcd(p, a) =
1. By Lemma 6.9, p | b. The case of k factors follows by induction on k: p | (ai...ar-1)-axr gives p |
arorplaj...ar-;. B

PINH LY 6.15 (Pinh 1y co ban ciia s6 hoc) / THEOREM 6.15 (Fundamental theorem of
arithmetic) — Moi s6 nguyén n > 1 phén tich dwgc thanh tich cac sé nguyén t6, va su phan
tich d6 1a duy nhét néu khong ké thir ty cac thira sd.

Every integer n > 1 can be written as a product of primes, and this factorisation is unique up to the
order of the factors.

Chirng minh. / Proof.

Su ton tai, quy nap manh theo n. Néu n nguyén t5 thi n 1a tich mot thira s6. Néu n 1a hop
sO thi n = ab véi 1 <a, b < n; theo gia thiét quy nap a va b 1a tich cac s6 nguyén td, nén n
cling vay.

Existence, by strong induction on n. If n is prime it is a product of one prime. If n is composite

then n = ab with 1 < a, b < n; by the induction hypothesis a and b are products of primes, hence
S0 is n.

Tinh duy nhét, quy nap manh theo n. Gia sir n = pip2...pr = qiqz...qs 1a hai cach phan
tich. Vi p1 | qi...qs nén theo Hé qua 6.14, p1 | q; voi mét j; qj nguyén t6 va p1 > 1 nén p; =
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qi. Panh s6 lai dé j = 1 va gian wéc: n/p1 = pa...pr = qo...qs. Néun/pi = 1 thir=s=1;
nguoc lai 1 <n/p1 <n va hai cach phén tich nay tring nhau theo gia thiét quy nap.
Uniqueness, by strong induction on n. Suppose n = pip2...pr = qiq2...qs are two factorisations.
Since p1 | q1...qs, Corollary 6.14 gives p; | qj for some j; as q; is prime and p; > 1, we get p; = q,.
Renumber so that j = I and cancel: n/p; = p>...pr = q2...qs. If n/p; = 1 then r = s = 1, otherwise
1 < n/p1 < n and the two factorisations agree by the induction hypothesis. R

TINH CHAT 6.16 (Uéc nguyén t6 nhé) / PROPERTY 6.16 (Small prime divisor) — Hop
s6 n c6 mot u6c nguyén td p théa p < Vn. Do d6 néu n > 1 khong chia hét cho sb nguyén tb
nao khong vurgt qua \n thi n nguyén t.

A composite number n has a prime divisor p with p <~\n. Hence if n > 1 is divisible by no prime not
exceeding \n then n is prime.

Chirng minh. / Proof.

Viétn =ab véi 1 <a <b. Khi d6 a2 < ab =n nén a < Vn. Udc nguyén té p cia a (ton tai
theo dinh Iy co ban) théa p <a<Vnvap |n.

Write n = ab with 1 < a <b. Then a* <ab = n so a <\n. 4 prime divisor p of a (it exists by the
fundamental theorem) satisfies p<a <\nandp|n. ®

PINH LY 6.17 (Euclid: vd han s6 nguyén t6) / THEOREM 6.17 (Euclid: infinitude of
primes) — C6 v6 han s6 nguyén td.
There are infinitely many primes.

Chirng minh. / Proof.

Gia str chi ¢ cac s6 nguyén to pi, ..., pm. Pat N =pi...pm + 1 > 1. N c6 mot udc nguyén
t6 q; q 1a mot trong cac pi, nén q | pi...pm vaq | N, suyraq| 1, vo ly.

Suppose the only primes are pi, ..., pm. Put N =pi..pm + 1> 1. N has a prime divisor q; q is one
of the pi, so q | p1...pm and q | N, giving q | 1, absurd.

PINH LY 6.18 (S6 nguyén té dang 4k + 3) / THEOREM 6.18 (Primes of the form 4k + 3)
— C6 v6 han s6 nguyén té dang 4k + 3.
There are infinitely many primes of the form 4k + 3.

Chirng minh. / Proof.

Gia sir cac s6 nguyén t6 dang 4k + 3 chila pi =3, p2, ..., pm. DAt P =pi...pm vA N =4P —
1=4(P —1)+3.Khidoé N I¢ va N chia 4 du 3.

Suppose the primes of the form 4k + 3 are only p; = 3, p2, ..., pm. Put P = p;...pm and N = 4P —
1 =4(P— 1)+ 3. Then N is odd and leaves remainder 3 on division by 4.

Moi uéc nguyén t6 caa N déu 1¢, nén dang 4k + 1 hodc 4k + 3. Tich hai sé dang 4k + 1
cling c6 dang 4k + 1 vi (4a + 1)(4b + 1) = 4(4ab + a + b) + 1. Néu moi udc nguyén td cta
N c¢6 dang 4k + 1 thi N ¢6 dang 4k + 1, mau thuan. Vay N ¢6 udc nguyén t6 q dang 4k +
3.

Every prime divisor of N is odd, hence of the form 4k + 1 or 4k + 3. A product of two numbers of
the form 4k + 1 has the form 4k + 1, since (4a + 1)(4b + 1) = 4(4ab + a + b) + 1. If all prime
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divisors of N had the form 4k + 1, N would too, a contradiction. So N has a prime divisor q of
the form 4k + 3.

Néuq=pithiq|4Pvaq|N=4P—1,nénq|1, vdly. Vay qla s6 nguyén té dang 4k + 3
nam ngoai danh sach.

If g = pithen q | 4P and q | N = 4P — 1, so q | 1, absurd. So q is a prime of the form 4k + 3
outside the list. W

NHAN XET / REMARK — Cach 1ap N = 4P — 1 dung duoc cho dang 6k + 5 (N =6P — 1)
nhung khong cho dang 4k + 1: u6c nguyén t6 ctia N = 4P + 1 ¢6 thé déu dang 4k + 3 (hai s6
dang 4k + 3 nhan lai cho dang 4k + 1), nén khong ép dugc mot uc nguyén to méi dang 4k +
1. V&i dang 4k + 1 can thém mot két qua vé udc nguyén té cua x2 + 1, thude chuong Pong du
va céac dinh ly Fermat, Euler, Wilson (Chuong 7).

The construction N = 4P — I also works for the form 6k + 5 (N = 6P — 1) but not for 4k + 1: the
prime divisors of N = 4P + [ may all have the form 4k + 3 (two numbers of the form 4k + 3 multiply
to the form 4k + 1), so no new prime of the form 4k + 1 is forced. The form 4k + I needs a further fact
about prime divisors of x? + 1, which belongs to the chapter on congruences and the theorems of
Fermat, Euler and Wilson (Chapter 7).

PHAN TICH / ANALYSIS — Ba s p, 2p + 1, 4p + 1 khi chia cho 3 c6 du phu thudc vao du
ctia p. Mot s6 16n hon 3 ma chia hét cho 3 1a hop s6, nén chi can tim du cua p lam mot trong
hai sb sau chia hét cho 3.

The three numbers p, 2p + 1, 4p + 1 have remainders on division by 3 that depend on the remainder
of p. A number greater than 3 that is divisible by 3 is composite, so it suffices to find the remainders of
p that make one of the last two numbers divisible by 3.

Vi DU 6.7 (Xét dw khi chia cho s6 nguyén t6 nhé) / EXAMPLE 6.7 (Remainders modulo
a small prime) — Tim tat ca s6 nguyén td p sao cho 2p + 1 va 4p + 1 ciing 1a sé nguyén t6.
Find all primes p such that 2p + I and 4p + I are also prime.

Loi giai. / Solution.
1. Viét p = 3k, 3k + 1 hodc 3k + 2.
Write p = 3k, 3k + 1 or 3k + 2.
2.Néup=3k+ 1thi2p+1=6k+3=32k+1).Vip>2nén2p+1>5>3,dodo2p
+ 1 1a hop sd. Loai.
Ifp=3k+ 1then2p+ 1=06k+3=32k+ 1) Sincep>2wehave2p+1>5>3,s02p+
1 is composite. Rejected.
3.Néup=3k+2thidp+1=12k+9=3(4k+3)>9,1a hop sd. Loai.
Ifp=3k+2then4p + 1 =12k + 9 = 3(4k + 3) > 9, which is composite. Rejected.
4. Con p = 3k: p nguyén té nén p = 3. Khi d6 2p + 1 =7 va 4p + 1 = 13 déu nguyén t6.
Only p = 3k remains: p is prime sop = 3. Then 2p + 1 = 7 and 4p + 1 = 13 are both prime.
Vayp=3.
Hencep=3. ®
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LOI HAY GAP / COMMON MISTAKE — Khing dinh mot s6 12 nguyén t6 chi vi thir vai
sd nguyén t6 nho, hodc quén rang 1 khong phai nguyén t6 va 2 1a sé nguyén t6 chin duy nhat.
Bai vé s6 nguyén t6 luén phai xét rieng p=2 vap = 3.

Declaring a number prime because a few small primes fail to divide it, or forgetting that 1 is not
prime and 2 is the only even prime. Problems about primes always need p = 2 and p = 3 checked
separately.

6.5. S6 mii p-adic va cong thirc Legendre — The p-adic valuation and Legendre's

formula

PINH NGHIA 6.19 (Sé mil p-adic) / DEFINITION 6.19 (p-adic Valuation) — Cho p
nguyén tb Va n € Z*. Sé mii p- -adic vp(n) 12 s6 mii 16n nhat k > 0 sao cho p* | n. Theo dinh 1y
co ban ciia s6 hoc, vp(n) 14 s6 mil cta p trong su phan tich n ra thira s nguyén t6.

Let p be prime and n € Z*. The p-adic valuation vy(n) is the largest k > 0 with p* | n. By the
fundamental theorem of arithmetic, v,(n) is the exponent of p in the prime factorisation of n.

TINH CHAT 6.20 (Tinh chit ciia s6 mii p-adic) / PROPERTY 6.20 (Properties of the p-
adic valuation) — Véi a, b € Z* va p nguyén t: (i) vp(ab) = vp(a) + vp(b); (ii) a | b khi va chi
khi vp(a) < vp(b) voi moi s6 nguyén td p; (iii) vp(ged(a, b)) = min(vp(a), vp(b)) va vp(lem(a, b))
= max(vp(a), vp(b)); (iv) vp(a + b) > min(vy(a), vp(b)), va ddu bang xay ra khi vp(a) # vp(b).
Fora, b € 2" and p prime: (i) vp(ab) = vy(a) + vp(b); (ii) a | b if and only if vy(a) < v,(b) for every
prime p; (iii) vpy(gcd(a, b)) = min(vy(a), vp(b)) and vy(lcm(a, b)) = max(vy(a), vo(b)); (iv) vp(a + b) >
min(vp(a), vp(b)), with equality when vy(a) # vp(b).

Chirng minh. / Proof.
(i) Nhan hai sy phan tich ra thira s nguyén t6; s mii ctia p cong lai.
(i) Multiply the two prime factorisations; the exponents of p add.

(i) Néu b = ac thi vp(b) = vp(a) + vp(c) > vp(a). Nguoc lai, néu vy(a) < vp(b) voi moi p thi
b/a =[] p*® véi k(p) = vp(b) — vp(a) > 0 1a s6 nguyén.

(ii) If b = ac then vy(b) = vp(a) + vp(c) > vp(a). Conversely, if vp(a) < vp(b) for all p then b/a =[]
PP with k(p) = vp(b) — vp(a) > 0 is an integer.

(iii) Theo (ii), wdc chung d cia a va b ¢6 vp(d) < min(vy(a), vp(b)) v6i moi p. S6 [T p™®,
v6éi m(p) = min(vy(a), vp(b)), 1a mot udc chung va chia hét moi wdc chung nén 1a udc
chung 16n nhét. Ly luan véi max cho bdi chung nho nhét.

(iii) By (ii), a common divisor d of a and b has v,(d) < min(vp(a), vp(b)) for every p. The number

[T p"%, with m(p) = min(vp(a), vp(b)), is a common divisor and is divisible by every common
divisor, so it is the greatest. The same argument with max gives the least common multiple.

(iv) Pat m = min(vy(a), vp(b)). Khi d6 p™ | a va p™ | b nén p™ | a + b. Néu vy(a) = m <
vp(b) thia=p™a' voip ta' vab=p™'b' suyraa+b=p (a' +pb')maa'+pb' khong chia
hét cho p. Vay vy(a + b) =m.

(iv) Put m = min(vp(a), vp(b)). Then p™ | a and p™ | b so p™ | a + b. If vp(a) = m < vp(b) then a =
p"a' withp ta'and b = p"*'b’, so a + b = p™(a' + pb') and a' + pb' is not divisible by p. Hence
vp(a+b)=m. W
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Hinh 6.3. Cac udc cua 36 xép theo s mii cua 2 (hang) va cia 3 (cot). O xanh: 12 va 18. O cam:
UCLN(12, 18) = 6 1iy s6 mil nhé hon & mdi toa d6, BCNN(12, 18) = 36 lay s6 mii 16n hon.
Figure 6.3. The divisors of 36 arranged by the exponent of 2 (rows) and of 3 (columns). Green: 12 and
18. Orange: gcd(12, 18) = 6 takes the smaller exponent in each coordinate, lem(12, 18) = 36 takes the
larger.

PINH LY 6.21 (Céng thirc Legendre) / THEOREM 6.21 (Legendre's formula) — Cho p
nguyén t6 va n € Z*. Khi d6 vp(n!) = |n/p| + [n/p?] + |n/p?] + ... (tdng hitu han, cac sb hang
bang 0 khi p* > n).

Let p be prime and n €Z". Then vy(n!) = [n/p]+ [n/p’]+ [n/p’ ]+ ... (a finite sum: terms vanish once
P> n).

vp(n!) = [n/p]| + [n/p?| + [n/p3| + ... (6.6)

Chirng minh. / Proof.

Theo Tinh chat 6.20(i), vp(n!) = vp(1) + vp(2) + ... + vp(n). S vp(m) bang sb cac k > 1
sao cho p* | m.

By Property 6.20(i), vp(n!) = vp(1) + vp(2) + ... + vp(n). The number v,(m) equals the number of
k> 1 with p* | m.

Pém theo k thay vi theo m: véi k cb dinh, trong 1, 2, ..., n c6 dung |n/p¥| sb chia hét cho
p“. Cong theo k > 1 dugc cong thirc.

Count by k instead of by m: for fixed k, exactly [n/p*] of the numbers 1, 2, ..., n are divisible by
pr. Summing over k > 1 gives the formula. ®

HE QUA 6.22 (Cong thirc Legendre qua tong chir s6)/ COROLLARY 6.22 (Legendre's
formula via digit sum) — Goi sp(n) 13 tong cac chit s6 cua n trong hé co sé p. Khi d6 vp(n!)

= (n—sp(n))/(p — 1).
Let s,(n) be the sum of the digits of n in base p. Then vy(n!) = (n — sy(n))/(p — 1).
vp(n) = (n —sp(n))/(p — 1) (6.7)
Chirng minh. / Proof.
Viét n = ap + aip + ... + amp™ v6i 0 < a; < p. Phan nguyén |n/p¥| = ax + aip + ... +
amp™ ¥, vi céc chir s6 thap hon cong lai nho hon p*.
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Writen = ap + aip + ... + awp™ with 0 <a; < p. Then [n/p*| = ar + akrip + ... + awp™ ¥, because
the lower digits add up to less than p*.

Cong theo k = 1, ..., m: mdi chit s6 a; xudt hién voihé s p™™ '+ ... +p+1=(p'— D/(p —
1. Vay vpm) =Zailp'— D/(p— 1) =m—-Z a)/(p — 1).
Sum over k = 1, ..., m: each digit a; appears with coefficientp” ! + ... +p+ 1= (@' — D/(p — 1).
Hencevyn!) =2 aip' = D/p—1)=m—-2a)/(p—1). A

VI DU 6.8 (Pém thira s6 5) / EXAMPLE 6.8 (Counting factors of 5) — (a) 2468! tin cung
bang bao nhiéu chir s6 0? (b) Tim s nguyén duong n nhé nhét sao cho 102 chia hét n!.

(a) How many zeros does 2468! end with? (b) Find the least positive integer n such that 10% divides
nl.

Loi giai. / Solution.

1.

S6 chit s6 0 tan cung 13 s6 mil 10n nhét k vai 105 | 2468!, tirc min(v2(2468!),
vs5(2468!)). Theo (6.6), v2(2468!) > [2468/2| = 1234.

The number of trailing zeros is the largest k with 10* | 2468!, that is min(v2(2468!),
v5(2468!)). By (6.6), v2(2468!) > [2468/2 [ = 1234.

v5(2468!) =493 +98 + 19 + 3 =613

. Vi 613 < 1234 nén 2468! tan cung bang ding 613 chit s6 0.

Since 613 < 1234, 2468! ends with exactly 613 zeros.

. (b) Can vs(n!) > 25 va va(n!) > 25. Ham vs(n!) khong giam theo n. Ta c6 vs(104!) =

20 +4 =24 <25vavs(105!)=21+4=25.
(b) We need vs(n!) > 25 and va(n!) > 25. The function vs(n!) is non-decreasing in n. We have
vs(104!) =20 + 4 =24 <25 and vs(105!) = 21 + 4 = 25.

. Véin = 105: vo(105!) > [105/2] = 52 > 25, nén 102 | 105!. Vin < 104 thi vs(n!) <

24,
Forn = 105: v2(105!) > [105/2] = 52 > 25, so 10°° | 105!. For n < 104 we have vs(n!) < 24.

Vay (a) 613 chit s6 0; (b) n = 105.
Hence (a) 613 zeros; (b) n =105. &

NHAN XET / REMARK — Chi can dém thira s6 5 vi va(n!) > vs(n!) v6i moi n: [n/2¥] >

|n/5%] & tirng s6 hang ctia (6.6). Néu hoi vé s6 12 = 22-3 thi phai so ca hai: 12% | n! khi 2k <
va(n!) va k <wv3(n!).

Only the factors of 5 need counting because vx(n!) >vs(n!) for all n: [n/2*]> [n/5* [ term by term in
(6.6). For a number such as 12 = 22-3 both counts matter: 12* | n! when 2k <vy(n!) and k <vs(nl).

PHAN TICH / ANALYSIS — Piéu kién 2*! | n! nghia 13 va(n!) >n — 1. V&i p =2, cong
thirc (6.7) cho va(n!) = n — sa(n), trong do sa(n) 12 s6 chit s6 1 ciia n trong hé nhi phan. Bat
dang thirc n — sa(n) > n — 1 chi con 12 mot diéu kién dém chit s6.

The condition 2" | n! means vx(n!) >n — 1. For p = 2, formula (6.7) gives va(n!) = n — sa(n), where
s2(n) is the number of digits 1 of n in binary. The inequality n — s2(n) > n — I becomes a condition on
counting digits.
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Vi DU 6.9 (Téng chir s6 nhi phan) / EXAMPLE 6.9 (Binary digit sum) — Tim tat ca s6
nguyén duong n sao cho 2" chia hét n!.
Find all positive integers n such that 2" divides n!.

Loi giai. / Solution.
1. Theo (6.7) v&i p = 2: va(n!) = n — sa(n), voi sa(n) 1a s6 chir sd 1 trong biéu dién nhi
phéan cua n.
By (6.7) with p = 2: va(n!) = n — s2(n), where s2(n) is the number of digits 1 in the binary
representation of n.
2.2 ntev@m)>n-1©n-s(n)>n— 1S sn)<1.
27l evml)>n—1&n—s:(n)>n— 1 Ssan) <.
3.Vin>1nénsx(n) > 1. Do d6 diéu kién 13 sa(n) = 1, tirc n 14 lity thira cua 2.
Since n > I we have s2(n) > 1. So the condition is s2(n) = 1, that is n is a power of 2.
Vayne€ {1,2,4,8,16, ...}, ttcn=2v4ij € N.
Hencen €{1, 2,4, 8, 16, ...}, thatisn = 2 withj €N. R

LOI HAY GAP / COMMON MISTAKE — Coéng thirc Legendre dimg sém: chi 1dy [n/p]
va bo |n/p?], [n/p’], .... Vidu vs(100!) = 20 + 4 = 24, khong phai 20.

Stopping Legendre's formula early: taking only [n/p/and dropping [n/p’). [n/p’ ), ... For example
vs(100!) = 20 + 4 = 24, not 20.

6.6. SO wdc, tong woe va so hoan hao — Number of divisors, sum of divisors and
perfect numbers

PINH NGHIA 6.23 (S6 wérc, tong wéc, s hoan hio) / DEFINITION 6.23 (Divisor count,

divisor sum, perfect number) — Véin € Z*, 1(n) 1a s6 wéc dwong cia n va o(n) 1a téng cac

wéc duong ctia n. S6 n goi 1a hoan hao néu o(n) = 2n, tirc n bang tong cac udc duong nhé hon
n.

Forn €77, t(n) is the number of positive divisors of n and o(n) is their sum. The number n is perfect if
o(n) = 2n, that is n equals the sum of its positive divisors smaller than n.

PINH LY 6.24 (Céng thitc T va ) / THEOREM 6.24 (The formulas for T and 6) — Cho
n =[] p*® 1a dang chinh tic cta n (tich 1iy theo cac s6 nguyén té p | n, e(p) = vp(n)). Khi d6
() =1 (e(p) + 1) va o(n) = [T (=P — D/(p — 1).

Let n = [[ p*” be the canonical form of n (the product runs over primes p | n, with e(p) = v,(n)). Then
t(m) =[] (e(p) + 1) and o(n) = [ P — D/(p — 1).

() =[1(e(p) +1) (6.8)
o(m) =I] (p*™*1 - 1)/(p— 1) (6.9)
Chirng minh. / Proof.
Theo Tinh chat 6.20(ii), d | n khi va chi khi d =[] p*® véi 0 < b(p) < e(p) (mdt s6 nguyén
to khong chia hét n khong thé chia hét d). Theo tinh duy nhat cia dinh ly co ban, cac bd
s0 mil khac nhau cho cac udc khac nhau. Moi p c6 e(p) + 1 lya chon b(p), nén cé [] (e(p)
+ 1) udc.
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By Property 6.20(ii), d | n if and only if d = [] p*® with 0 < b(p) < e(p) (a prime that does not
divide n cannot divide d). By the uniqueness in the fundamental theorem, different exponent
choices give different divisors. Each p has e(p) + 1 choices for b(p), so there are [] (e(p) + 1)
divisors.

Khai trién tich [T (1 + p + p> + ... + p®) bang phép phan phdi: mbi sé hang 1a mot ude d
clia n, xuat hién ding mot 1an. Vay tich bang o(n). Tong cap sd nhan 1 +p + ... + p<® =
(P = Dip - D.

Expand ] (1 + p + p° + ... + p?P) by distributivity: each term is a divisor d of n, appearing
exactly once. So the product equals o(n). The geometric sum is 1 + p + ... + p*? = (pP* —
Dip-1). m

NHAN XET / REMARK — Véi n =360 = 23-32-5: 1(360) =4-3-2 =24 va 5(360) = 15-13-6
=1170. Cong thirc (6.8) va (6.9) cho thiy T, 6 nhan tinh: t(mn) = t(m)t(n), o(mn) = o(m)c(n)
khi ged(m, n) = 1. Ghép mdi uéc d véi n/d, tich moi wéc cia n bang n"™’2: véi 360 1a 36012,
Forn =360 = 2°-3>5: 1(360) = 4-3-2 = 24 and 6(360) = 15-13-6 = 1170. Formulas (6.8) and (6.9)
show that t and o are multiplicative: t(mn) = t(m)t(n), o(mn) = o(m)a(n) when gcd(m, n) = 1. Pairing
each divisor d with n/d, the product of all divisors of n is n"™”: for 360 it is 360",

HE QUA 6.25 / COROLLARY 6.25 — 1(n) 1¢ khi va chi khi n 14 s§ chinh phwong.
7(n) is odd if and only if n is a perfect square.

Chirng minh. / Proof.

Theo (6.8), t(n) 1¢ khi va chi khi moi e(p) + 1 1&, tic moi e(p) chin. Piéu nay tuong
duong n = ([ p*®?2)%; nguoc lai s6 chinh phuong m? ¢ vp(m?) = 2v,y(m) chin.

By (6.8), t(n) is odd if and only if every e(p) + 1 is odd, that is every e(p) is even. This is
equivalent to n = ([ p*™”?)?; conversely a square m? has vy(m?) = 2vy(m), which is even. W

PINH LY 6.26 (Euclid—Euler: s6 hoan hao chiin) / THEOREM 6.26 (Euclid—Euler: even
perfect numbers) — S chin n 1 hoan hao khi va chi khi n = 252X — 1) voi 2k — 1 1a b
nguyén to.

An even number n is perfect if and only if n = 212" — 1) with 2* — 1 prime.

Chirng minh. / Proof.

Piéu kién du. Pat M = 25 — [ nguyén t6; k > 2 vi M > 1, nén M 1é. Theo (6.9) o(25") = 2k
—1=Mvao(M)=M + 1 =2k & nhin tinh, nén o(n) = M-2X=2n.

Sufficiency. Put M = 2% — 1, prime; k > 2 because M > 1, so M is odd. By (6.9) o(2""1) = 2 — 1
=M and o(M) = M + 1 = 2* Since o is multiplicative, o(n) = M-2* = 2n.

Piéu kién can. Viét n = 2°m véi a> 1 va m 1&. Tir o(n) = 2n ta c6 (2*"' — 1)o(m) = 2*'m.
Hai s6 2*"' — 1 va 2*"! nguyén t6 cung nhau, nén 2**! — 1 chia hét m theo B6 dé 6.9: m =
(2#*! — 1)c. Thé vao, o(m) = 2*"'c.

Necessity. Write n = 2°m with a > 1 and m odd. From o(n) = 2n we get (2! — 1)o(m) = 2*"'m.
The numbers 2°*! — I and 2°*! are coprime, so 2¢*! — I divides m by Lemma 6.9: m = (2" —
1)c. Substituting, o(m) = 2" c.
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Néu ¢ > 1 thi 1, ¢, m 14 ba wdc phan biét ciam (c #m vi 2*"' = 1 >3),nén o(m) > 1 + ¢ +
m=1+c+ Q2% —1)c=1+2*"c>c(m), voly. Vayc = 1.

If ¢ > 1 then 1, ¢, m are three distinct divisors of m (¢ + m since 2! — 1> 3), so a(m) > 1 + ¢ +
m=1+c+ 2" — c=1+21c>g(m), absurd. Hence c = 1.

Véic=1:m=2*"—1>1vaom)=2""=m+ 1. Tong cac udc cta m chi la 1 + m nén
m chi ¢ hai u6c 1 va m, tic m nguyén t6. Patk =a + 1 ta duoc n = 2K1(2k - 1).

Withc=1: m=2"" — 1> 1 and o(m) = 2°*! = m + 1. The divisors of m sum to just 1 + m, som
has only the divisors I and m, that is m is prime. Puttingk = a + 1 givesn =212 - ]). ®

3 S0 Mersenne S0 hoan hio chin
Mersenne number Even perfect number

2 3 6

3 7 28

) 5= 3s khong co
none

5 31 496

. 127 8128
33.550.336

13 8191 33,550,336

PHAN TiCH / ANALYSIS — S uéc chi phu thudc vao bd s6 mil, con do 1én cua n phu
thudc ca vao viéc dat sd mii nao 1én sb nguyén t6 nao. Hai viéc tach roi: trude hét liét ké cac
cach viét 48 = (e1 + 1)(e2 + 1)..., 61 don s6 mil I6n vao sb nguyén té nho dé n bé nhat.

The number of divisors depends only on the multiset of exponents, whereas the size of n also depends
on which exponent sits on which prime. The two tasks separate: first list the ways to write 48 = (e: +
1)(ez + 1)..., then put the large exponents on the small primes to make n least.

VI DU 6.10 (S6 mii gizam dén trén cic sé nguyén t6 nhé) / EXAMPLE 6.10 (Decreasing
exponents on the smallest primes) — Tim s6 nguyén dwong nho nhat c6 dung 48 udc
duong.

Find the least positive integer with exactly 48 positive divisors.

Loi giai. / Solution.
1. Theo (6.8), n =[] p® c¢6 48 wéc khi [] (e(p) + 1) = 48. Vi bd s6 mii cho trude, n
nho nhat khi s6 mii giam dan theo th{r tu sb nguyén t62,3,5,7, 11, ...: néu p<qva
x <y thi pP’q*/(p*q") = (p/q)’ ™ < 1, nén doi chd hai s6 mii cho s6 nhé hon.
By (6.8), n = [ p*?’ has 48 divisors when [] (e(p) + 1) = 48. For a given multiset of

exponents, n is least when the exponents decrease along the primes 2, 3,5, 7, 11, ...:ifp<gq
and x <y then p’q*/(p*q’) = (p/q) ™ < 1, so swapping the two exponents gives a smaller
number.

2. Céc cach viét 48 thanh tich khong ting cac thira s6 16n hon 1 (mdi thira s6 1a e + 1),
kém gié tri n nho nhét twong tng: (48) va (24, 2) cho n > 2% > 2520; (16, 3): 2!%-32 =
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294912; (12, 4): 2'1-3% = 55296; (8, 6): 27-35 =31104; (12, 2, 2): 2!1-3-5=30720; (8,
3,2):27-32:5=15760; (6, 4, 2): 2°-33-5 = 4320; (4, 4, 3): 2°-3%-52 = 5400; (6, 2, 2, 2):
2%-3-5-7=13360; (4, 3, 2, 2): 2*-32-5-7=2520; (3, 2, 2, 2, 2): 2*:3-5-7-11 = 4620.
The ways to write 48 as a non-increasing product of factors greater than 1 (each factor is e
+ 1), with the corresponding least n: (48) and (24, 2) give n > 2?3 > 2520; (16, 3): 2°-3° =
294,912, (12, 4): 211-33 = 55,296, (8, 6): 27-3° = 31,104, (12, 2, 2): 2!1-3-5 = 30,720; (8, 3,
2): 27:32:5 = 5,760; (6, 4, 2): 2°-33-5 = 4,320; (4, 4, 3): 23:33-52 = 5,400, (6, 2, 2, 2): 2°-3-5-7
=3,360; (4, 3, 2, 2): 25-35-7 = 2,520; (3, 2, 2, 2, 2): 2%-3-5-7-11 = 4,620.

3. Gia tri nho nhét trong mudi hai trudng hop 1a 2520 = 23-32-5-7, va 1(2520) = 4-3-2-2
=48.
The least of the twelve values is 2520 = 2°-3%-5-7, and 1(2520) = 4-3-2-2 = 48.

Vay sd can tim 1a 2520.
Hence the required number is 2520. 1

NHAN XET / REMARK — Céc thira sb ctia 48 c¢6 thé trang nhau, nén phai liét ké ca nhitng
cach co thira s6 lap, vi du (12, 2, 2) va (4, 4, 3). Mot cach kiém tra da: 48 = 243 ¢6 12 cach
viét thanh tich khong ting céc thira s6 16n hon 1, ding bang 12 trudng hop & trén.

The factors of 48 may repeat, so partitions with repeated factors, such as (12, 2, 2) and (4, 4, 3), must
be listed as well. A check on completeness: 48 = 2°-3 has 12 ways to be written as a non-increasing
product of factors greater than 1, matching the 12 cases above.

LOI HAY GAP / COMMON MISTAKE — Tinh sb wéc bang téng thay vi tich, hodc quén
cong 1 vao sé mii: 1(23-3%) = (3 + 1)(2 + 1) = 12, khong phai 3 + 2 = 5 hay 3-2 = 6. S6 udc
luén gdm ca 1 van.

Computing the number of divisors by a sum instead of a product, or forgetting to add I to each
exponent: ©(2°-3°) = (3+ 1)(2 + 1) = 12, not 3 + 2 = 5 or 3-2 = 6. The divisors always include I and
n.

6.7. So chinh phwong va phép thir bﬁng s0 dw — Perfect squares and tests by
remainders

TINH CHAT 6.27 (Du ciia binh phwong) / PROPERTY 6.27 (Remainders of squares) —
Ky hiéua=b (mod m) nghialam |a—b. V&i moin € Z: n> =0 hodc 1 (mod 3); n*> =0 hodc 1
(mod 4); n>= 0, 1 hoac 4 (mod 5); n>=0, 1 hodc 4 (mod 8). Néunléthin2=1 (mod 8).

The notation a = b (mod m) means m | a — b. For everyn €Z: n?>= 0 or 1 (mod 3); n> = 0 or 1 (mod
4);n’=0, 1 or4 (mod35); n’>=0, 1 or4 (modS8). If nis odd then n’> = 1 (mod 8).

Chirng minh. / Proof.

Véi s6 chia m, viét n = mk + r va n> = m(mk? + 2kr) + r2, nén n? ¢6 cung du véi 12 Chi
can xét r trong hé du di. Mod 3: r € {0, 1}, 12 € {0, 1}. Mod 4: r € {0, 1, 2}, 12 € {0,
1,4} va4=0.Mod 5:r € {0,%1,£2}, 1€ {0, 1,4}. Mod 8: r € {0, £1, 2, +3, 4}, 1* €
{0,1,4,9,16} v6i9=1val6=0. Sblécor € {£1,+3}, 2 € {1,9} = 1.

For divisor m, write n = mk + r, so n’> = m(mk? + 2kr) + r? and n? has the same remainder as r>.

It suffices to run r through a complete residue system. Mod 3: v € {0, £1}, r* €{0, 1}. Mod 4: r €
{0, £1, 2}, r» €{0, 1, 4} and 4 = 0. Mod 5: r € {0, 1, £2}, r* € {0, 1, 4}. Mod 8: r € {0, =1, £2,
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+3, 4}, €{0, 1,4, 9, 16} with 9 = 1 and 16 = 0. An odd number has r € {1, £3}, r* € {1, 9} =

/. m
Du ¢6 thé c6 ciia n? S6 khong thé 1a chinh phwong néu dw 1a
Modulus Possible remainders of n’ A number cannot be a square if its remainder is
3 0,1 2
4 0,1 2,3
5 0,1,4 2,3
8 0,1,4 2,3,5,6,7

BO DE 6.28 (Tich nguyén t6 cung nhau 13 chinh phwong) / LEMMA 6.28 (Coprime
product that is a square) — Néu a, b € Z*, gced(a, b) = 1 va ab 1a s6 chinh phuwong thia va b
déu 1a s6 chinh phuong.

Ifa, b €7, gcd(a, b) = 1 and ab is a perfect square, then a and b are both perfect squares.

Chirng minh. / Proof.

Véi mdi s6 nguyén td p, vp(a) + vp(b) = vp(ab) chin. Vi ged(a, b) = 1 nén p khong chia
hét dong thoi ca hai, tirc mot trong hai sd vp(a), vp(b) bang 0; sé con lai phai chin. Moi sd
mil trong dang chinh tic ciia a va b déu chin, nén a va b 14 s6 chinh phuong.

For each prime p, vp(a) + vp(b) = vp(ab) is even. Since gcd(a, b) = 1, p cannot divide both, so
one of vp(a), vp(b) is 0 and the other must be even. Every exponent in the canonical forms of a
and b is even, so a and b are perfect squares. B

NHAN XET / REMARK — Cach kep: néu n> <m < (n + 1)? thi m khéng 13 s6 chinh
phuong, vi khong ¢ s6 nguyén nao nam giita n van + 1. V&i Vi du 6.12 ¢6 thé kep n? + 20n
gitta (n + 9)* va (n + 10)* n> + 20n > (n + 9)* khi n > 41, nén chi con phai thir n < 40. Vi du
nay duoc giai bang phan tich nhan tir, nhanh hon va khong can thu.

Squeezing: if n”> <m < (n + 1)? then m is not a perfect square, since no integer lies strictly between n
and n + 1. In Example 6.12 one can squeeze n’> + 20n between (n + 9)? and (n + 10)% n?> + 20n > (n +
9)?when n > 41, so only n <40 remains to be tried. The example is solved by factorising instead,
which is quicker and needs no trials.

Vi DU 6.11 (Loai b%mg du mod 8) / EXAMPLE 6.11 (Elimination by remainders mod 8)
— Tim tit ca cap sd nguyén t6 (p, q) thoa p> — 2¢> = 1.
Find all pairs of primes (p, q) with p> — 2q° = 1.

Loi giai. / Solution.
1. Gia st q 1é. Theo Tinh chat 6.27, ¢* = 1 (mod 8), nén p>=2q*+ 1 = 3 (mod 8).
Suppose q is odd. By Property 6.27, g = I (mod 8), so p? = 2q°> + 1 = 3 (mod 8).
2. Nhung binh phwong chi ¢é du 0, 1 hodc 4 khi chia cho 8 (Tinh chat 6.27). Mau thuan,
nén q chan, tirc q = 2.
But squares leave remainder 0, 1 or 4 on division by 8 (Property 6.27). Contradiction, so q
is even, that is ¢ = 2.
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3. Vi q=2:p*>=9nén p =3, nguyén to.
Forq=2:p?=9, s0p =3, which is prime.

Vay (p, 9) =3, 2).
Hence (p, q) =(3,2). &

Vi DU 6.12 (Hi¢u hai binh phwong bing hang s6) / EXAMPLE 6.12 (Difference of two
squares equal to a constant) — Tim tt ca s6 nguyén duong n sao cho n? + 20n 1a sé chinh
phuong.

Find all positive integers n such that n° + 20n is a perfect square.

Loi giai. / Solution.
1. Gid st n* + 20n = m? v6i m > 0. Khi d6 (n + 10)> — m? = 100, tic (n + 10 — m)(n + 10
+ m) = 100.
Suppose n?> + 20n = m? with m > 0. Then (n + 10)? — m? = 100, that is (n + 10 — m)(n + 10
+m) = 100.

2.Patu=n+10—-m,v=n+ 10+ m. Khi d6 uv=100,v>u, v>0nénu>0. Téong u +
v =2(n+ 10) chin, nén u, v cung tinh chan 1¢; vi uv chan nén ca hai chan: u=2u', v
=2v',u'v' = 25.

Putu=n+10—mv=n+10+m. Thenuv =100, v=>u, v>0sou> 0. Thesumu +v=
2(n + 10) is even, so u and v have the same parity; since uv is even, both are even: u = 2u', v
=2v ulv'=25.

3.Voiu' <v': (U, v') € {(1, 25), (5, 5)}. Truong hop (1,25): u+v=52nénn + 10 =26,
n=16 vam=(v—u)/2=24. Truong hop (5, 5): n+ 10=10, n =0, loai.

Withu' <v': (u',v') €{(1, 25), (5, 5)}. Case (1, 25): u+v=52son+ 10=26,n =16 and
m=(v—u)/2=24.Case (5, 5):n+ 10 =10, n =0, rejected.

4. Kiém tra: 16> +20-16 = 256 + 320 = 576 = 242,

Check: 16+ 20-16 = 256 + 320 = 576 = 247
Vay n = 16.
Hencen=16. |

PHAN TiCH / ANALYSIS — Binh phuong chia 3 chi du 0 hodc 1, nén x2 + y2 chia hét cho
3 chi khi ca x, y chia hét 3. Khi d6 9 | 372, suy ra 3 | z, va nghiém (x, y, z) sinh ra nghiém (x/3,
y/3, /3) nhd hon. Chon nghiém nho nhat rdi chi ra nghiém nhoé hon thi mau thuén: phép
xudng thang v han.

A square leaves remainder 0 or 1 on division by 3, so x? + y? is divisible by 3 only if both x and y are.
Then 9 | 322, hence 3 | z, and a solution (x, y, z) yields a smaller solution (x/3, y/3, z/3). Choose a least
solution and exhibit a smaller one for a contradiction: infinite descent.

Vi DU 6.13 (Xudng thang vd han) / EXAMPLE 6.13 (Infinite descent) — Chirng minh
rang phwong trinh x2 + y? = 372 chi ¢6 nghiém nguyén (x, y, z) = (0, 0, 0).
Prove that the equation x? + y? = 3z? has no integer solution other than (x, y, z) = (0, 0, 0).
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Loi giai. / Solution.

1. Gia st ¢6 nghiém khac (0, 0, 0). Néuz=0thi x>+ y>*=0nén x =y = 0; vay z # 0.
Chon nghiém (x, y, z) v6i |z| nhé nhat, |z] > 1.

Suppose there is a solution other than (0, 0, 0). If z = 0 then x* + y? = 0, so x =y = 0; hence
z # 0. Choose a solution (x, y, z) with |z| least, |z| > 1.

2. C6 3 | x2+ y2 Theo Tinh chat 6.27, x2 va y2 mdi s6 c¢6 du 0 hodc 1 khi chia cho 3.
Tong hai du 13 0, 1 hodc 2 va chi bang 0 (chia hét cho 3) khi ca hai du 0. Vay 3 | x va
3y.

We have 3 | x> + y2 By Property 6.27, each of x? and y? has remainder 0 or 1 modulo 3. The

sum of the two remainders is 0, 1 or 2, and it is divisible by 3 only when both are 0. So 3 | x
and 3 | y.

3. Viét x = 3a, y = 3b. Khi d6 9(a* + b?*) = 3z%, nén z> = 3(a> + b?). Vay 3 | z> va 3 | z theo
H¢ qua 6.14; viét z =3¢ thi 9c? = 3(a% + b?), tirc a*> + b? = 3¢
Write x = 3a, y = 3b. Then 9(a’ + b?) = 322, so z? = 3(a’ + b?). Thus 3 | z?and 3 | z by
Corollary 6.14; writing z = 3c gives 9c? = 3(a’ + b?), that is a® + b> = 3¢c2.
4. Cap (a, b, ¢) 1a nghiém véi |c| = |z|/3 < |z|, mau thudn véi tinh nho nhét cia |z|.
The triple (a, b, c) is a solution with |c| = |z|/3 < |z|, contradicting the minimality of |z|.
Vay chi ¢6 nghi¢m (0, 0, 0).
Hence the only solution is (0, 0, 0). &

LOI HAY GAP / COMMON MISTAKE — Dung du 1am diéu kién di. S6 du 0 hozc 1 khi
chia cho 4 chi 1a diéu kién cin ctia s6 chinh phuong: 5 chia 4 du 1 ma khéng 13 s6 chinh
phuong. Phép thir bang du chi loai dugc nhing s6 khong phai chinh phwong.

Using remainders as a sufficient condition. Remainder 0 or 1 modulo 4 is only necessary for a perfect

square: 5 leaves remainder 1 on division by 4 but is not a square. Remainder tests can only rule
numbers out.

6.8. Hang ding thirc va tinh chia hét ciia a”n + b n — Identities and divisibility of
a™n=xb"n

PINH LY 6.29 (Hiéu va tong lity thira) / THEOREM 6.29 (Difference and sum of
powers) — VGia,b€Z n€Z a"—b"=(a—b)@ '+a"?b+...+ab"2+b"!). Dodd (a—
b)|(@"—b"). Néunléthia®+b"=(a+b)@ ! —a2b+ ... —ab®2+b* 1), nén (a+b)| (a" +
b").

Fora, b €Z,n €2 a"—b"=(a—b)a ' +a" b+ ..+ab" > +b""'). Hence (a — b) | (a" — b"). If
nisoddthena +b"=(a+b)@ ' —a" b+ ..—ab"?+b""), 50 (a+b)| (@ +b".

a"—br=(a—Db)(a" 1+ ar2b+ ..+ ab" 24+ b1 (6.10)
Chirng minh. / Proof.
Nhén (a — b) v6i tong: cac sd hang a" *b* va a™ ' *b**! triét tiéu timg doi lién tiép, chi con
a" — b". V¢i n 1¢, thay b bang —b trong (6.10) va ding (-b)" = —b™ a" + b" = (a + b)(a"' —
a"?b+ ... +b" ).
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n—/cbk n—I—kbk+1

Multiply (a — b) by the sum: the terms a and a cancel in consecutive pairs, leaving
a" — b". For odd n, replace b by —b in (6.10) and use (—b)" = —b": a" + b" = (a + b)(a"! —
a” b+ .. +b"7). m

HE QUA 6.30 (S6 Mersenne va s6 Fermat) / COROLLARY 6.30 (Mersenne and Fermat
numbers) — Cho a>2. (i) Néum |n thi (a™— 1) | (a" — 1). (ii) Néun > 2 va a® — | nguyén t6
thi a =2 va n nguyén t4. (iii) Néu 2" + 1 nguyén t& thi n=2i véij € N.

Leta>2. (i) Ifm|nthen (@" — 1)| (a" — 1). (ii) If n > 2 and a" — 1 is prime then a = 2 and n is prime.
(iii) If 2" + 1 is prime then n = 2 with j € N.

Chirng minh. / Proof.
(i) Viét n = mk, x = a™. Theo Pinh 1y 6.29, (x — 1) | (x* — 1), tirc (a™ — 1) | (a — 1).
(i) Write n = mk, x = a™. By Theorem 6.29, (x — 1) | (x — 1), thatis (a" — 1) | (a" — 1).

(i)a-1)]@-1)val<a—1<a"—1(vin>2).Néua"— 1nguyéntdbthia—1=1,
tl'Ica=2.Néun=mkVéri1<m<nthi1<2m—1<2“—lVé(Zm—1)|(2n—l),nén2n—
1 12 hop 6. Vay n nguyén td.

(ii)(a—1)| (@ —1and 1 <a—1<a"—1(asn>2). Ifa" — 1 is primethena — 1 = 1, soa =
2. lIfn =mkwithl <m<mnthen 1 <2"—1<2"—1land 2" —1)| (2" — 1), s0 2" — 1 is
composite. Hence n is prime.

(iii) Néuncoudcled> 1, vietn=dk. Vid1e, 2+ 1) | (@54 + 1) =2"+1val <2+ 1]
<2"+ 1,nén 2" + 1 1a hop s6. Vay n khong c6 wéc 1é 16n hon 1, tirc n = 2.

(iii) If n has an odd divisor d > 1, write n = dk. Since d is odd, (2¥ + 1) | (2)? + 1) = 2" + 1 and
1 <28+ 1<2"+1, 502"+ I is composite. Hence n has no odd divisor greater than I, that is n
=2. n

TINH CHAT 6.31 (Hing diang thitc Sophie Germain) / PROPERTY 6.31 (Sophie
Germain identity) — V&i moi a, b: a* + 4b* = (a® + 2b? + 2ab)(a? + 2b? — 2ab) = ((a + b)> +
b*)((a — b)* + b?).

Foralla, b: a’ + 4b* = (a? + 2b> + 2ab)(a? + 2b> — 2ab) = ((a + b)* + b?)((a — b)> + b?).

a* + 4b* = (a® + 2b® + 2ab)(a* + 2b% — 2ab) (6.11)
Chirng minh. / Proof.
Thém bét 4a’b?: a* + 4b* = (a2 + 2b%)? — 4a’b? = (a> + 2b> — 2ab)(a® + 2b* + 2ab). Ngoai ra
a’>+ 2b*+ 2ab =(a+ b)>+ b? va a> + 2b®> — 2ab = (a — b)* + b*.
Add and subtract 4a°b*: a* + 4b? = (@’ + 2b)? — 4a’b? = (a® + 2b* — 2ab)(a’ + 2b* + 2ab). Also
a’?+2b?+ 2ab = (a + b)? + b?and a® + 2b° — 2ab = (a — b)’ + b>. A

PHAN TICH / ANALYSIS — Bién n ctia n* + 4" xuét hién & ca co s6 13n sd mii, nén thir vai
n nho trude: n = 1 cho 5 nguyén t6, n =2 cho 32. Khin 1¢, n =2k + 1, ta c6 4" = 4-(2%)*, dung
dang a* + 4b* voi b = 2%. Hang dang thic (6.11) s& tach biéu thirc thanh hai thira sd.

The variable n in n* + 4" appears in both a base and an exponent, so try small n first: n = 1 gives the
prime 5, n = 2 gives 32. For odd n = 2k + 1 we have 4" = 4-(2*)*, exactly the shape a* + 4b* with b =
2% Identity (6.11) splits the expression into two factors.
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Vi DU 6.14 (Hz"mg dflng thirc Sophie Germain) / EXAMPLE 6.14 (The Sophie Germain
identity) — Tim tit ca s6 nguyén duong n sao cho n* + 4" 1 s6 nguyén td.
Find all positive integers n such that n* + 4" is prime.

Loi giai. / Solution.
1. Néu n chin thi n* + 4" chin va 16n hon 2, nén 13 hop sb.
If n is even then n* + 4" is even and greater than 2, hence composite.
2. Néun=2k+ 1 1¢, dit b =25 Khi d6 4" = 4-4%* = 4b*. Theo (6.11): n* + 4b* = ((n + b)
+B9)((n b + b7,
Ifn =2k + 1is odd, put b = 2*. Then 4" = 4-4°* = 4b* By (6.11): n* + 4b* = ((n + b)* +
b?)((mn — b)? + b?).
3. Ca hai thira s6 1a s6 nguyén dwong va thira s6 16n hon thira s6 nho. Néuk > 1 thib>2
nén (n — b)> + b2 >4 > 1, va tich hai s6 16n hon 1 13 hop sé.
Both factors are positive integers and the first is larger than the second. If k > I then b > 2,
so (n — b)? + b>*>4 > 1, and a product of two integers greater than 1 is composite.
4.Conk =0, ticn=1: 14+ 4' = 5 [ s6 nguyén td.
Only k = 0 remains, that isn = 1: 1* + 4! = 5 is prime.
Vayn=1.
Hencen=1. 1

NHAN XET / REMARK — Cung k¥ thut cho n* +n2+ 1 =(n2+n+ 1)(n>—n+ 1): véin >
2 cé hai thira s6 16n hon 1 nén tich 1a hop s6, chi n = 1 cho s6 nguyén t6 3. Khi biéu thic dang
a* + 4b* bi nguy trang bang lily thira cua 2, hay viét 4" = 4-(2%)* dé nhan ra no.

The same technique handles n* +n?+ 1= (m?+n+ 1)(n?>— n + 1): for n > 2 both factors exceed 1, so
the product is composite and only n = 1 gives the prime 3. When an expression of the form a’ + 4b” is
disguised by powers of 2, write 4" = 4-(2")* to recognise it.

PHAI THUQC / MEMORISE — v,(n!) = X [n/p¥]; t(n) =[] (e(p) + 1); o(n) =] (pe®*! —
1)/(p — 1); s hoan hao chin = 252X — 1) v&i 2% — 1 nguyén t6; n>=0, 1 (mod 3), (mod 4);
n?=0, 1,4 (mod 8); a*+ 4b*= (a2 + 2b> + 2ab)(a + 2b> — 2ab).

vom!l) =X /" tm) =Tl (e(p) + 1); om) =T @?" — D/(p — 1); even perfect numbers = 25 (2*
— 1) with 2* — 1 prime; n?= 0, 1 (mod 3), (mod 4); n>=0, 1, 4 (mod 8); a* + 4b* = (a* + 2b*> +
2ab)(a? + 2b? — 2ab).

Bang chién lwge — Strategy table

Cong cu nén thir Vi du
Tool to try Example

Chia da thtrc, quy vé udc ciia mot
hang s6 Vidu6.1

Polynomial division, reduce to divisors Example 6.1

Diu hi¢u trong dé

Sign in the problem

(an + b) chia hét mot da thirc
theon

(an + b) divides a polynomial in n i
of a constant
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Diu hi¢u trong dé

Sign in the problem

Cong cu nén thir
Tool to try

Vi du
Example

ax + by = ¢, &ém nghiém nguyén
duong

ax + by = ¢, count positive integer
solutions

UCLN cta hai biéu thirc ciing
dang, chtra s6 mii m, n

ged of two expressions of the same
shape with exponents m, n

Tich hai nhan tir bang hing sb,
hiéu hai binh phuong

Product of two factors equal to a
constant, difference of squares

Nhiéu biéu thtrc ciing phai 13 s6
nguyén to

Several expressions all required to
be prime

n!, tich lién tiép, s chit s6 0 tan
cung

n!, products of consecutive integers,
trailing zeros

DPém udc, s c6 ding k wdc, tong
udc

Counting divisors, exactly k
divisors, sum of divisors

Phuong trinh khong c6 nghiém,
sO chinh phuong

Equation with no solution, perfect
squares

a* + 4b*, a" + b", biéu thtrc 6 s
mi 1é
a’ + 4b?, a" £ b", odd exponents

Bézout, nghiém téng quat (6.5),
khoéang cua t
Bézout, general solution (6.5), interval

fort

Euclid trén s6 mi, a™ — b™
Euclid on the exponents, a” — b"

Phan tich nhan ttr, liét ké cap udc
cuing tinh chin 1¢

Factorise, list divisor pairs of equal
parity

Xét du khi chia cho 2, 3

Remainders modulo 2 and 3

Cong thirc Legendre, tong chit s co
s6p
Legendre's formula, base-p digit sum

Dang chinh tac, 1, o, sO mill giam dan
Canonical form, t, o, decreasing
exponents

Du mod 3, 4, §; Xuéng thang vo han
Remainders mod 3, 4, 8, infinite descent

Hang dang thiic, (a — b) | a” — b"
Identities, (a — b) | a" — b"

Giai thich ngin

Short definition

Vidu 6.4
Example 6.4

Vidu 6.3
Example 6.3

Vidu6.12
Example 6.12

Vidu 6.7
Example 6.7

Vidu6.8, 6.9
Examples 6.8, 6.9

Vidu6.10
Example 6.10

Vidué6.11,6.13
Examples 6.11, 6.13

Vidu6.14
Example 6.14

Thuit ngir Tiéng Anh
Term (Vietnamese) English
Chia hét

Udc, boi

Divisibility

Divisor, multiple

a | b khi b = ak v6i k nguyén

a | b when b = ak for an integer k
alaudc cuab, blabdicuaa

a is a divisor of b, b is a multiple of a
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Thuéat ngir

Term (Vietnamese)

Tiéng Anh

English

Giai thich ngin
Short definition

Phép chia co6 du
Thuong, s6 du

Udc chung 16n nhit
(UCLN)

Boi chung nhé nhat
(BCNN)

Nguyén t6 cting nhau
Thuét toan Euclid
Ddng nhat thirc Bézout

B dé Euclid

S6 nguyén t6

Hop sO

Dinh 1y co ban cua s6
hoc

Dang chinh tic

S6 mii p-adic

Cong thirc Legendre
Ham s6 woc 1

Ham tong wéc o

86 hoan hdo

SO Mersenne

Division with remainder
Quotient, remainder

Greatest common
divisor (gcd)

Least common multiple
(Icm)

Coprime

Euclidean algorithm

Bézout's identity

Euclid's lemma

Prime number

Composite number

Fundamental theorem of
arithmetic

Canonical form
p-adic valuation
Legendre's formula

Divisor-count function t

Divisor-sum function ¢
Perfect number

Mersenne number

a=bq+r,0<r<b

q var trong phép chia co du
q and r in the division with remainder

U6e chung duong 16n nhat ctia hai s6
Largest positive common divisor of two integers

Boi chung duong nho nhat cia hai s6
Smallest positive common multiple of two
integers

UCLN bang 1
The gcd equals 1

Chia lién tiép dé tim UCLN
Repeated division to find the gcd

ax + by = ged(a, b) c6 nghiém nguyén
ax + by = gcd(a, b) has an integer solution

a|bcvaged(a,b)=1=a]c
a|bcandged(a b) =1 =al|c

S6 nguyén 16n hon 1 chi ¢6 wéc 1 va chinh
nod

Integer greater than 1 whose only positive
divisors are 1 and itself

S6 nguyén 16n hon 1 khéng nguyén t6
Integer greater than I that is not prime

Phan tich ra nguyén t6 ton tai va duy nhat
Prime factorisation exists and is unique

n= H pe(p)

vp(n): s6 mii 16n nhat ctia p chia hét n
vp(n): greatest exponent of p dividing n

v(n!) = £ [n/p¥]

7(n): s6 wdc dwong ctia n
7(n): number of positive divisors of n

o(n): tong cac wde duong cua n
o(n): sum of positive divisors of n

o(n) =2n

S6 co dang 25— 1
A number of the form 2° — 1
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Thuéat ngir Tiéng Anh Giai thich ngin
Term (Vietnamese) English Short definition

Binh phuong ciia mét s6 nguyén

S chinh phuong Perfect square =
Square of an integer
T mot nghiém dung nghi¢ém nho hon dé
£ A . ra mau thuan
Xuong thang vo han Infinite descent suy 2,1 au thua ) )
Building a smaller solution from a given one to
reach a contradiction
Mot nghiém cu thé; cong thuc cho moi
Nghiém riéng, nghiém  Particular solution, nghiém
téng quat general solution One specific solution; a formula for all

solutions

Hang dang thitc Sophie .o Germain identity  a* + 4b* = (a2 + 2b2 + 2ab)(a® + 2b2 — 2ab)
Germain

6.9. Bai tw luyén — Practice problems
Mirc 1 — Hoc sinh gioi c?ip tinh — Level 1 — Provincial olympiad

Bai 6.1/ Problem 6.1 — Tim tt ca s6 nguyén duong n sao cho 3n + 1 1a uéc cua n? + 10.
Find all positive integers n such that 3n + 1 divides n” + 10.

Bai 6.2 / Problem 6.2 — Tim tt ca cip sb nguyén dwong (a, b) sao cho lem(a, b) — ged(a, b)
=2(a+b).
Find all pairs of positive integers (a, b) such that lcm(a, b) — ged(a, b) = 2(a + b).

Bai 6.3 / Problem 6.3 — Tim s nguyén k 16n nhét sao cho 12* chia hét 100!,
Find the largest integer k such that 12* divides 100!.

Bai 6.4 / Problem 6.4 — Tinh s wéc dwong cua 10!, s6 wdc duong ciia 10! 14 s6 chinh
phuong, va s6 udc duong 1€ cua 10!.
Find the number of positive divisors of 10!, the number of those that are perfect squares, and the

number of odd positive divisors of 10!
Mikc 2 — Hoc sinh giéi quoc gia — Level 2— National olympiad

Bai 6.5 / Problem 6.5 — Ching minh ring v6i moin € Z*, ged(n! + 1, (n + 1)! + 1) = 1.
Prove that for everyn €2, gedm! + 1, m + 1)! + 1) = 1.

Bai 6.6 / Problem 6.6 — Chirmg minh rang 65 1a sé nguyén duong 16n nhit khong viét duoc
dudi dang 7x + 12y vdi x, y 1a cac sO nguyén khong am.

Prove that 65 is the largest positive integer that cannot be written as 7x + 12y with x, y non-negative
integers.

Bai 6.7 / Problem 6.7 — Chirmg minh rang moi s6 hoan hao chin c6 chit sb tin cung 1 6
hoac 8.
Prove that every even perfect number ends in the digit 6 or 8.

Tai liéu nay dugc bién soan boi ddi ngii ctia website: https://globalmarket.vin
Trang 208



Toan 10 cho Ga choi / Olympiad Mathematics for Grade 10

Bai 6.8 / Problem 6.8 — Vi mdin € Z*, goi z(n) 1a s chit s6 0 tn cing cta n!. C6 bao
nhiéu s6 nguyén dwong k < 1000 khong bang z(n) vdi bat ky n nao?

Forn € 2" let z(n) be the number of trailing zeros of n!. How many positive integers k < 1000 are not
equal to z(n) for any n?

Mikc 3 — Olympic quoc t& — Level 3 — International olympiad

Bai 6.9 / Problem 6.9 — Véin € Z*, chimg minh X t(d)* = ( ©(d))?, trong d6 ca hai tong
chay trén moi udc duong d cta n.
Forn € 2" prove that X t(d)? = (X t(d))? where both sums run over all positive divisors d of n.

Bai 6.10 / Problem 6.10 — Ching minh réng véimoin € Z*, s6 1/(n + D+ 1/(n+2)+...+
1/(2n) khong 1a sb nguyén.
Prove that for every n € Z* the number 1/(n + 1) + 1/(n + 2) + ... + 1/(2n) is not an integer.

Bai 6.11 / Problem 6.11 — Chung minh rang véi moi m, n € Z*: ged(3™ — 2™, 3" — 21) =
3 ged(m, n) 2gcd(m, n)'

Prove that for all m, n € 2": ged(3" — 2", 3" = 2") = 3ged(m, ) _ pged(m, n)

Bai 6.12 / Problem 6.12 — Cho a, b € Z* nguyén t6 cung nhau va n € N. Chimg minh s6 cip
(X, y) € N x N théa ax + by = n bang |n/(ab)| hoic [n/(ab)| + 1.

Let a, b €77 be coprime and n € N. Prove that the number of pairs (x, y) €N x N with ax + by =n
equals [n/(ab) [ or [n/(ab) ]+ 1.

6.10. Loi giai bai tu luyén — Solutions to practice problems

Bai 6.1 — Problem 6.1

1. Néu (Bn+1)|(n*+ 10) thi 3n+ 1) | 9(n> + 10). Ta co:

If3n+1)| (m?+ 10) then (3n + 1) | 9(n? + 10). We have:
9(n*+10)=Bn+1)Bn—1) +91
2.Suyra(3n+1)|91=7-13. Ubc duongcta911a1,7,13,91;vi3n+1>4nén3n+ 1

€ {7,13,91}, tucn € {2, 4, 30}.
Hence (3n + 1) | 91 = 7-13. The positive divisors of 91 are 1, 7, 13, 91, since 3n + 1 >4 we
get3n+1€{7, 13 91}, thatisn € {2, 4, 30).

3. Nguoc lai, néu (3n + 1) | 91 thi (3n + 1) | 9(n2 + 10). Vi 3n + 1 chia 3 du 1 nén ged(3n
+1,9)=1,va(Bn+ 1) | (n?+ 10) theo B6 d& 6.9. Kiém tra: 22+ 10 =14 =2-7; 4> +
10=26=2-13;30>+10=910=10-91.

Conversely, if (3n + 1) | 91 then (3n + 1) | 9(m? + 10). Since 3n + [ leaves remainder 1
modulo 3, gcd(3n + 1, 9) = 1, and (3n + 1) | (n? + 10) by Lemma 6.9. Check: 27+ 10 = 14 =
27,42+ 10=26=2-13;30°+ 10 =910 = 10-91.

Vayn € {2, 4, 30}.

Hencen €{2,4,30}. m

Bai 6.2 — Problem 6.2
1. bat g = gcd(a, b), a=gx, b =gy véi gcd(x, y) = 1. Theo Pinh 1y 6.11, Icm(a, b) = ab/g
= gxy.
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Put g = gcd(a, b), a = gx, b = gy with gcd(x, y) = 1. By Theorem 6.11, Icm(a, b) = ab/g =
gxy.
2. Phuong trinh tr¢ thanh g(xy — 1) = 2g(x +y), tiic xy — 1 = 2x + 2y, hay:
The equation becomes g(xy — 1) = 2g(x + y), thatis xy — 1 = 2x + 2y, or:
x=2)y—-2)=5
3.Vis5=15=51=(-D5)=(51): (x—2,y—2)=(1,5) hoac (5, 1) cho (x, y) =
(3, 7) hodc (7, 3); (-1, =5) cho (1, —3) va (-5, —1) cho (-3, 1) déu c6 s am, loai.
Since5=15=51=(DE35)=(35)—1):(x—2,y—2)=(1,5) or (5 1) gives (x,y) = (3,
7)or (7,3); (—1, =5) gives (I, —3) and (=5, —1) gives (=3, 1), both containing a negative
number, rejected.
4. Caccap (3, 7) va(7, 3) nguyén to cung nhau, nén hop 1€ véi moi g € Z*. Kiém tra: (a,
b) =(6, 14) co lem =42, gcd =2 va 42 — 2 =40 =2-20.
The pairs (3, 7) and (7, 3) are coprime, so they are valid for every g € Z*. Check: (a, b) = (6,
14) has lcm = 42, gcd = 2 and 42 — 2 = 40 = 2-20.
Viy (a, b) = (3g, 7¢) hodc (7g, 3g) voi g € Z* bat ky.
Hence (a, b) = (3g, 7g) or (7g, 3g) with g € Z" arbitrary. R

Bai 6.3 — Problem 6.3

1. 12 =223 nén 12%| 100! khi va chi khi 2k < v2(100!) va k < v3(100!).
Since 12 = 2%-3, 12€| 100! if and only if 2k <v>(100!) and k <v3(100!).

v2(100) =50+25+12+6+3+1=97
v3(100!) =33+ 11+3+1=48
2. Piéu kién tht nhat cho k < |97/2] = 48, diéu kién thi hai cho k < 48. Vay k 16n nhét
la 48.
The first condition gives k < [97/2 ] = 48, the second gives k < 48. So the largest k is 48.
Vay k =48.
Hencek=48. m

Bai 6.4 — Problem 6.4

1. Theo Binh 1y 6.21: v2(101) =5+2+ 1 =8, v3(10!) =3 + 1 =4, v5(10!) =2, v7(10!) =
1. Vay 10! = 28.34.52.7,
By Theorem 6.21: v2(10!) =5+ 2+ 1 =28 v3(10!) =3 +1=4,vs5(10!) =2, vy(10!) = 1. So
10! = 28-3%.52.7.

2. Theo (6.8): ©(10!) =9-5-3-2 = 270.
By (6.8): 7(10!) = 9-5-3-2 = 270.

3. Mot uée d = 20305572 13 5§ chinh phwong khi moi sé mil chin. S6 mii ctia 2 chon
trong {0, 2, 4, 6, 8} (5 cach), cua 3 trong {0, 2, 4} (3 cach), cua 5 trong {0, 2} (2
cach), cuaa 7 chila 0 (1 cach): 5-3-2-1 = 30.

A divisor d = 2b-3%-5%-7" is a perfect square when all exponents are even. The exponent of
2 is chosen from {0, 2, 4, 6, 8} (5 ways), of 3 from {0, 2, 4} (3 ways), of 5 from {0, 2} (2
ways), of 7 only 0 (I way): 5-3-2-1 = 30.
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4. Uéc 1é 1a udc co sd mil cia 2 bﬁng 0, conlai 3,5, 7 tu do: 5-3-2 =30.
An odd divisor has exponent 0 for the prime 2, with the exponents of 3, 5, 7 free: 5-3-2 = 30.
Vay 270 uéde, trong d6 30 udc chinh phuong va 30 ude 1é.
Hence there are 270 divisors, of which 30 are perfect squares and 30 are odd. R

Bai 6.5 — Problem 6.5

l.bate=gcd(n! + 1,(n+ 1)! +1). Vie|n!+ 1 néne|(n+ (n!+1)=n+1)+n+1.
Pute=gcdm! + 1, (n+1)! +1). Sincee |n! + I wehavee|(m+ )n!+1)=m+ 1) +n
+ 1.
2. Trirdi(n+ 1)! + 1, vén chiahétchoe:e|(n+ 1) +n+1—(n+ D!+ 1)=n.
Subtracting (n + 1)! + 1, which e divides: e |(n + 1)! +n+1—(mn+ 1) +1)=n.
3.Vin|n!néne|n!. Kéthope|n!+1,tacoe|(n'+1)—n!=1,tace=1.
Since n | n! we get e | n!. Together with e | n! + I this gives e | (n! + 1) —n! =1, that is e =
1.
Vay gedin! + 1, (n+ 1)+ 1) =1.
Hence gcdim! + I, (mn+1)!+1)=1. 1

Bai 6.6 — Problem 6.6

1. 65 khong biéu dién duge. Ta c6 7-(—1) + 12:6 = 65 nén theo (6.5) moi nghiém nguyén
cia7x + 12y=65lax=—1+12t,y=6—-7t. Péx>0cant>1,khidoy=6—7t<
—1 <0. Vay khong c6 nghiém khong am.

65 is not representable. Since 7-(—1) + 12-6 = 65, by (6.5) every integer solution of 7x + 12y
=65isx=—1+12t,y=6—7t Forx>0weneedt>1, andtheny =6 —7t<—1<0. So
there is no non-negative solution.

2. Moi n > 66 déu biéu dién dugc. Cac s6 120, 12-1, ..., 12+6 ¢6 du d6i mot khéc nhau
khi chia cho 7: néu 12y = 12y' (mod 7) thi 7 | 12(y — y") nén 7 | y — y' theo B6 d& 6.9,
v6i ly — y'| < 6 suy ra y = y'. Bay du khac nhau phai la ca bay du 0, 1, ..., 6, nén t6n
taiy € {0, 1, ..., 6} voi 12y =n (mod 7).

Every n > 66 is representable. The numbers 12-0, 12-1, ..., 12-6 have pairwise different
remainders modulo 7: if 12y = 12y' (mod 7) then 7 | 12(y —y') so 7 | y — y"' by Lemma 6.9,
and |y — y'| <6 forces y = y". Seven different remainders must be all of 0, 1, ..., 6, so there is
vy €40, 1, ..., 6} with 12y = n (mod 7).

3. Véiy d6, n — 12y chia hét cho 7 van — 12y > 66 — 72 = —6 > —7. Bdi ctia 7 16n hon
—7 thi khong am, nén x = (n — 12y)/7 1a s6 nguyén khong 4m va n = 7x + 12y.

For that y, n — 12y is divisible by 7 and n — 12y > 66 — 72 = —6 > —7. A multiple of 7
greater than —7 is non-negative, so x = (n — 12y)/7 is a non-negative integer and n = 7x +
12y.

Vay s6 16n nhat khong biéu dién dugc 14 65.

Hence the largest non-representable integer is 65. R

Bai 6.7 — Problem 6.7

1. Theo Pinh 1y 6.26, n = 257'(2X — 1) v&i 2% — 1 nguyén t6. Theo Hé qua 6.30(ii), néu k
> 2 thi k nguyén t6 (k >2 vi 2k — 1> 1). Do d6 k = 2 hoic k 1¢.
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By Theorem 6.26, n = 271(2k — ) with 2¥ — I prime. By Corollary 6.30(ii), k is prime (k > 2
since 28— 1> 1). So k=2 or k is odd.

2.k=2:n=6.k=3:n=28.Conlaik>51é,k=4m+ 1 hoac4dm+3 véim=>1. Vi 16
=6 (mod 10) va 6:6 =36 =6 (mod 10) nén 16™ = 6 (mod 10).
k=2:n=06.k=3:n=28 Otherwise k>5is odd, k = 4m + 1 or 4m + 3 with m > 1. Since
16 = 6 (mod 10) and 6-6 = 36 = 6 (mod 10), we have 16™ = 6 (mod 10).

3. k=4m+1:2K!'=16"=6va2k—1=2-16"-1=12-1=1(mod 10),nénn=6-1=
6 (mod 10).
k=4m+1:281=16"=6and 2* -1 =2-16"—1=12—1=1 (mod 10), son=6-1 =6
(mod 10).

4. k=4m+3:2K1=4-16m=24=4va2k-1=816"-1=48 -1 =7 (mod 10), nén n
=4-7=28=8 (mod 10).
k=4m+3:281=4-16"=24=4and 2" -1 =816"— 1 =48 — 1 =7 (mod 10), son =
4-7 =28 =8 (mod 10).

Vay chir sb tan cung cua moi s6 hoan hao chin 1a 6 hoic 8.

Hence the last digit of every even perfect number is 6 or §. B

Bai 6.8 — Problem 6.8

1. Nhu Vi du 6.8, z(n) = vs(n!), khong gidm theo n. Khi n tdng tr Sm — 1 1én Sm, z tdng
thém vs(5m) > 1; khi n khong chia hét cho 5, z(n) = z(n — 1). Vay moi gia tri cua z(n)
voin>51az(5m), m>1.

As in Example 6.8, z(n) = vs(n!), which is non-decreasing in n. When n increases from 5m —
[ to Sm, z grows by vs(5m) > 1; when 5 #n, z(n) = z(n — 1). So every value of z(n) with n > 5
is z(5m) for some m > 1.

2. Day z(5), z(10), z(15), ... tang ngat. Theo (6.6), z(4005) =801 + 160 +32+ 6+ 1=
1000 va z(4010) =802 + 160 + 32 + 6 + 1 = 1001. Vay céc gia tri z(5m) thudc [1,
1000] tmg véim =1, 2, ..., 801: dung 801 gia tri phan biét.

The sequence z(5), z(10), z(15), ... is strictly increasing. By (6.6), z(4005) = 801 + 160 + 32
+ 6+ 1=1000and z(4010) = 802 + 160 + 32 + 6 + 1 = 1001. So the values z(5m) lying in
[1, 1000] correspond tom = 1, 2, ..., 801: exactly 801 distinct values.
3. S6 nguyén duong k < 1000 khong dat duge 1a 1000 — 801 = 199.
The number of positive integers k < 1000 that are not attained is 1000 — 801 = 199.
Viy ¢6 199 sd.

Hence there are 199 such numbers. ®

Bai 6.9 — Problem 6.9

1. B6 tro: Zi-1™ i = (m(m + 1)/2)2 Quy nap: m = 1 ding; néu dung véi m thi (m(m +
D22 +(m+ 1P =m+ 1))(m*4+m-+1)=((m+ 1)(m + 2)/2)>.
Lemma: X=;" j? = (m(m + 1)/2)2 Induction: m = 1 holds; if it holds for m then (m(m +
D2)+m+1)°=m+ 1)’m%4+m+1)=(m+1)(m+ 2)/2)>

2. Véin=1 cahai vé bang 1. V&in > 1 viét n =[] p°®. Mdi u6c duong d cianlad=
[T p°® véi 0 < b(p) < e(p), cac bd (b(p)) khac nhau cho udc khac nhau, va t(d) =[]
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(b(p) + 1) theo (6.8).
For n = 1 both sides equal 1. For n > I write n = [| p°?. Every positive divisor d of nis d =
[1p°% with 0 <b(p) <e(p), different tuples (b(p)) give different divisors, and 1(d) = [] (b(p)
+ 1) by (6.8).
3. Phan phdi tich qua téng: 24 ©(d)" = Zwe) [T (0@) + 1) = [Tp Zo=oc® (b + 1), voir=1
var=3.
Distributing the product over the sum: X, t(d)" = Zpp) [1 (P(p) + 1) = [Ip Zp=0¢? (b + 1),
forr=1andr=3.
4. Theo bd tro véi m = e(p) + 1: Tp=o°® (b + 1) = (Zp=o°® (b + 1)). Ly tich theo p:
By the lemma with m = e(p) + 1: Zp=¢*P (b + 1) = (Zp=0°?) (b + 1))°. Taking the product
over p:
Zdn T(d)? =[]p Cb=0t® (b + 1))* = ([Ip Zb=0*® (b + 1))* = (Zd|n Tt(d))?
Vay X 1(d)’ = (Z o(d)).
Hence X t(d)’ = (X' 1(d))>. m

Bai 6.10 — Problem 6.10

1. Goi a 1a s6 nguyén théa 2° < 2n < 2**!; a > 1. Trong khoang n < k < 2n chi ¢ diing
mot s6 chia hét cho 22, d6 14 2% that vay 2**' > 2n nén 22 > n, 22 < 2n, va moi boi khac
cuia 2%1a > 2*1> 2n,

Let a be the integer with 2¢ <2n < 2°"!: then a > 1. In the range n < k < 2n exactly one
number is divisible by 2°, namely 2°: indeed 2°*! > 2n gives 2* > n, also 2* < 2n, and every
other multiple of 2 is > 241 > 2n,

2. Véi mbi k khac trong khoang d6, viét k = 2fw v6i w 1¢; khi d6 f<a — 1. Bat W 1a tich
céc phan 1& w d6 (W 1, W = 1 néu khong c6 k nao khac). Khi d6 2*'W chia hét cho
moi k # 2% trong khoang.

For each other k in the range write k = 2w with w odd; then f<a — 1. Let W be the product
of these odd parts w (W is odd, W = 1 if there are no other k). Then 2 'W is divisible by
every k # 2% in the range.

3. Goi S 1a tong. Khi d6 2*°'W-S = 25" 'W/22 + (tdng cac s6 nguyén) = W/2 + (s6
nguyén). Vi W 1¢, W/2 khong nguyén, nén 2¢'W-S khong nguyén.

Let S be the sum. Then 24 'W-S = 2" 1W/2% + (a sum of integers) = W/2 + (an integer).
Since W is odd, W/2 is not an integer, so 2°”'W-S is not an integer.
4. Néu S 1a s6 nguyén thi 2*'W-S 1a s6 nguyén (a > 1), mau thuan.
If S were an integer then 2°~'W-S would be an integer (a > 1), a contradiction.
Vay tong da cho khong 13 s6 nguyén véi moin > 1.

Hence the given sum is not an integer foranyn>1. B

Bai 6.11 — Problem 6.11

1. Pat Ax = 3% — 25 quy wéc Ag=0. Véi k> 1, A 1a 56 1é (1é trir chan). Gia st m >n va
chiaim=qn+r,0<r<n.
Put A = 3¥ = 25 with Ao = 0. For k> 1, Ax is odd (odd minus even). Assume m > n and
dividem =qn +r, 0<r <n.
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2. Ta c6 dang thuc:
We have the identity:

Am = 37(3a0 — 2am) 4 2an(3r — 2r) = 3r(3a — 2an) 4 2anA,

3. Theo Pinh Iy 6.29 v4ia=3" b =2" A, | 39" — 29 Vay An = An' K+ 29"A; v6i K
nguyén.

By Theorem 6.29 witha = 3", b = 2": A, | 39" — 29". S0 Am = An'K + 29"A, with K an integer.

4. Goi e 1a udc chung cua A va A,n. Khido e | 29"A.. Vie | Aqx 1€ nén e 1€, ged(e, 29") =
1,vae| Artheo B dé 6.9. Nguoc lai moi uwdc chung cua A, va A, chia hét Am. Vay
gcd(Am, An) = gcd(An, Ar) (V01 ged(An, Ao) = An).

Let e be a common divisor of Am and A,. Then e | 29"A,. Since e | An, which is odd, e is odd,
ged(e, 29") = 1, and e | A, by Lemma 6.9. Conversely every common divisor of A, and A,
divides Am. So gcd(Am, An) = gcd(An, A:) (With ged(An, Ag) = An).

5. Quy nap manh theo n, véi phat biéu gcd(Am, An) = Agedm, n) cho moi m >n. Néur=0
thi n | m va gcd(Am, An) = An = Agedm, n). Néu r> 0 thi gcd(Am, An) = gcd(An, Ar) =
Agedn. 1) theo gid thiét quy nap (r < n), va ged(n, r) = ged(m, n) theo B6 dé 6.5. Truong
hop m < n suy ra do tinh d6i xtng.

Strong induction on n, with the statement gcd(Am, An) = Agcdm, n) for all m >n. If r = 0 then n
| m and ged(Am, An) = An = Agedim, w- If ¥ > 0 then gcd(Am, An) = gcd(An, Ar) = Agedm, ») by the
induction hypothesis (r < n), and gcd(n, r) = gcd(m, n) by Lemma 6.5. The case m < n
follows by symmetry.

Vay ged(3™ —2m, 30 — 21) = 3eed(m. n) — pged(m, n),

Hence gcd(3™ — 2m, 3" — 2") = 3gcd(m n) — pgedim.n) g

Bai 6.12 — Problem 6.12

1. Vi gcd(a, b) = 1, phuong trinh ax + by = n ¢6 nghi€ém nguyén (Xo, yo) theo Dinh 1y
6.12, va theo (6.5) moi nghiém nguyén la x = xo + bt, y =yo — at, t € Z.
Since gcd(a, b) = 1, the equation ax + by = n has an integer solution (xo, yo) by Theorem
6.12, and by (6.5) every integer solution is x =xo + bt, y =yo — at, t €.

2. Piéu kién x > 0, y > 0 twong dwong —xo/b < t < yo/a. Khoang nay c6 d6 dai:
The conditions x > 0, y > 0 are equivalent to —xo/b <t <yo/a. This interval has length:

L =yo/a + xo/b = (axo + byo)/(ab) = n/(ab)

3. Pat a =—xo/b, to=[a] vad=to— a, 0 <& < 1. Céc s6 nguyén trong [0, o + L] 14 to, to
+1, ..., to+j v6ij 16n nhat théa to + j < a + L, tirc j = |L — §]. S6 nghiém la [L — §] +
1 (bang 0 néu |L — 3] =—1).
Put o = —xo/b, to = JaJand 6 =ty — a, 0 <0 < I. The integers in [a, a + L] are ty, to + 1, ...,
to + j with j largest such that to +j <a + L, thatis j = [L — 6 /. The number of solutions is [L
—of+1(itisOif [L—0o)=—1).
4.Goik=|L,L=k+0v61i0<0<1.VIL-1<L-98<Lnénk—-1<|L-98]<k(L -
8>L—-1>k—1vaL—-8<L<k+ 1). Do d6 s6 nghiém 1a k hozc k + 1.
Letk=[L/ L=k+0with0<60<1 SinceL—1<L—-0<Lwegetk—1<[L—0/<k(L
—0>L—1>k—1and L — 6 <L <k + 1). Hence the number of solutions is k or k + 1.
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Vay s6 nghiém bang [n/(ab)| hoidc |n/(ab)| + 1.
Hence the number of solutions is [n/(ab)/or [n/(ab)/+ 1. A
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Chuong 7. Pong du va cac dinh 1y Fermat, Euler, Wilson —

Chapter 7. Congruences; Fermat, Euler and Wilson theorems

Muc tiéu chwong — Chapter objectives

« Tinh va bién d6i d6ng du thanh thao: nghich ddo modulo m, phuong trinh dong du béc
nhat, hé dong du theo dinh 1y sé du Trung Hoa.
Compute with congruences fluently: inverses modulo m, linear congruences and systems
solved by the Chinese remainder theorem.

* Ching minh va dung cac dinh ly Fermat nhé, Euler, Wilson, kém cong thirc tinh ¢(n).
Prove and apply Fermat's little theorem, Euler's theorem and Wilson's theorem, together
with the formula for ¢(n).

« Dung cap ctia mot sé modulo n dé suy ra rang budc vé udc nguyén t ctia a” — 1 va a”
+ 1.

Use the order of a number modulo n to constrain the prime divisors of a" — 1 and a" + 1.

« Nhén biét khi nao —1 14 thang du binh phuong modulo p va dung diéu dé trong ching
minh vé s6 nguyén t6 dang 4k + 1.

Decide when —1 is a quadratic residue modulo p and use it to prove statements about primes
of the form 4k + 1.

« Ap dung b6 dé nang sé mil (LTE) véi p 1¢, im chit s6 tdn cing va sé du cta lily thira
tang.
Apply the lifting-the-exponent lemma (LTE) for odd p, and find last digits and remainders of
tower powers.

7.1. Pong du va cac tinh chat co ban — Congruences and their basic properties

Tir ddy tro di m 1a s6 nguyén duong, UCLN ciia a va b viét ged(a, b), C(n, k) 1 s6 t6 hop
chap k cta n phan tir (SGK viét C.¥).

Throughout, m is a positive integer, gcd(a, b) is the greatest common divisor, and C(n, k) is the
number of k-element subsets of an n-element set (the textbook writes C,*).

PINH NGHIA 7.1 (Pong dw) / DEFINITION 7.1 (congruence) — Hai s nguyén a, b goi
la déng du modulo m, viéta=b (mod m), néum |a—b, tcc la avabco cung s6 du khi chia
cho m.

Integers a and b are congruent modulo m, written a = b (mod m), if m | a — b; equivalently a and b
leave the same remainder on division by m.

TINH CHAT 7.2 (Phép toan trén dong du) / PROPERTY 7.2 (arithmetic of
congruences) — Néua=b vac=e (mod m)thi: ) a+c=b+e; (ii)a— c=b —e; (iii) ac =
be; (iv) a"=b" voimoin € Z* (déu theo modulo m). Quan hé = c6 tinh phan xa, dbi xung, bic
cau.

If a = b and ¢ = e (mod m) then, all modulo m: (i) a +c=b + e; (ii)) a — c = b — e, (iii) ac = be; (iv)
a" = b" for every n € Z". The relation = is reflexive, symmetric and transitive.
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Chirng minh. / Proof.

Pata—b=muvac—-e=mvvéoiu,veZ Khido(a+c)—(b+e)=m(u+v)va(a—c)
—(b—e)=m(u—v), nén (i), (ii) dung.

Writea — b =muand c — e = mv withu, v €Z. Then (a +c) — (b +e) =m(u +v)and (a — ¢) —
(b — e) = m(u — v), which gives (i) and (ii).

ac—be=a(c—e)+e(a—b)=m(av + eu)

Viay m | ac — be, tuc (iii). Ap dung (iii) lién tiép n — 1 1an cho a = b ta dugc (iv). Ba tinh
chat cia quan hé suyratrm |0, m| —(a—b) vam|(a—b) + (b —c).

So m | ac — be, which is (iii). Applying (iii) n — I times to a = b gives (iv). The three properties
of the relation follow fromm | 0, m | —(a — b)andm | (a—b) + (b —c). W

Phép chia khong duge ding tiy tién: 6 = 15 (mod 9) nhung 2 % 5 (mod 9). Piéu kién
dang cho trong h¢ qua sau.

Division cannot be used freely: 6 = 15 (mod 9) but 2 Z5 (mod 9). The correct condition is given
in the next corollary.

HE QUA 7.3 (Riit gon hai vé) / COROLLARY 7.3 (cancellation) — Néu ac = bc (mod m)
va ged(c, m) = g thi a= b (mod m/g). Pic biét, néu ged(c, m) = 1 thi a =b (mod m).

If ac = bc (mod m) and ged(c, m) = g then a = b (mod m/g). In particular, if gcd(c, m) = I then a = b
(mod m).

Chirng minh. / Proof.

Tur m | c(a — b), chia cho g: (m/g) | (¢/g)(a — b). Vi ged(m/g, ¢/g) = 1 nén (m/g) |a — b
theo bd dé Euclid (Chuong 6).

From m | ¢c(a — b), divide by g: (m/g) | (c/g)(a — b). Since gcd(m/g, c/g) = I, Euclid's lemma
(Chapter 6) gives (m/g) |a —b. W

a=Db (mod m) = f(a) = f(b) (mod m) v&i moi da thirc f hé sé nguyén (7.1)

PHAN TiCH / ANALYSIS — Hai biéu thirc 322 = 9-91 va 2671 = 2-64" ¢6 co 56 khéc
nhau. Modulo 11 ta c6 64 =9, nén ca hai thanh bdi ctia 9°. Dé bai chia hét cho 11 goi y thir
dua co s6 vé cung mot sb dur.

The terms 3% = 9-9" and 2°"*! = 2-64" have different bases. Modulo 11 we have 64 = 9, so both
become multiples of 9". Divisibility by 11 suggests reducing the bases to a common residue.

ViDU 7.1 (Pwa vé cung s6 du) / EXAMPLE 7.1 (Common residue) — Chimg minh rang
v6i moi n € Z* s 320+2 + 2601 chja hét cho 11.
Prove that 3°"*? + 20! is divisible by 11 for everyn €Z".

Loi giai. / Solution.
1. Viét 3272 =997 v3 261 = 2.64n,
Write 3°"*2 = 9-9" and 271 = 2-64".
2. Vi 64 — 9 = 55 chia hét cho 11 nén 64 =9 (mod 11), suy ra 64" = 9" (mod 11) theo
tinh chat (iv).
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Since 64 — 9 = 55 is divisible by 11, 64 = 9 (mod 11), hence 64" = 9" (mod 11) by property
(iv).
32n+2 4 26n+1 =9.9n 4 2.9n = 11.9n = () (mod 11)

Vay 11| 3272 + 2601 y&i moin € Z*.
Hence 11| 3°"*2 + 20! for everyn €7". ®

Vi DU 7.2 (Chin bang déng dw) / EXAMPLE 7.2 (Obstruction by a modulus) — Chimg
minh phuong trinh x3 + y3 + z3 = 2029 khong ¢6 nghiém nguyén.
Prove that x> +y* + 22 = 2029 has no integer solutions.

Loi giai. / Solution.
1. Lap phuong modulo 9. Mdi sé nguyén c6 dang 3k hodc 3k + 1. Néu x = 3k thi x* =
27k3=0. Néu x =3k £ 1 thi x*=27k? + 27k® + 9k + 1 =1 (mod 9).
Cubes modulo 9. Every integer has the form 3k or 3k + 1. If x = 3k then x* = 27k = 0. If x =
3k+1thenx’ = 27I° £ 27k* + 9k + 1 = £1 (mod 9).

2. Vay mdi lap phuong dong du v6i —1, 0 hodc 1 modulo 9, nén téng ba lap phuong
déng du v6i mot sd trong {—3, 2, ..., 3}. Cac sb nay modulo 9 cho cac du 6, 7, 8, 0,
1,2, 3; khong c6 du 4 vas.

So each cube is congruent to —1, 0 or 1 modulo 9, hence a sum of three cubes is congruent
to one of =3, =2, ..., 3. Modulo 9 these give the residues 6, 7, 8, 0, 1, 2, 3; the residues 4 and
5 never occur.

3. Ma 2029 =9-225 + 4 =4 (mod 9). Vay phuong trinh v6 nghiém nguyén.
But 2029 = 9-225 + 4 = 4 (mod 9). Hence the equation has no integer solution. R

NHAN XET / REMARK — Modulo 9 chin duge moi s6 ¢6 dang 9k + 4 va 9k + 5 trong
téng ba lap phuong. Chon modulus dé tap cac du cta vé trai nho: binh phuong modulo 4 hodc
8, 1ap phuong modulo 7 hoic 9, lily thira bdn modulo 16.

Modulo 9 rules out every number of the form 9k + 4 and 9k + 5 as a sum of three cubes. Choose the
modulus so that the set of residues of the left side is small: squares modulo 4 or 8, cubes modulo 7 or
9, fourth powers modulo 16.

LOI HAY GAP / COMMON MISTAKE — Rt gon thira sé chung hai vé dong du ma
khong kiém ged(c, m) = 1: tir 6 = 15 (mod 9) suy ra 2 = 5 1a sai. Phai chia luon ca modulus,
nhu H¢ qua 7.3.

Cancelling a common factor from a congruence without checking ged(c, m) = 1: from 6 = 15 (mod 9)

concluding 2 = 5 is false. The modulus must be divided too, as in Corollary 7.3.

7.2. Nghich diao modulo m va phuong trinh dong dw bic nhat — Inverses

modulo m and linear congruences

PINH NGHIA 7.4 (Nghich dio modulo m) / DEFINITION 7.4 (modular inverse) — S6
nguyén a' goi 1a nghich dao ctia a modulo m néu aa' = 1 (mod m). Khi d6 ta viét a'= a™! (mod
m).

An integer a' is an inverse of a modulo m if aa' = 1 (mod m). We then write a' = a”' (mod m).
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PINH LY 7.5 (Ton tai nghich dio) / THEOREM 7.5 (existence of inverses) — S6 a c6
nghich ddo modulo m khi va chi khi ged(a, m) = 1. Nghich dao néu ¢6 1a duy nhat modulo m.
The number a has an inverse modulo m if and only if gcd(a, m) = 1. An inverse, when it exists, is
unique modulo m.

Chirng minh. / Proof.

Néu aa' = 1 thi aa' + mt = 1 v6i t € Z nao d6, nén moi udc chung cia a va m chia hét 1:
gced(a, m) = 1.

If aa' = 1 then aa' + mt = I for some t € Z, so every common divisor of a and m divides 1: gcd(a,
m) = 1.

Nguoc lai, néu gcd(a, m) = 1 thi theo dinh 1y Bézout (Chuong 6) ton tai u, v € Z v&i au +
mv = 1; khi d6 au = 1 va u 1a nghich dao.

Conversely, if gcd(a, m) = I then by Bézout's theorem (Chapter 6) there are u, v € Z with au +
mv = 1; hence au = 1 and u is an inverse.

Néu u va u' déu 1a nghich dao thi u = u(au') = (ua)u' = u' (mod m).

If u and u' are both inverses then u = u(au') = (ua)u' = u' (mod m). |

PINH LY 7.6 (Pong dw bic nhit)/ THEOREM 7.6 (linear congruence) — Cho a, b, m €
Z, m>1va g=gcd(a, m). Phuong trinh ax = b (mod m) c¢6 nghiém khi va chi khi g | b. Khi
d6 no co dang g nghiém modulo m, va cac nghiém nay dong du v6i nhau modulo m/g.

Leta, b,m €7, m>1 and g = gcd(a, m). The congruence ax = b (mod m) is solvable if and only if g |
b. In that case it has exactly g solutions modulo m, and they are congruent to each other modulo m/g.

Chirng minh. / Proof.

Phuong trinh tuong dwong ax — b = mk véi k € Z, tirc ax — mk = b. V¢é trai chia hét cho g
nén can g | b.

The congruence is equivalent to ax — b = mk for some k € Z, that is ax — mk = b. The left side is
divisible by g, so g | b is necessary.

Gia su g | b. bat a = gai, b = gbi, m = gm: v6i ged(ai, mi) = 1. Phuong trinh tuong duong
aix = bi (mod m:) (chia c hai vé va modulus cho g).

Assume g | b and write a = ga;, b = gb,, m = gm: with gcd(a:, mi) = 1. The congruence is
equivalent to aix = b: (mod mi) (divide both sides and the modulus by g).

Theo DPinh 1y 7.5, a: ¢6 nghich ddo u modulo mi, nén x = ub: (mod m:) 1a toan bd
nghiém. Trong mot hé thing du day d¢u modulo m = gm: c¢6 dung g sé thudc 16p nay, vi
du Xo, Xo + mu, ..., Xo + (g — )mu.

By Theorem 7.5, a: has an inverse u modulo mi, so x = ub: (mod m:) describes all solutions. A
complete residue system modulo m = gm: contains exactly g numbers of this class, for example
Xo, Xo + mi, ..., Xo + (g — )m;. A

PHAN TICH / ANALYSIS — Hé s6 28 va modulus 70 c¢6 wéc chung 14, nén khong thé
nhan voi nghich dao ngay. Viéc dau tién 1a tinh g = ged(28, 70) roi xem g c6 chia hét vé phai
42 khong, sau do rut gon theo chung minh ctia Pinh ly 7.6.
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The coefficient 28 and the modulus 70 share the factor 14, so we cannot multiply by an inverse
straight away. First compute g = gcd(28, 70), check that g divides the right side 42, then reduce as in
the proof of Theorem 7.6.

Vi DU 7.3 (Pong dw béc nhit ¢6 wéc chung) / EXAMPLE 7.3 (Linear congruence with
common factor) — Giai phuong trinh dong du 28x = 42 (mod 70) va tim nghich déo cia 17
modulo 120.

Solve the congruence 28x = 42 (mod 70) and find the inverse of 17 modulo 120.

Loi giai. / Solution.
1. g =gcd(28, 70) = 14 va 14 | 42 (42 = 14-3), nén phuong trinh c6 nghiém. Chia ca hai
vé va modulus cho 14: 2x =3 (mod 5).

g=gcd(28, 70) = 14 and 14 | 42 (42 = 14-3), so solutions exist. Divide both sides and the
modulus by 14: 2x = 3 (mod 35).

2. Nghich dao ctia 2 modulo 513 3 (vi 2:3 = 6 = 1). Nhan hai vé v6i 3: x =9 = 4 (mod
5).
The inverse of 2 modulo 5 is 3 (since 2-3 = 6 = 1). Multiply by 3: x = 9 = 4 (mod 5).

3. Vay nghiém la x =4 + 5t, t € Z. Modulo 70 c6 ding 14 nghi¢m: x =4, 9, 14, ..., 69
(mod 70).
So the solutions are x = 4 + 5t, t €Z. Modulo 70 there are exactly 14 solutions: x = 4, 9, 14,
ey 69 (mod 70).

4. V61 17 modulo 120: thuat toan Euclid cho 120=7-17+ 1. Do d6 1 =120 — 7-17, tic
17-(=7) =1 (mod 120). Nghich d4o cua 17 1a =7 = 113 (mod 120); kiém lai 17-113 =
1921 =16-120 + 1.

For 17 modulo 120: Euclid's algorithm gives 120 = 7-17 + 1. Hence 1 = 120 — 7-17, i.e.
17(=7) = 1 (mod 120). The inverse of 17 is =7 = 113 (mod 120); check: 17-113 = 1921 =
16120+ 1. m

NHAN XET / REMARK — S6 nghiém modulo m bang g, ¢6 thé 1én hon 1. Khi g =1
phuong trinh c6 nghiém duy nhat x = a~'b (mod m); khi g > 1 phai rat gon trudc rdi méi nhan
nghich dao.

The number of solutions modulo m is g, which can exceed 1. For g = I there is a unique solution x =
a'b (mod m); for g > 1 one must reduce first and only then multiply by an inverse.

NHAN XET / REMARK — Céach tim nghich dao khi modulus 1én: chay thuat toan Euclid
roi thay nguoc. Vi 37 modulo 101: 101 =2-37+27,37=1-27+10,27=2-10+7,10=1-7
+3,7=2-3+1. Thay ngugc: 1 =7—-2-3=3-7—-2-10=3-27-8-10=11-27 - 8:37 =
11-101 —30-37. Vay 37-(—30) = 1 (mod 101), nghich dao cua 37 1a -30=71; kiém lai 37-71
=2627=26-101 + 1.

Finding an inverse for a large modulus: run Euclid's algorithm and substitute back. For 37 modulo
101: 101 =237 +27,37=127+10,27=2-10+7, 10=1-7+ 3, 7= 2-3 + 1. Back-substitution: 1
=7-23=37-210=327—-810=11-27— 837 =11101 — 30-37. So 37-(—30) = I (mod 101);
the inverse of 37 is =30 = 71; check: 3771 = 2627 = 26-101 + 1.
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7.3. Pinh ly s0 dur Trung Hoa — The Chinese remainder theorem

PINH LY 7.7 (Dinh Iy s6 dw Trung Hoa) / THEOREM 7.7 (Chinese remainder theorem)
— Cho mu, ma, ..., my 1a cac sb nguyén duong do6i mot nguyén té ciing nhau, M = mimo. .. mx
va ai, ..., ax 1a cac s6 nguyén bat ky. Khi d6 hé x = a: (mod my), ..., x = ax (mod my) c6
nghiém, va nghiém duy nhat modulo M.

Let mi, mz, ..., mi be pairwise coprime positive integers, M = mumz...my, and let ai, ..., ax be arbitrary
integers. Then the system x = a: (mod mi), ..., x = a (mod my) has a solution, and the solution is

unique modulo M.

Chirng minh. / Proof.

Tén tai. Pat Mi = M/m;. Vi cac m; d6i mot nguyén t6 cing nhau nén ged(Mi, mi) = 1, theo
Dinh 1y 7.5 c6 yi v6i Miyi = 1 (mod m;). Xét

Existence. Put M; = M/m;. Since the m; are pairwise coprime, gcd(M;, m;) = 1, so by Theorem 7.5
there is y; with M; yi = 1 (mod m;). Consider

Xo = a1M1y1 + azszz + ...+ akMkYk (72)

Véij #ita coé mi | M nén sé hang thtr j dong du 0 modulo m;; sé hang tht i dong du a;-1.
Viy xo = a; (mod m;) véi moi 1.

Forj#iwe have m; | Mj, so the j-th term is = () modulo m;, while the i-th term is = a;-1. Hence xo
= a; (mod m;) for every i.

Duy nhat. Néu x va x' ciing 13 nghiém thi m; | x — x' véi moi i. Cac m; d6i mot nguyén to
cung nhau nén tich M ciing chia hét x — x' (Chuong 6), tirc x = x' (mod M).

Uniqueness. If x and x' are both solutions then m; | x — x' for every i. The m; are pairwise
coprime, so their product M also divides x — x' (Chapter 6), i.e. x = x' (mod M). ®

Hé qua thyc hanh: giai mot dong du modulo M = mu...mx bang cach giai riéng timg
modulo m; roi ghép. S6 nghiém modulo M bang tich s6 nghiém modulo ting m;.

In practice: solve a congruence modulo M = mi...mi by solving it separately modulo each m; and
gluing the answers. The number of solutions modulo M is the product of the numbers of solutions
modulo the m;.
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64 20 6 27 13 34
s4 s 26 12 3 19
44 25 11 k) 18 4
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‘é 34 10 31 17 3 24
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24 30 16 2 23 9

14 15 1 2 8 29

04 o 21 7 28 14

0 1 2 3 4
nmod 5

Hinh 7.1. Mdi s6 n tir 0 dén 34 chiém ding mot 6 (n mod 5, n mod 7) cua ludi 5 x 7; cac $60, 8,
16, 24, 32 t6 mau: mdi 1an cong 8 13 nhay 3 6 sang phai (modulo 5) va 1 6 1én trén (modulo 7).
Figure 7.1. Each n from 0 to 34 occupies exactly one cell (n mod 5, n mod 7) of the 5 x 7 grid; the
numbers 0, 8, 16, 24, 32 are shaded: each step of +8 moves 3 cells right (modulo 5) and 1 cell up
(modulo 7).

PHAN TiCH / ANALYSIS — Ba modulus 5, 7, 9 d6i mét nguyén to cung nhau, nén hé c6
nghiém duy nhit modulo 315. Thay vi dung cong thirc (7.2) v6i ba nghich dao, ghép 1an luot
timg phwong trinh: nghiém ciia phwong trinh dau c6 dang 3 + 5a, thé vao phuong trinh sau.
The moduli 5, 7, 9 are pairwise coprime, so the system has a unique solution modulo 315. Instead of

formula (7.2) with three inverses, glue the equations one at a time: solutions of the first have the form
3 + 5a, which is substituted into the next one.

VI DU 7.4 (Ghép tirng phuwong trinh) / EXAMPLE 7.4 (Gluing equations one at a time)
— Tim s nguyén duong nhoé nhét x théa min x = 3 (mod 5), x =4 (mod 7), x = 5 (mod 9).
Find the smallest positive integer x with x = 3 (mod 5), x = 4 (mod 7), x = 5 (mod 9).

Loi giai. / Solution.

1. Ttr x = 3 (mod 5) viét x = 3 + 5a. Thé vao phuong trinh thr hai: 3 + 5a =4 (mod 7),
ttc 5a=1(mod 7). Vi5-3=15=1néna=3 (mod 7),a=3 + 7b.
From x = 3 (mod 5) write x = 3 + 5a. Substituting into the second equation: 3 + 5a = 4
(mod 7), i.e. 5a = 1 (mod 7). Since 53 =15=1,a =3 (mod7),soa=3+7b.

2. Khi d6 x = 18 + 35b. Phuong trinh thur ba: 18 +35b=5(mod 9). Vi 18 =0va 35 =
—1 (mod 9)nén -b=5,b=-5=4 (mod 9).
Then x = 18 + 35b. The third equation: 18 + 35b = 5 (mod 9). Since 18 = 0 and 35 = —1
(mod 9), we get —b = 5, so b = =5 = 4 (mod 9).
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3.V6ib=4tadugc x =18 + 140 = 158. Theo Pinh ly 7.7 moi nghi¢m la x = 158 (mod
315). Kiém lai: 158 =5-31+3=7-22+4=9-17+5.
With b = 4 we get x = 18 + 140 = 158. By Theorem 7.7 all solutions are x = 158 (mod 315).
Check: 158 =531 +3=722+4=9-17+ 5.

Vay s nho nhat 1a 158.

Hence the smallest positive solution is 158. R

PHAN TiCH / ANALYSIS — Can bdn s6 lién tiép, mdi s6 chia hét cho mot sé chinh
phuong 16n hon 1. Y tudng: gan cho sé thtr i mot binh phuong pi2 ciia s6 nguyén t6 p; khac
nhau; yéu cau n + i chia hét p2 1a mot hé dong du ma cac modulus nguyén t6 cting nhau, nén
CRT cho nghiém.

We need four consecutive numbers, each divisible by a square greater than 1. Idea: assign to the i-th
number the square pi of a different prime p;; requiring pi’ | n + i is a system of congruences with
coprime moduli, so the CRT supplies a solution.

VI DU 7.5 (CRT dung day s6) / EXAMPLE 7.5 (Building runs with the CRT) — Ching
minh véi moi k € Z* ton tai k s6 nguyén duong lién tiép, mdi sb chia hét cho mot s chinh
phuong 16n hon 1. Tim cu thé bén sb nhu vay.

Prove that for every k € 7" there are k consecutive positive integers, each divisible by a square
greater than 1. Find four such numbers explicitly.

Loi giai. / Solution.

1. Lay k s6 nguyén t6 phan biét py, ..., px. Xéthé n=—(i— 1) (mod pi?), i=1, ..., k. Cac
pi? d6i mot nguyén to cuing nhau nén theo Dinh 1y 7.7 hé c6 nghiém n duong.
Take k distinct primes pi, ..., pr. Consider the system n = —(i — 1) (mod p?), i = 1, ..., k. The
pi are pairwise coprime, so by Theorem 7.7 the system has a positive solution n.

2. Véinghiém d6 p2 |n+i—1véimdii,nénksdbn,n+1,...,n+k—1thoa yéu cau.
For such n we have p? | n + i — 1 for each i, so the k numbers n, n + 1, ..., n + k — I satisfy
the requirement.

3. Vi k =4 chon cac s6 nguyén t62,3,5,7:n=0 (mod 4), n =8 (mod 9), n =23 (mod
25), n = 46 (mod 49). Giai bang cach ghép nhu Vi du 7.4 dugc n = 29348 (mod
44100).

For k =4 choose the primes 2, 3, 5, 7: n = 0 (mod 4), n = 8 (mod 9), n = 23 (mod 25), n =
46 (mod 49). Gluing as in Example 7.4 gives n = 29348 (mod 44100).

4. Kiém lai béng phép chia: 29348 = 4-7337,29349 =9-3261, 29350 = 25-1174, 29351
=49-599.

Check by division: 29348 = 4-7337, 29349 = 9-3261, 29350 = 25-1174, 29351 = 49-599.

Vay bon s6 29348, 29349, 29350, 29351 lién tiép va 1an lugt chia hét cho 4, 9, 25, 49.
Hence 29348, 29349, 29350, 29351 are consecutive and divisible by 4, 9, 25, 49 respectively. R

NHAN XET / REMARK — CRT cho modulus khéng nguyén t cing nhau. Hé x = a (mod
m), X = b (mod n) c6 nghiém khi va chi khi gcd(m, n) | a — b, va khi d6 nghiém duy nhat
modulo BCNN(m, n). Chimg minh: dit g = ged(m, n); nghiém ctia phuong trinh ddulax =a
+ mt; thé vao phuong trinh sau dugc mt =b — a (mod n), giai dwoc khi va chikhig|b—a
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(Dinh 1y 7.6). Khi giai duoc, t xac dinh duy nhat modulo n/g nén x = a + mt xac dinh duy nhét
modulo m-(n/g) = BCNN(m, n).

CRT for non-coprime moduli. The system x = a (mod m), x = b (mod n) is solvable if and only if
ged(m, n) | a — b, and then the solution is unique modulo lcm(m, n). Proof: put g = gcd(m, n); the
solutions of the first equation are x = a + mt, substituting into the second gives mt = b — a (mod n),
solvable iff g | b — a (Theorem 7.6). When solvable, t is unique modulo n/g, so x = a + mt is unique
modulo m-(n/g) = lecm(m, n).

x=a(mod m),x =b (modn) & gcd(m, n) | a — b, x = x¢ (mod Icm(m, n))

Vidu: x =3 (mod 4) va x =1 (mod 6) c6 ged(4, 6) =2 |3 — 1 =2, nén cb6 nghi¢m duy
nhat modulo 12, d6 1a x = 7. Con x = 1 (mod 4) va x = 2 (mod 6) vo nghiém vi 2 } 1.
Example: x = 3 (mod 4) and x = 1 (mod 6) have gcd(4, 6) =2 | 3 — 1 = 2, so there is a unique
solution modulo 12, namely x = 7. By contrast x = 1 (mod 4) and x = 2 (mod 6) has no solution
because 2 1 1.

LOI HAY GAP / COMMON MISTAKE — Ghép hé ddng du bang cong thirc (7.2) khi cac
modulus khong d6i mot nguyén té cing nhau. Phai kiém ged(mi, my) = 1, hodc ghép ting cip
mot theo nhan xét vé CRT tong quat. Hé x = 1 (mod 4), x =2 (mod 6) v6 nghiém du ca hai
phuong trinh déu giai dugc riéng.

Gluing congruences with formula (7.2) when the moduli are not pairwise coprime. Check gcd(mi, m;)
= [, or glue pair by pair as in the remark on the general CRT. The system x = 1 (mod 4), x = 2 (mod
6) has no solution although each equation is solvable alone.

7.4. Ham @, cac dinh ly Euler, Fermat va Wilson — The function ¢ and the

theorems of Euler, Fermat and Wilson

PINH NGHIA 7.8 (H¢ thing dw) / DEFINITION 7.8 (residue system) — Hé thing du day
da modulo m 13 tip m s6 nguyén d6i mot khong dong du modulo m (mdi 16p du c6 ding mot
dai dién), vidu {0, 1, ..., m — 1}. H¢ thang du thu gon modulo m 1a tap céac $6 nguyén nguyén
t6 cung nhau v6i m, d6i mot khong dong du, va moi sb nguyén té cting nhau véi m déu dong
du v6i mot sb trong tap.

A complete residue system modulo m is a set of m integers, pairwise incongruent modulo m (one
representative of each residue class), for example {0, 1, ..., m — 1}. A reduced residue system modulo
m is a set of pairwise incongruent integers coprime to m such that every integer coprime to m is
congruent to one of them.

PINH NGHIA 7.9 (Ham Euler) / DEFINITION 7.9 (Euler's totient function) — Ham
Euler ¢(m) 13 s6 cac sd nguyén k véi 1 <k <m va ged(k, m) = 1; d6 ciing 1a s6 phan tir caa
mot hé thang du thu gon modulo m.

Euler's totient function p(m) is the number of integers k with 1 <k <m and gcd(k, m) = 1, it is also the
size of any reduced residue system modulo m.

TINH CHAT 7.10 (Nhin v6i s6 nguyén t6 cing nhau) / PROPERTY 7.10 (multiplying
by a coprime number) — Cho ged(a, m) = 1. Néu {r1, ..., rs} 12 hé thing du thu gon modulo
m thi {ari, ..., ars} cling la hé thing du thu gon modulo m. Néu {ri, ..., rm} 13 hé day du thi
{ar1 +b, ..., arm + b} ciing 13 hé day du v6i moi b € Z.
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Let gcd(a, m) = 1. If {r1, ..., v} is a reduced residue system modulo m then so is {ari, ..., arg}. If {11,
.e, Ym} IS @ complete system then so is {ar: + b, ..., arm + b} for every b € 7.

Chirng minh. / Proof.

MJi ari nguyén té cing nhau voi m vi ged(a, m) = ged(ri, m) = 1. Gia sir ar; = arj (mod
m); do ged(a, m) = 1, Hé qua 7.3 cho ri = 1j, tirc i = j. Vay s s6 ar; d6i mot khong dong du;
vi c6 diing s = p(m) 16p du nguyén t ciing nhau v6i m nén chung dai dién cho tat ca cac
16p do.

Each ar; is coprime to m because gcd(a, m) = gcd(ri, m) = 1. If ar; = ar; (mod m) then, as gcd(a,
m) = 1, Corollary 7.3 gives ri = rj, i.e. i =j. So the s numbers ar; are pairwise incongruent,; since
there are exactly s = ¢(m) residue classes coprime to m, they represent all of them.

Vi hé day du: ar; + b = arj + b suy ra ar; = arj, rdi 1; = 1j, nén m s6 nay d6i mot khong
dong du, tirc du m 16p.

For a complete system: ar; + b = ar; + b gives ar; = ar; and then r; = r;, so the m numbers are
pairwise incongruent, hence they fill all m classes. R

PINH LY 7.11 (Céng thirc tinh ¢) / THEOREM 7.11 (formula for ¢) — (i) Véi p nguyén
t6 va k > 1: o(p*) = p* — p*L. (ii) Néu ged(m, n) = 1 thi ¢(mn) = ¢(m)e(n). (iii) Néu n =
pi®...p& 13 phan tich ra thira sé nguyén t6 thi

(i) For a prime p and k> 1: p(p*) = p* — p*'. (ii) If gcd(m, n) = 1 then p(mn) = p(m)p(n). (iii) If n =
pi...p~ is the prime factorisation then

@m)=n(1-1/py)(1—-1/p2)..(1—-1/pr) (7.3)
Chirng minh. / Proof.
(i) Trong p* sb 1, ..., p* chi cac boi ctia p khong nguyén t6 ciing nhau véi p*; co p*~! boi,
nén @(p*) =p“ —p* .
(i) Among the p* numbers 1, ..., p* only the multiples of p fail to be coprime to p*; there are p*!
of them, so p(p*) = p* — p* .
(i) Theo CRT (Pinh ly 7.7), anh xa x = (x mod m, x mod n) 1a song anh gitra cac 16p du
modulo mn va céc cap (16p modulo m, 16p modulo n). S6 x nguyén t6 cing nhau véi mn
khi va chi khi né nguyén té cuing nhau v&i ca m va n, tire khi va chi khi ca hai thanh phan
clia cip nguyén té cung nhau v6i modulus twong Gng. Pém hai bén cho ¢(mn) =
P(m)o(n).
(ii) By the CRT (Theorem 7.7), the map x = (x mod m, x mod n) is a bijection between residue
classes modulo mn and pairs (class modulo m, class modulo n). A number x is coprime to mn

exactly when it is coprime to both m and n, that is, when both components of the pair are
coprime to their moduli. Counting both sides gives p(mn) = g(m)p(n).

(iii) Cac pi* d6i mot nguyén t6 cung nhau, nén theo (ii) va (i): o(n) =[] (p* — p™) =]
pi(1 — 1/pi) = n[J(1 — 1/pi).

(iii) The p are pairwise coprime, so by (ii) and (i): p(n) =[] (p/ — p#!) = [1 p/(I — 1/p) =
n[l(l— 1/p). =
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Hinh 7.2. D4 thi ¢(n) v&i 2 < n < 60: cac sb nguyén td nam trén duong y =n — 1, s§ hop s6 ndm
thap hon han.
Figure 7.2. Graph of p(n) for 2 <n < 60: primes lie on the line y =n — 1, composite numbers lie well
below it.

PINH LY 7.12 (Pinh Iy Euler)/ THEOREM 7.12 (Euler's theorem) — Néu gcd(a, m) = 1
thi a®™ = 1 (mod m).
If gcd(a, m) = 1 then a*™ = 1 (mod m).

Chirng minh. / Proof.

Goi {ri, ..., 15}, s = @(m), la h¢ thang du thu gon modulo m. Theo Tinh chét 7.10, {ari,
..., ars} cling l1a h¢ thang du thu gon, nén cac s6 ar; 1a mot hoan vi cta r; xét modulo m.
Nhan tit ca:

Let {ri, ..., s}, s = o(m), be a reduced residue system modulo m. By Property 7.10, {ari, ..., ars}

is also a reduced residue system, so the ar; are a permutation of the r; modulo m. Multiplying
them all:

asrqry...Irs = rqr,...rs (mod m)
Tich r1...rs nguyén t6 cing nhau v&i m nén rat gon duoc (Hé qua 7.3): a* = 1 (mod m).
The product ri...rs is coprime to m, so it can be cancelled (Corollary 7.3): a° = I (mod m). ®

gcd(a, m) =1 = a®™ =1 (mod m) (7.4)

HE QUA 7.13 (Pinh Iy Fermat nhé) / COROLLARY 7.13 (Fermat's little theorem) —
Dinh 1y Fermat nhé. Néu p nguyén t6 thi a? = a (mod p) véimoia € Z; vanéup t a thia?™! =
1 (mod p).

Fermat's little theorem. If p is prime then a’ = a (mod p) for every a €Z; and if p fa then ' = 1
(mod p).

Chirng minh. / Proof.
Néu p + a thi ged(a, p) = 1 va ¢(p) = p — 1, nén Dinh 1y Euler cho a»' = 1. Nhén hai vé
v6i a duge aP = a. Néu p | a thi ca hai vé aP va a déng du 0 modulo p.
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If p tathen gcd(a, p) = 1 and o(p) = p — 1, so Euler's theorem gives a’~' = 1. Multiplying by a
yields a’ = a. If p | a then both &’ and a are = () modulo p. W

aP = a (mod p) v&i moi a € Z, p nguyén t6 (7.5)

NHAN XET / REMARK — Chiéu dao ctia Fermat nho sai. S5 341 = 11-31 13 hop s6 nhung
219=1024 =3-341 + 1 = 1 (mod 341), nén 2340 = (219)34 = | (mod 341). Vi vay a" ! = 1 (mod
n) khong du dé két luan n nguyén t6; Dinh 1y Wilson cho diéu kién can va di, nhung kho tinh.
The converse of Fermat's little theorem is false. The number 341 = 11-31 is composite, yet 2'° = 1024
= 3341 + 1 = I (mod 341), so 2**" = (2'°)** = I (mod 341). Hence a"' = 1 (mod n) does not prove
that n is prime; Wilson's theorem gives an exact criterion but is hard to evaluate.

PHAI THUQC / MEMORISE — ¢(n) = n[J(1 — 1/p) theo cac udc nguyén tb p cia n. ged(a,
m) =1 = a®™ = | (mod m). p nguyén t6 = aP = a (mod p). Mudn ddi a™ thanh lity thira nhd
hon: 1dy N modulo @(m) (khi ged(a, m) = 1).

o(n) = n[I(1 — 1/p) over the prime divisors p of n. gcd(a, m) = 1 =a*™ = 1 (mod m). p prime = da’ =
a (mod p). To shrink a": reduce N modulo ¢(m) (when gcd(a, m) = 1).

PHAN TICH / ANALYSIS — Mubn tinh 3'% modulo 77 ma 1000 16n. Vi 77=7-11 va
gcd(3, 77) = 1, Dinh 1y Euler cho 3°77 =1 véi ¢(77) = 6-10 = 60. Do 1000 = 60-16 + 40, chi
can tinh 3%,

We want 3" modulo 77 with 1000 large. Since 77 = 7-11 and gcd(3, 77) = 1, Euler's theorem gives
37770 = [ with (77) = 6:10 = 60. As 1000 = 60-16 + 40, it suffices to compute 3*.

VI DU 7.6 (Ha s6 mii bing ¢) / EXAMPLE 7.6 (Reducing the exponent by ¢) — Tinh s
du cua 399 khi chia cho 77.
Find the remainder of 3"’ on division by 77.

Loi giai. / Solution.
1. o(77) = ¢(7)e(11) = 6-10 = 60, va gcd(3, 77) = 1 nén 3°° = 1 (mod 77). Vi 1000 =
60-16 + 40 nén 3'%0 = 340 (mod 77).
o(77) = o(7)p(11) = 6-10 = 60, and gcd(3, 77) = 1, so 3% = I (mod 77). Since 1000 = 60-16
+ 40, 319 = 3% (mod 77).
2.3%=81=4 (mod 77), nén 3% = (3%)10 = 419 = 220 (mod 77).
3*=81=4(mod77), so 3" = (3?)10 = 410 = 22 (mod 77).
3.219=1024 =77-13 +23=23,nén 220 =232=529=77-6 + 67 = 67 (mod 77).
210=1024 = 7713 +23=23,502°'=232=529=77-6 + 67 = 67 (mod 77).
Vay s du 1a 67.

Hence the remainder is 67. 1

PHAN TICH / ANALYSIS — S6 2:3-5-7-13-19-37 1a tich cac s6 nguyén td pmap — 1 1a
wdc cua 36. Vi moi p nhu vay Fermat cho nP~! = 1 khi p 4 n, nén n®¢ = (np 13000 =1,

The number 2-3-5-7-13-19-37 is the product of the primes p for which p — 1 divides 36. For each such
p Fermat gives n”~' = 1 when p #n, hence n*® = (n?~')*~" = |,
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Vi DU 7.7 (Fermat cho nhiéu s6 nguyén t6) / EXAMPLE 7.7 (Fermat for several primes)
— Ching minh rang v6i moi n € Z s6 n®” — n chia hét cho 1.919.190 =2-3-5-7-13-19-37.
Prove that n’’ — n is divisible by 1,919,190 = 2-3-5-7-13-19-37 for every n € Z.

Loi giai. / Solution.
1. Cac wdc 2,3, 5,7, 13, 19, 37 1a cac s6 nguyén t6 d6i mot khac nhau, nén chi can
ching minh ting s6 nguyén té p trong d6 chia hét n’” — n.

The factors 2, 3, 5, 7, 13, 19, 37 are distinct primes, so it suffices to show that each of them

divides n’” — n.

2.Néup | nthip|n®” —nvica hai s6 0’7 va n chia hét cho p. Néu p 4 n thi n»”! = 1 (mod
p) theo Fermat. V&i mdi p trong danh sach, p — 1 lanluotla 1,2, 4, 6, 12, 18, 36, déu
1a udc cua 36.
Ifp | nthen p | n” — n since both n*” and n are divisible by p. If p #n then w»~! = I (mod p)
by Fermat. For the primes in the list, p — I equals 1, 2, 4, 6, 12, 18, 36, all divisors of 36.

3. Do @6 n¢ = (nP1)*¥®~D =1 (mod p), suy ra n’*’ =n (mod p).
Hence n?0 = (n?~1)30=D = | (mod p), so n’” = n (mod p).

Vi 7 s6 nguyén t6 d6i mot khac nhau, tich cia ching chia hét n’7 — n.

Since the seven primes are distinct, their product divides n*” — n. B

NHAN XET / REMARK — Tdng quat: n**! — n chia hét cho tich moi s6 nguyén t6 p ma (p
— 1) | k. Vi k =36 tich d6 14 1.919.190 va d6 ciing 1 UCLN caa moi s6 n®” — n (kiém bang
may voin < 5000; chimg minh tinh 16n nhat can cin nguyén thuy nén khong trinh bay ¢ day).
In general n**! — n is divisible by the product of all primes p with (p — 1) | k. For k = 36 this product
is 1,919,190, and it is also the gcd of all the numbers n°” — n (checked by computer for n < 5000;
proving maximality needs primitive roots and is not done here).

NHAN XET / REMARK — Ping thirc Gauss: = ¢(d) = n, tong lay theo moi u6c duong d
ctia n. Chimg minh: chia cac sb 1, ..., n theo g = ged(k, n). S6 k c6 ged(k, n) = n/d khi va chi
khi k = (0/d)-u véi 1 <u <d va ged(u, d) = 1, nén c6 ding ¢(d) sé nhu viy. Cong theo moi d |
ndugcn. Vidun=12: (1) + 0(2) + 9(3) + 9(4) + 0(6) T+ 0(12)=1+1+2+2+2+4=12.
Gauss's identity: X ¢(d) = n, summed over all positive divisors d of n. Proof: sort the numbers 1, ..., n
by g = gcd(k, n). We have gcd(k, n) = n/d exactly when k = (n/d)-u with 1 <u <d and gcd(u, d) = 1, so
there are exactly p(d) such k. Summing over d | n gives n. Example n = 12: ¢(1) + ¢(2) + ¢(3) + ¢(4)
+96) +o(l2)=1+1+2+2+2+4=12

LOI HAY GAP / COMMON MISTAKE — Ap dung Dinh 1y Euler khi gcd(a, m) # 1,
chang han viét 6°® = 1 (mod 9). Thuc té 6° = 0 (mod 9). Ludn kiém ged(a, m) = 1 trude khi
dung.

Applying Euler's theorem when gcd(a, m) # 1, for example writing 6°” = 1 (mod 9). In fact 6° = 0
(mod 9). Always check gcd(a, m) = 1 first.

LOI HAY GAP / COMMON MISTAKE — Dung Fermat v&i modulus hop sé: a™! = 1
(mod m) sai khi m =4, a=3, vi 3* =27 =3 (mod 4). Dinh Iy Fermat nho chi danh cho
modulus nguyén td.

Using Fermat with a composite modulus: a"~' = 1 (mod m) fails for m = 4, a = 3, since 3> = 27 = 3
(mod 4). Fermat's little theorem is _for prime moduli only.
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PINH LY 7.14 (Pinh Iy Wilson) / THEOREM 7.14 (Wilson's theorem) — Dinh 1y
Wilson. S6 nguyén p > 2 13 s6 nguyén t6 khi va chi khi (p — 1)! = -1 (mod p).
Wilson's theorem. An integer p > 2 is prime if and only if (p — 1)! = —1 (mod p).

Chirng minh. / Proof.

Gia st p hop s6. Khi dop coube d véi 1 <d<p,vad|(p—1)!. Néu(p—1)! =-1 (mod
p)thid|(p— D!+ 1, két hopvoid|(p—1)! dugcd|1,voly. Vay (p — 1)! #—1.
Suppose p is composite. Then p has a divisor d with 1 <d <p,andd | (p — D! If (p — 1)! = —1
(mod p) then d | (p — 1)! + 1, together with d | (p — 1)! this gives d | 1, a contradiction. So (p —
! z-1.

Gia st p nguyén t6. V&ip =2 va p =3 kiém tryc tiép: 1! =1=—1 (mod 2) va2! =2 =—1
(mod 3). Véip>5 mdik € {1, ..., p— 1} co nghich dao k' € {1, ..., p — 1} duy nhat
modulo p (Pinh 1y 7.5).

Suppose p is prime. For p = 2 and p = 3 check directly: 1! = 1 = —1 (mod 2) and 2! = 2 = —1
(mod 3). For p > 5, each k € {1, ..., p — 1} has a unique inverse k' € {1, ..., p — 1} modulo p
(Theorem 7.5).

Tacok'=kkhivachikhik®=1, tc p | (k — 1)(k + 1), tirc k = 1 hodc k = p — 1. Céc sb
2,3, ...,p—2con lai ghép thanh cip {k, k'} v6i k #k', mdi cip co tich= 1. Do do

We have k' = k exactly when k> = 1, i.e.p| (k— 1)(k+ 1), i.e. k =1 or k = p — 1. The remaining
numbers 2, 3, ..., p — 2 split into pairs {k, k'} with k # k', each with product = 1. Therefore

p-DI'=1-p—-1D23....(p—2) =1:(—1)'1=—1 (mod p)

Hinh 7.3. Véi p = 13, mdi s6 k trong {1, ..., 12} ndi véi nghich d4o ciia né6 modulo 13: cic cung

nbi cac cap {2, 7}, {3, 9}, {4, 10}, {5, 8}, {6, 11}; hai s6 1 va 12 1 nghich déo ctia chinh minh.

Figure 7.3. Forp = 13, each kin {1, ..., 12} is joined to its inverse modulo 13: the arcs join the pairs {2,
75 {3, 9} {4, 10}, {5, 8}, {6, 11}; the numbers I and 12 are their own inverses.

HE QUA 7.15 (Cin béc hai caa (p — 1)!) / COROLLARY 7.15 (square root of (p — 1)!)
— V6i p nguyén t6 1&: ((p — 1)/2)!)2 = (-1)®*D2 (mod p).
For an odd prime p: ((p — 1)/2)!)* = (—1)**"? (mod p).
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Chirng minh. / Proof.

Piath=(p—1)/2. Véi1 <j<hcop—j=—j(modp), néncacsdéh+1,....p—1(Iap—h,
...,p — 1) d@6ng du 1an lugt voi —h, ..., —1. Do d6

Puth=(p—1)/2. For 1 <j <hwe have p —j = —j (mod p), so the numbers h + 1, ..., p — I (that
isp—h, ..., p—1)are congruent to —h, ..., —1. Hence

(p—D!'=(12-....h)-(h+ 1)-...(p — 1)) = (h)-(—=1)r-(h!) = (—1)2(h!)2
Theo Pinh Iy Wilson vé trai = —1. Nhén hai vé ctia —1 = (—1)"(h!)? v6i (—1)" ta duogc (h!)>?
=—(-1)=CFD",vah+1=(p+1)2.

By Wilson's theorem the left side is = —1. Multiplying —1 = (—=1)"(h!)? by (=1)" gives (h!)’ =
(D =~ 1" andh+1=(p + 1))2. ™

PHAN TICH / ANALYSIS — C6 22! =—1 (mod 23) theo Wilson, nhung can 20!. Hai thira
s6 thiéu 14 21 va 22, ma 21 = —2 va 22 = —1 (mod 23). Thay chung vao, 22! thanh bi cia 20!
v&i hé s nho.

Wilson gives 22! = —1 (mod 23), but we need 20!. The missing factors are 21 and 22, and 21 = =2, 22
= —] (mod 23). Substituting them turns 22! into a small multiple of 20!.

VI DU 7.8 (Wilson véi thira s thiéu) / EXAMPLE 7.8 (Wilson with missing factors) —
Tinh s6 du cta 20! khi chia cho 23.
Find the remainder of 20! on division by 23.

Loi giai. / Solution.
1. 23 nguyén t6 nén 22! = —1 (mod 23) theo Pinh 1y Wilson.
23 is prime, so 22! = —1 (mod 23) by Wilson's theorem.
2. Mat khéc 22! =22-21-20! = (—1)(-2)-20! = 2-:20! (mod 23). Do d6 2-:20! =—-1 =22
(mod 23).
Also 22! = 22-21-20! = (—1)(—2)-20! = 2-20! (mod 23). Hence 2-20! = —1 = 22 (mod 23).
3. Vi ged(2, 23) = 1, rat gon thira s6 2: 20! = 11 (mod 23).
Since ged(2, 23) = 1, cancel the factor 2: 20! = 11 (mod 23).

Vay sé dula 11.

Hence the remainder is 11. |

NHAN XET / REMARK — Téng quat, (p — 1 = k)!'k! = (=1)*"! (mod p) v6i 0 <k <p — 1.
Viduy 7.8 1a truong hop p =23,k =2:20!-2! = -1, thc 20! =121 =-12=11. Véip=1
(mod 4) nghiém cua x> =—-1lax==+((p — 1)/2)!, vidu p =29 cho x =+14! =12 vi 122 = 144
=529-1.

In general (p — 1 — k)!'k! = (—1)*" (mod p) for 0 <k <p — 1. Example 7.8 is the case p = 23, k = 2:
20/-2!=—1,5020! =—1-2""=—12=11. For p = I (mod 4) the solutions of x’ = —1 are x = +((p —
1)/2)!; for p = 29 this gives x = 14! = £12 because 12° = 144 = 5:29 — 1.

LOI HAY GAP / COMMON MISTAKE — Dung Wilson dé kiém tra tinh nguyén t6 cua sé
16n: (p — 1)! qua 16n dé tinh, nén dinh 1y dung nhung khong thuc dung. Trong bai thi ding
Wilson dé rat gon tich, khong dung lam phép thir s6 nguyén td.
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Using Wilson as a primality test for large numbers: (p — 1)! is far too large to evaluate, so the
theorem is correct but impractical. In contests use Wilson to simplify products, not as a primality test.

7.5. Cfip cia mot s0 modulo n — The order of a number modulo n

PINH NGHIA 7.16 (Cip ciia mdt s6) / DEFINITION 7.16 (multiplicative order) — Cho
ged(a, n) = 1. Cép ctia a modulo n, ky hiéu orda(a), 12 s6 nguyén duong d nhé nhét sao cho ad
= ] (mod n). Theo Pinh 1y Euler s4 d nhu vay ton tai va d < ¢(n).

Let gcd(a, n) = 1. The order of a modulo n, written ord,(a), is the least positive integer d with a® = 1
(mod n). By Euler's theorem such d exists and d < p(n).

PINH LY 7.17 (Tinh chét dic trung ciia cdp) / THEOREM 7.17 (characterisation of the
order) — Cho ged(a, n) = 1 va d = orda(a). Véi moi s6 nguyén k > 0: a* = 1 (mod n) khi va
chi khid | k.

Let gcd(a, n) = 1 and d = ord,(a). For every integer k> 0: a* = 1 (mod n) if and only if d | k.

Chirng minh. / Proof.

Néu k = dq thi a* = (a%)? = 1. Nguoc lai, gia st a“ = 1. Chia k = dq + r v6i 0 < r < d. Khi
do 1 =a*=(a%%" = a" (mod n).

If k = dq then d* = (a%)? = 1. Conversely, assume a* = I and divide k = dq + r with 0 <r < d.
Then 1 = d* = (a%)%a” = a” (mod n).

Vi d 12 s6 nguyén duong nhé nhat ¢6 ad = 1 va r < d nén r khong thé duong; vay r = 0, tic
d| k.

Since d is the least positive integer with a® = I and r < d, r cannot be positive; sor = 0, i.e. d | k.
|

HE QUA 7.18 (Cép chia ¢) / COROLLARY 7.18 (the order divides ¢) — orda(a) 1a u6c
ctia ¢(n). V6i p nguyén t6 va p t a, ordy(a) 1a wéc ciap — 1. Néua*=1 (mod n) va a' = 1
(mod n) thi ag®d®D =1 (mod n).

ordy(a) divides o(n). For a prime p with p a, ord,(a) divides p — 1. Ifa* = 1 and a' = 1 (mod n) then
a*“®V = | (mod n).

Chirng minh. / Proof.

Hai y du 12 Pinh 1y 7.17 v6i k = ¢(n) (Pinh 1y Euler) va k = p — 1 (Fermat). Y tht ba:
ordn(a) chia ca k va 1 nén chia ged(k, 1); lai theo Pinh 1y 7.17, agd®D =1,

The first two statements are Theorem 7.17 with k = ¢(n) (Euler) and k = p — 1 (Fermat). For the
third, ord,(a) divides both k and I, hence divides gcd(k, 1); by Theorem 7.17 again a%® ) = ].
|

TINH CHAT 7.19 (Cép ciia liiy thira) / PROPERTY 7.19 (order of a power) — Cho
gcd(a, n) = 1, d = orda(a) va k € Z*. Khi d6 ordn(a*) = d/gcd(d, k).
Let ged(a, n) = 1, d = ord,(a) and k €Z". Then ord,(a") = d/gcd(d, k).
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Chirng minh. / Proof.

bit g = ged(d, k). Theo Dinh 1y 7.17, (a¥)' = 1 khi va chi khi d | kt, tic (d/g) | (K/g)t. Vi
ged(d/g, k/g) = 1 nén diéu kién nay twong dwong (d/g) | t. S6 t dwong nho nhat 1a d/g.
Put g = gcd(d, k). By Theorem 7.17, (a*)' = 1 iffd | kt, i.e. (d/g) | (k/g)t. Since gcd(d/g, k/g) = 1,
this is equivalent to (d/g) | t. The least positive t is d/g. W

Hinh 7.4. Phép nhan voi 3 modulo 7 di vong qua céa sau 16p du khac 0: 1, 3, 2, 6, 4, 5, 1di vé 1.
Vay ord+«(3) = 6.
Figure 7.4. Multiplication by 3 modulo 7 runs round all six non-zero residues: 1, 3, 2, 6, 4, 5, then back
to 1. Hence ord(3) = 6.

PHAN TiCH / ANALYSIS — Pt g = ged(22 — 1, 2 — 1) va xét s6 1¢ g. Ca hai diéu 22 = 1
va 2° = 1 xay ra modulo g, nén cép ciia 2 modulo g chia a va b (Pinh Iy 7.17), do d6 chia
gcd(a, b). Phép ching minh déo chiéu bang chia hét dai sb.

Put g = ged(2* — 1, 2" — 1), an odd number. Both 2° = I and 2" = 1 hold modulo g, so the order of 2

modulo g divides a and b (Theorem 7.17), hence divides gcd(a, b). The reverse direction is algebraic
divisibility.

Vi DU 7.9 (Cép va ged) / EXAMPLE 7.9 (Order and ged) — Chung minh réng véi moi a,
b € Z*: ged(22 — 1,20 — 1) = 28cd@b) — 1
Prove that for all a, b €7": ged(2° — 1, 2" — 1) = 28/@ Y — |,

Loi giai. / Solution.
1.Date=gcd(a,b) vag=ged(28—1,2°—1). Vie|anén2°— 1| (2% —1=22—1;
tuong tw2°—1]2°—1.Vay2°—1]g.
Put e = ged(a, b) and g = ged(2 — 1, 2" — 1). Since e | a, we have 2¢ — 1 | (2¢)¥¢ — 1 = 2% —
I; likewise 2 — 1|2 —1.S02°— 1| g
2. Nguoc lai g 16 nén ged(2, g) = 1 va ordg(2) ton tai. Tir 22 =1 va 2* = 1 (mod g), Hé
qua 7.18 cho 2@ =2¢ =1 (mod g), tirc g | 2¢ — 1.
Conversely g is odd, so gcd(2, g) = 1 and ordy(2) exists. From 2° = 1 and 2° = I (mod g),
Corollary 7.18 gives 28¢/@ b = 2¢ = [ (mod g), i.e. g | 2° — 1.
Hai s6 nguyén duong chia hét 13n nhau nén bang nhau: g =2°— 1.

Two positive integers dividing each other are equal: g =2°— 1. R
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PHAN TiCH / ANALYSIS — Goi p 1a u6c nguyén t6 nho nhat cian> 1. Tirn | 2" — 1 ¢c6 2"
= ] (mod p), nén ordy(2) chia n. Mit khac ord,(2) chia p — 1. Moi u6c nguyén t6 ctia p — 1
déu nho hon p, ma n khong cé wdc nguyén td ndo nhé hon p; diéu d6 dan t6i mau thuin.

Let p be the smallest prime divisor of n > 1. Fromn | 2" — 1 we get 2" = 1 (mod p), so ord,(2) divides
n. Also ord,(2) divides p — 1. Every prime divisor of p — 1 is smaller than p, yet n has no prime
divisor smaller than p; this leads to a contradiction.

Vi DU 7.10 (Uéc nguyén t6 nhé nhit va cip) / EXAMPLE 7.10 (Smallest prime factor
and order) — Tim moi s6 nguyén duong n sao chon |2 — 1.
Find all positive integers n withn | 2" — 1.

Loi giai. / Solution.
1.n =1 théa man. Gia st n > 1 thoéa man va goi p 1a wéc nguyén t6 nho nhét ciia n. Vi 2"
—11énénnlé, plé, vaged(2,p)=1.
n = I works. Suppose n > 1 works and let p be its smallest prime divisor. Since 2" — 1 is
odd, n is odd, p is odd and gcd(2, p) = 1.
2.batd=ordp(2). Tup|n|2"—1c¢62"=1 (mod p), nén d | n theo Pinh 1y 7.17. Theo
Fermat 2P =1 (mod p), nénd |p — 1.
Putd = ordy(2). Fromp | n| 2" — I we have 2" = I (mod p), so d | n by Theorem 7.17. By
Fermat 22" = 1 (mod p), sod |p — 1.
3. Vay d | ged(n, p — 1). Moi uéc nguyén t6 ctia p — 1 nho hon p, trong khi moi uéc
nguyén t6 ctia n déu > p. Do d6 ged(n, p—1)=1,suyrad = 1.
So d | ged(n, p — 1). Every prime divisor of p — 1 is less than p, while every prime divisor of
n is at least p. Hence gcd(n,p — 1) = 1 and d = 1.
4.d=1nghiala 2! =1 (modp), ttc p| 1, vO ly. Vay khong ¢6 n > 1 thda man.
d=1means 2 =1 (modp), ie.p| I, absurd. Hence no n > I works.
Vay n = 1 1a s6 duy nhét.

Hence n = 1 is the only solution. W

NHAN XET / REMARK — Cung 1ap ludn cho két qua tong quat: néu p 1a wéc nguyén td
nho nhét cia n, ged(a, p)=1van|a®— 1 thip|a— 1. Can chon u6c nguyén té nho nhit dé c6
ged(n,p—1)=1.

The same argument gives the general statement: if p is the smallest prime divisor of n, gcd(a, p) = 1
andn | a" — 1, then p | a — 1. Take the smallest prime divisor so that gcd(n, p — 1) = 1.

LOI HAY GAP / COMMON MISTAKE — Nhim ordy(a) v&i p — 1: cap ctia a chi 1a u6c
cuap— 1. Viduords(2) =3 vi2*=8=1 (mod 7), trong khip — 1 = 6.

Confusing ord,(a) with p — 1: the order of a only divides p — 1. For example ord»(2) = 3 since 2° = 8
= [ (mod 7), whilep — 1 = 6.

NHAN XET / REMARK — Chu ky thap phan. Néu ged(n, 10) = 1 thi d6 dai chu ky cua 1/n
bang orda(10), vi 109 =1 (mod n) khi va chi khi 1/n = t/(10¢ — 1) v&i t nguyén, tirc 1/n l3p sau
d chir sb6. Vidu 1/7 = 0,(142857) ¢6 chu ky 6 = ords(10), con 1/41 = 0,(02439) c6 chu ky 5 =
ords1(10).
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Decimal period. If gcd(n, 10) = 1 then the period length of 1/n equals ord,(10), because 10° = 1 (mod
n) exactly when 1/n = t/(10° — 1) for an integer t, i.e. 1/n repeats after d digits. For example 1/7 =
0.(142857) has period 6 = ord;(10), while 1/41 = 0.(02439) has period 5 = ord(10).

7.6. Thiing dw binh phwong so cap va sé nguyén to dang 4k + 1 — Elementary

quadratic residues and primes of the form 4k + 1

PINH NGHIA 7.20 (Thing dw binh phwong) / DEFINITION 7.20 (quadratic residue) —
Cho p nguyén t6 1& va p + a. S6 a goi 14 thing du binh phuong modulo p néu phwong trinh x2
= a (mod p) c6 nghiém; nguoc lai goi l1a khong thang du binh phuong.

Let p be an odd prime and p fa. The number a is a quadratic residue modulo p if x> = a (mod p) is
solvable; otherwise it is a non-residue.

PINH LY 7.21 (-1 la thing du binh phwong) / THEOREM 7.21 (-1 as a quadratic
residue) — Cho p nguyén t6 1¢. S6 —1 1a thing du binh phuong modulo p khi va chi khip = 1
(mod 4).

Let p be an odd prime. The number —1 is a quadratic residue modulo p if and only if p = I (mod 4).

Chirng minh. / Proof.

Gia su x?> = —1 (mod p). Khi d6 p 1 x, va theo Fermat xP~! = 1. Mat khac xP! = (x?)P D2 =
(—1)® D2 vay (-1)*D2 =1 (mod p); vip>2nén—1 £ 1, budc (p — 1)/2 chin, thic p=1
(mod 4).

Suppose x* = —1 (mod p). Then p +x and by Fermat x’~! = I. On the other hand x*~! = (x?)?~1"
= (—1)?P V2 So (=1)PV?2 = [ (mod p); since p > 2 we have —1 Z 1, which forces (p — 1)/2 to
be even, i.e. p = I (mod 4).

Nguoc lai, néup = 1 (mod 4) thi p=4k + 1 va (p + 1)/2 =2k + 1 1&. H¢ qua 7.15 cho (((p
— 1)/2)!)2=—1 (mod p), nén x = ((p — 1)/2)! 1a nghiém cua x2 = —1.

Conversely, if p = 1 (mod 4) then p = 4k + 1 and (p + 1)/2 = 2k + 1 is odd. Corollary 7.15 gives
(((p — 1)/2)!)? = —1 (mod p), so x = ((p — 1)/2)! solves x’ = —1. A

HE QUA 7.22 (Uéc nguyén t6 ciia tong hai binh phwong) / COROLLARY 7.22 (prime
divisors of a sum of two squares) — Cho a, b nguyén t cting nhau va p 1a wéc nguyén t6 1é
cia a2+ b Khi d6 p=1 (mod 4). Néup=3 (mod4) vap |x2+y*thip|xvap|y.

Let a, b be coprime and p an odd prime divisor of & + b’. Then p = 1 (mod 4). If p = 3 (mod 4) and p
| x>+’ thenp | x andp | y.

Chirng minh. / Proof.

Néup | b thi tirp | a>+ b? suy ra p | a, trai voi ged(a, b) = 1. Vay p 1 b, t6n tai nghich dao
b' cua b modulo p va (ab')? = a’b” = —b*b'? = —1 (mod p). Theo Pinh 1y 7.21, p = 1 (mod
4).

If p| bthen p | a® + b’ gives p | a, contradicting gcd(a, b) = 1. So p +b, b has an inverse b’
modulo p, and (ab')’ = a’°b” = —b’b” = —1 (mod p). By Theorem 7.21, p = 1 (mod 4).

Phan hai: néu p t y thi cing lap luan cho —1 1a thing du binh phuong, mau thuan véi p =
3 (mod 4). Vay p |y, 16ip | x%, nén p | x.
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For the second part: if p ty the same argument makes —1 a quadratic residue, contradicting p =
3 (mod 4). Hence p

y, andthenp | x*, sop|x. ®

PHAN TICH / ANALYSIS — Muén chirmg minh v6 han s nguyén t6 dang 4k + 1 theo kiéu
Euclid cho s6 nguyén td: gia st chi c6 hitu han pu, ..., pr, rdi dung s6 N ma moi u6c nguyén
t6 ciia n6 phai = 1 (mod 4) nhung khac cac pi. Hé qua 7.22 cho tong hai binh phuong nguyén
t6 cung nhau, nén chon N = (2p:...p.)2 + 1.

To prove there are infinitely many primes 4k + 1, argue as Euclid did for primes. assume only pi, ...,
prexist, then build N whose prime divisors must be = 1 (mod 4) yet differ from every pi. Corollary
7.22 handles coprime sums of two squares, so take N = (2pi...p,)* + 1.

Vi DU 7.11 (Euclid cho 4k + 1) / EXAMPLE 7.11 (Euclid's argument for 4k + 1) —
Chimg minh ¢6 v6 han s6 nguyén t6 dang 4k + 1.
Prove that there are infinitely many primes of the form 4k + 1.

Loi giai. / Solution.
1. Gia st chi ¢6 hitu han s6 nguyén td dang 4k + 1, 1a ps, ..., pr (r>1 vi 5 1a mot s6 nhu
vay). DatP=2pi..pr vaN=P2+ 1. N1é¢ vaN > I.
Suppose there are only finitely many primes 4k + 1, namely ps, ..., p- (r > 1 since 5 is one).
Put P =2p;...p,and N = P>+ 1. Nis odd and N > 1.

2. Goi q 1a u6c nguyén t6 ciia N. Vi q | P2+ 12 va ged(P, 1) = 1 nén q = 1 (mod 4) theo
H¢ qua 7.22. Do do6 q la mdt trong cac p.
Let q be a prime divisor of N. Since q | P* + I? and gcd(P, 1) = 1, Corollary 7.22 gives q = 1
(mod 4). So q is one of the p..

3. Nhung pi | P nén pi | P2, suy ra pi P2+ 1 = N. Méu thudn. Vay c6 v6 han s nguyén to
dang 4k + 1.
But pi | P gives pi | P, so pi P> + 1 = N. Contradiction. Hence there are infinitely many
primes 4k + 1. &

NHAN XET / REMARK — Cung phuong phap cho nhiéu dang khac: néu q | P*+ 1 thi
ordy(P) = 8 nén q = 1 (mod 8), dan t6i vo han s nguyén té dang 8k + 1 (Bai tu luyén). Vi
dang 4k + 3 khong ding dugc téng hai binh phwong, nhung 4(p:...p) — 1 ¢6 mot wdc nguyén
t6 dang 4k + 3 (Chuong 6).

The same method works for other forms: if q | P* + I then ord,(P) = 8, so q = I (mod 8), which leads
to infinitely many primes 8k + 1 (practice problem). For the form 4k + 3 sums of two squares are no
help, but 4(p:...p,) — 1 has a prime divisor of the form 4k + 3 (Chapter 6).

PHAN TICH / ANALYSIS — Phuong trinh x2 + y2 = 722 ¢6 vé phai chia hét cho 7 = 3 (mod
4). Theo Hé qua 7.22, 7| x va 7 | y. Thé vao thi z cling chia hét cho 7, va moi bo nghiém déu
chia dugc cho 7 mai: ddu hiéu cua lui vo han.

The equation x* + y* = 72° has right side divisible by 7 = 3 (mod 4). By Corollary 7.22, 7 | x and 7 | y.
Substituting shows 7 | z as well, so every solution can be divided by 7 forever: the signature of infinite
descent.
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